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Preface

When in 1986 Yves Kodratoff started the European Working Session on Lear-
ning at Orsay, France, it could not be foreseen that the conference would grow
year by year and become the premier European conference of the field, attrac-
ting submissions from all over the world. The first European Conference on
Principles of Data Mining and Knowledge Discovery was organized by Henryk
Jan Komorowski and Jan Zytkow in 1997 in Trondheim, Norway. Since 2001 the
two conferences have been collocated, offering participants from both areas the
opportunity to listen to each other’s talks. This year, the integration has moved
even further. Instead of first splitting the field according to ECML or PKDD
topics, we flattened the structure of the field to a single set of topics. For each of
the topics, experts were invited to the Program Committee. Submitted papers
were gathered into one collection and characterized according to their topics.
The reviewers were then asked to bid on all papers, regardless of the conference.
This allowed us to allocate papers more precisely.

The hierarchical reviewing process as introduced in 2005 was continued. We
nominated 30 Area Chairs, each supervising the reviews and discussions of about
17 papers. In addition, 307 reviewers completed the Program Committee. Many
thanks to all of them! It was a considerable effort for the reviewers to carefully
review the papers, some providing us with additional reviews even at short no-
tice. Based on their reviews and internal discussions, which were concluded by
the recommendations of the Area Chairs, we could manage the final selection for
the program. We received 521 submissions, of which 100 were presented at the
conferences, giving us an acceptance rate of 20%. This high selectivity means,
on the one hand, that some good papers could not make it into the conference
program. On the other hand, it supports the traditionally high standards of the
joint conference. We thank the authors from all over the world for submitting
their contributions!

Following the tradition, the first and the last day of the joint conference were
dedicated to workshops and tutorials. ECML PKDD 2008 offered 8 tutorials and
11 workshops. We thank the Workshop and Tutorial Chairs Siegfried Nijssen and
Arno Siebes for their excellent selection. The discovery challenge is also a tradi-
tion of ECML PKDD that we continued. We are grateful to Andreas Hotho and
his colleagues from the Bibsonomy project for organizing the discovery challenge
of this year. The results were presented at the Web 2.0 Mining Workshop.

One of the pleasures of chairing a conference is the opportunity to invite
colleagues whose work we esteem highly. We are grateful to Frangoise Fogelman
Soulié (KXEN) for opening the industrial track, Yoav Freund (University of
California, San Diego), Anil K. Jain (Michigan State University), Ray Mooney
(University of Texas at Austin), and Raghu Ramakrishnan (Yahoo! Research)
for accepting our invitation to present recent work at the conference.



VI Preface

Some novelties were introduced to the joint conference this year.

First, there was no distinction into long and short papers. Instead, paper
length was raised to 16 pages for all submissions.

Second, 14 papers were selected for publication in Springer Journals
Seven papers were published in the Machine Learning Journal 72:3 (September
2008), and 7 papers were published in the Data Mining and Knowledge Discovery
Journal 17:1 (August 2008). This LNAI volume includes the abstracts of these
papers, each containing a reference to the respective full journal contribution.
At the conference, participants received the proceedings, the tutorial notes and
workshop proceedings on a USB memory stick.

Third, all papers were additionally allowed to be presented as posters. Since
the number of participants has become larger, questions and discussions after
a talk are no longer possible for all those interested. Introducing poster pre-
sentations for all accepted papers allows for more detailed discussions. Hence,
we did not reserve this opportunity for a minority of papers and it was not an
alternative to an oral presentation.

Fourth, a special demonstration session was held that is intended to be a
forum for showcasing the state of the art in machine learning and knowledge
discovery software. The focus lies on innovative prototype implementations in
machine learning and data analysis. The demo descriptions are included in the
proceedings. We thank Christian Borgelt for reviewing the submitted demos.
Finally, for the first time, the conference took place in Belgium!

September 2008 Walter Daelemans
Bart Goethals
Katharina Morik
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Abstract. In most databases, it is possible to identify small partitions
of the data where the observed distribution is notably different from that
of the database as a whole. In classical subgroup discovery, one considers
the distribution of a single nominal attribute, and exceptional subgroups
show a surprising increase in the occurrence of one of its values. In this
paper, we introduce FEzceptional Model Mining (EMM), a framework
that allows for more complicated target concepts. Rather than finding
subgroups based on the distribution of a single target attribute, EMM
finds subgroups where a model fitted to that subgroup is somehow excep-
tional. We discuss regression as well as classification models, and define
quality measures that determine how exceptional a given model on a
subgroup is. Our framework is general enough to be applied to many
types of models, even from other paradigms such as association analysis
and graphical modeling.

1 Introduction

By and large, subgroup discovery has been concerned with finding regions in
the input space where the distribution of a single target variable is substantially
different from its distribution in the whole database [3,4]. We propose to extend
this idea to targets that are models of some sort, rather than just single variables.
Hence, in a very general sense, we want to discover subgroups where a model
fitted to the subgroup is substantially different from that same model fitted to
the entire database.
As an illustrative example, consider the simple linear regression model

P,=a+bS;+e;

where P is the sales price of a house, S the lot size (measured, say, in square
meters), and e the random error term (see Fig. 1 and Section 4 for an actual
dataset containing such data). If we think the location of the house might make
a difference for the price per square meter, we could consider fitting the same
model to the subgroup of houses on a desirable location:

P, =ap +bpS; + e,

W. Daelemans et al. (Eds.): ECML PKDD 2008, Part IT, LNAI 5212, pp. 1-16, 2008.
© Springer-Verlag Berlin Heidelberg 2008
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Fig. 1. Scatter plot of lot size and sales price for the housing data

where the subscript D indicates we are only considering houses on a desirable
location. To test whether the slope for desirable locations is significantly differ-
ent, we could perform a statistical test of Hy : b = bp, or more conveniently,
Hy:bp = bp, where D denotes the complement of D.

In the above example, we came up ourselves with the idea that houses on a
desirable location might have a different slope in the regression model. The main
idea presented in this paper is that we can find such groups automatically by
using the subgroup discovery framework. Hence, the subgroups are not limited
to simple conditions based on a single variable. Their description may involve
conjunctions of conditions, and in case of multi-relational data, existential quan-
tification and aggregation as well. In the general case of simple linear regression,
we could be looking for subgroups G where the slope bg in

Yi = ag + bgw; + €4,

is substantially different from the slope bs. The search process only involves the
subgroups; the variables y and x are assumed to be determined by the question
of the user, that is, they are fixed.

We have stated that the objective is to find subgroups where a model fitted
to the subgroup is substantially different from that same model fitted to the
entire database. This statement is deliberately general: we can use different types
of models in this scheme, and for each type of model we can consider several
measures of difference. In this paper we describe a number of model classes and
quality measures that can be useful. All these methods have been implemented
in the Multi-Relational Data Mining system Safarii [5].

This paper is organized as follows. In Section 2, we introduce some notation that
is used throughout the paper, and define the subgroup discovery and exceptional
model mining framework. In Section 3, we give examples of three basic types of
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models for exceptional model mining: correlation, regression and classification.
We also propose appropriate quality measures for the types of models discussed.
In Section 4, we present the results of exceptional model mining applied to two
real-life datasets. Finally, we draw conclusions in Section 5.

2 Exceptional Model Mining

We assume that the database d is a bag of labelled objects ¢ € D, referred to
as individuals, taken from a domain D. We refer to the size of the database as
N =|d|. At this point, we do not fix the nature of individuals, be it propositional,
relational, or graphical, etc. However, each description of an individual includes
a number of attributes x1,..., 2, and optionally an output attribute y. These
attributes are used in fitting models to subgroups of the data. In regular subgroup
discovery, only the y attribute is used, which is typically binary.

We make no assumptions about the syntax of the pattern language, and treat
a pattern simply as a function p : D — {0,1}. We will say that a pattern p
covers an individual 7 iff p(i) = 1.

Definition 1 (Subgroup). A subgroup corresponding to a pattern p is the set
of indwiduals G, C d that are covered by p: G, = {i € d|p(i) = 1}.

Definition 2 (Complement). The complement of a subgroup Gy, is the set of
individuals G, C d that are not covered by p: Gp = d\G)p.

When clear from the context, we will omit the p from now on, and simply refer
to a subgroup and its complement as G' and G. We use n and 72 to denote the size
of G and G, respectively. In order to judge the quality of candidate patterns in a
given database, a quality measure needs to be defined. This measure determines
for each pattern in a pattern language P how interesting (exceptional) a model
induced on the associated subgroup is.

Definition 3 (Quality Measure). A quality measure for a pattern p is a
function @q : P — IR that computes a unique numeric value for a pattern p,
gwen a database d.

Subgroup discovery [3] is a data mining framework aimed at discovering patterns
that satisfy a number of user-specified inductive constraints. These constraints
typically include an interestingness constraint ¢(p) > t, as well as a minimum
support threshold n > minsup that guarantees the relative frequency of the
subgroups in the database. Further constraints may involve properties such as the
complexity of the pattern p. In most cases, a subgroup discovery algorithm will
traverse a search lattice of candidate patterns in a top-down, general-to-specific
fashion. The structure of the lattice is determined by a refinement operator
p: P — 27, asyntactic operation which determines how simple patterns can be
extended into more complex ones by atomic additions. In our application (and
most others), the refinement operator is assumed to be a specialisation operator:
Yq € p(p) : p = q (p is more general than q).
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The actual search strategy used to consider candidates is a parameter of the
algorithm. We have chosen the beam search strategy [13], because it nicely bal-
ances the benefits of a greedy method with the implicit parallel search resulting
from the beam. Beam search effectively performs a level-wise search that is
guided by the quality measure ¢. On each level, the best-ranking w patterns are
refined to form the candidates for the next level. This means that although the
search will be targeted, it is less likely to get stuck in a local optimum, because
at each level alternatives are being considered. The search is further bounded by
complexity constraints and the minsup constraint. The end-result is a ranked
list of patterns (subgroups) that satisfy the inductive constraints.

In the case of regular subgroup discovery, with only a single discrete target
variable, the quality measure of choice is typically a measure for how different the
distribution over the target variable is, compared to that of the whole database
(or in fact to that of the complement). As such an unusual distribution is eas-
ily produced in small fractions of the database, the deviation is often weighed
with the size of the subgroup: a pattern is interesting if it is both exceptional
and frequent. Well-known examples of quality measures for binary targets are
frequency, confidence, x2, and novelty.

The subject of this paper, exceptional model mining (EMM), can now be
viewed as an extension of the subgroup discovery framework. The essential dif-
ference with standard subgroup discovery is the use of more complex target con-
cepts than the regular single attribute. Our targets are models of some sort, and
within each subgroup considered, a model is induced on the attributes x1, ..., zx,
and optionally y. We will define quality measures that capture how exceptional
the model within the subgroup is in relation to the model induced on its comple-
ment. In the next section, we present a number of model types, and propose one
or more quality measures for each. When only the subgroup itself is considered,
the quality measures tend to focus on the accuracy of the model, such as the
fit of a regression line, or the predictive accuracy of a classifier. If the quality
measure captures the difference between the subgroup and its complement, it is
typically based on a comparison between more structural properties of the two
models, such as the slope of the regression lines, or the make-up of the classifiers
(e.g. size, attributes used).

Ezample 1. Consider again the housing dataset (Fig. 1). Individuals (houses)
are described by a number of attributes such as the number of bathrooms or
whether the house is located at a desirable location. An example of a pattern
(and associated subgroup G) would be:

p:nbath > 2 A drive =1

which covers 128 houses (about 23% of the data). Its complement (which is often
only considered implicitly) is

P —mbath > 2V —drive =1

The typical refinement operator will add a single condition on any of the available
attributes to the conjunction. In this example, target models are defined over the



Exceptional Model Mining 5

two attributes x = lot size and y = sales price. Note that these two attributes
are therefore not allowed to appear in the subgroup definitions. One possibility
is to perform the linear regression of iy on x. As a quality measure ¢q4, we could
consider the absolute difference in slope between the two regression lines fitted
to G and G. In Section 3.2, we propose a more sophisticated quality measure for
the difference in slope, that implicitly takes into account the supports n and 7,
and thus the significance of the finding.

3 Model Classes

In this section, we discuss simple examples of three classes of models, and sug-
gest quality measures for them. As an example of a model without an output
attribute, we consider the correlation between two numeric variables. We discuss
linear regression for models with a numeric output attribute, and two simple
classifiers for models with discrete output attributes.

3.1 Correlation Models

As an example of a model without an output attribute, we consider two numeric
variables x1 and x5, and their linear association as measured by the correlation
coeflicient p. We estimate p by the sample correlation coefficient 7:

X —3)(@h - 2)
V(@ = 21)? Y (ah — 72)?

where z° denotes the 7" observation on z, and # denotes its mean.

r

Absolute Difference between Correlations (pgaps). A logical quality mea-
sure is to take the absolute difference of the correlation in the subgroup G and
its complement G, that is

Pabs(p) = |rc —r¢l
The disadvantage of this measure is that it does not take into account the size

of the groups, and hence does not do anything to prevent overfitting. Intuitively,
subgroups with higher support should be preferred.

Entropy (@ent). As an improvement of ¢qps, the following quality function
weighs the absolute difference between the correlations with the entropy of the
split between the subgroup and its complement. The entropy captures the infor-
mation content of such a split, and favours balanced splits (1 bit of information
for a 50/50 split) over skewed splits (0 bits for the extreme case of either sub-
group or complement being empty). The entropy function H(p) is defined (in
this context) as:
H(p) = —n/Nlgn/N —n/Nlgn/N

The quality measure @.,; is now defined as:

@ent(p) = H(p) - [ra — rgl
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Significance of Correlation Difference (ypscq). A more statistically oriented
approach to prevent overfitting is to perform a hypothesis test on the difference
between the correlation in the subgroup and its complement. Let p, and pp
denote the population coefficients of correlation for p and p, respectively, and let
re and ras denote their sample estimates. The test to be considered is

Hy : pp=pp against Hg :pp # pp

We would like to use the observed significance (p-value) of this test as a quality
measure, but the problem is that the sampling distribution of the sample corre-
lation coefficient is not known in general. If zy and z2 follow a bivariate normal
distribution, then application of the Fisher z transformation

z’—lln 1+r
2 1—7r

makes the sampling distribution of 2z’ approximately normal [11]. Its standard

error is given by
1

vm —3

where m is the size of the sample. As a consequence

/ =/
o Z—Z

1 1
\/’I’L*?) + n—3

approximately follows a standard normal distribution under Hy. Here 2z’ and
z' are the z-scores obtained through the Fisher z transformation for G' and G,
respectively. If both n and n are greater than 25, then the normal approxima-
tion is quite accurate, and can safely be used to compute the p-values. Because
we have to introduce the normality assumption to be able to compute the p-
values, they should be viewed as a heuristic measure. Transformation of the
original data (for example, taking their logarithm) may make the normality as-
sumption more reasonable. As a quality measure we take 1 minus the computed
p-value so that @s.q € [0,1], and higher values indicate a more interesting sub-

group.

3.2 Regression Model

In this section, we discuss some possibilities of EMM with regression models.
For ease of exposition, we only consider the linear regression model

Yi = a+bx; + e, (1)

but this is in no way essential to the methods we discuss.
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Significance of Slope Difference (ypssq). Consider model (1) fitted to a sub-
group G and its complement G. Of course, there is a choice of distance measures
between the fitted models. We propose to look at the difference in the slope b be-
tween the two models, because this parameter is usually of primary interest when
fitting a regression model: it indicates the change in the expected value of iy, when
x increases with one unit. Another possibility would be to look at the intercept a,
if it has a sensible interpretation in the application concerned. Like with the cor-
relation coefficient, we use significance testing to measure the distance between
the fitted models. Let b, be the slope for the regression function of p and b; the
slope for the regression function of p. The hypothesis to be tested is

Hy :b, =bp against H, :b, # b
We use the least squares estimate
(i —2)(yi — )
> (z; — 1)
for the slope b. An unbiased estimator for the variance of b is given by
PR T
(m=2)3 (x; — 7)°

where ¢é; is the regression residual for individual ¢, and m is the sample size.
Finally, we define our test statistic

IA):

= bG_b(_}
s%;—t—sé

Although ' does not have a ¢ distribution, its distribution can be approximated
quite well by one, with degrees of freedom given by (cf. [10]):

2
df = 4 G4 (2)

Our quality measure pgsq € [0,1] is once again defined as one minus the p-value
computed on the basis of a ¢ distribution with degrees of freedom given in (2).
If n +n > 40 the t-statistic is quite accurate, so we should be confident to use
it unless we are analysing a very small dataset.

3.3 Classification Models

In the case of classification, we are dealing with models for which the output
attribute y is discrete. In general, the attributes xz1,...,z; can be of any type
(binary, nominal, numeric, etc). Furthermore, our EMM framework allows for
any classification method, as long as some quality measure can be defined in order
to judge the models induced. Although we allow arbitrarily complex methods,
such as decision trees, support vector machines or even ensembles of classifiers,
we only consider two relatively simple classifiers here, for reasons of simplicity
and efficiency.
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Logistic Regression. Analogous to the linear regression case, we consider the
logistic regression model

P(y; = 1]z;)

logit(P(y; = 1|z;)) = In (P(yi = 0f;)

) =a+b-x,
where y € {0, 1} is a binary class label. The coefficient b tells us something about
the effect of = on the probability that y occurs, and hence may be of interest to
subject area experts. A positive value for b indicates that an increase in x leads
to an increase of P(y = 1|z) and vice versa. The strength of influence can be
quantified in terms of the change in the odds of y = 1 when z increases with,
say, one unit.

To judge whether the effect of x is substantially different in a particular sub-
group G,, we fit the model

logit(P(y; = 1|z;)) = a+b-p(i) + c-2; +d - (p(i) - i). (3)
Note that

(a+b)+(c+d) z; ifp(i)=1

logit(P(y; = 1]z;)) = {a te-ox; if p(i) =0

Hence, we allow both the slope and the intercept to be different in the subgroup
and its complement. As a quality measure, we propose to use one minus the p-
value of a test on d = 0 against a two-sided alternative in the model of equation
(3). This is a standard test in the literature on logistic regression [11]. We refer
to this quality measure as gq.

DTM Classifier. The second classifier considered is the Decision Table Ma-
jority (DTM) classifier [7,6], also known as a simple decision table. The idea
behind this classifier is to compute the relative frequencies of the y values for
each possible combination of values for x1, ..., xx. For combinations that do not
appear in the dataset, the relative frequency estimates are based on that of the
whole dataset. The predicted y value for a new individual is simply the one with
the highest probability estimate for the given combination of input values.

Example 2. As an example of a DTM classifier, consider a hypothetical dataset
of 100 people applying for a mortgage. The dataset contains two attributes de-
scribing the age (divided into three suitable categories) and marital status of
the applicant. A third attribute indicates whether the application was success-
ful, and is used as the output. Out of the 100 applications, 61 were successful.
The following decision table lists the estimated probabilities of success for each
combination of age and married?. The support for each combination is indicated
between brackets.

married? = ‘no’ married? = ‘yes’
age = ‘low’ 0.25 (20) 0.61 (0)
age = ‘medium’ 0.4 (15) 0.686 (35)
age = ‘high’ 0.733 (15) 1.0 (15)
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As this table shows, the combination married? = ‘yes’Aage = ‘low’ does not
appear in this particular dataset, and hence the probability estimate is based
on the complete dataset (0.61). This classifier predicts a positive outcome in all
cases except when married? = ‘no’ and age is either ‘low’ or 'medium’.

For this instance of the classification model we discuss two different quality
measures. The BDEU (Bayesian Dirichlet equivalent uniform) score, which is a
measure for the performance of the DTM classifier on G, and the Hellinger dis-
tance, which assigns a value to the distance between the conditional probabilities
estimated on G and G.

BDeu Score (¢Bpewn). The BDeu score pppe, is a measure from Bayesian
theory [2] and is used to estimate the performance of a classifier on a subgroup,
with a penalty for small contingencies that may lead to overfitting. Note that
this measure ignores how the classifier performs on the complement. It merely
captures how ‘predictable’ a particular subgroup is.

The BDeu score is defined as

F(a/q) F(a/qr+n(m1,..7xk,y))
H . I'(a/q+n(z1,....,z1)) H I'(a/qr)

T1seees T Yy

where I" denotes the gamma function, g denotes the number of value combina-
tions of the input variables, r the number of values of the output variable, and
n(x1, ..., xg, y) denotes the number of cases with that value combination. The pa-
rameter a denotes the equivalent sample size. Its value can be chosen by the user.

Hellinger (@ mer). Another possibility is to use the Hellinger distance [12].
It defines the distance between two probability distributions P(z) and Q(z) as

follows: ,
H(P,Q) =Y (VP() - Val)
where the sum is taken over all possible values z. In our case, the distributions
of interest are
P(y | xlv"'vxk)

for each possible value combination x1, ..., zx. The overall distance measure be-
comes

oue(p) =D(Po,Pe)= > Y (\/Pc(y|$1, ey T) — \/Pé(ylfrh ...7:%))2

L1y Tk Y

where Pg denotes the probability estimates on G. Intuitively, we measure the
distance between the conditional distribution of 3 in G' and G for each possi-
ble combination of input values, and add these distances to obtain an overall
distance. Clearly, this measure is aimed at producing subgroups for which the
conditional distribution of y is substantially different from its conditional distri-
bution in the overall database.
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4 Experiments

This section illustrates exceptional model mining on two real-life datasets, using
different quality measures. Although our implementation in Safarii essentially
is multi-relational [5], the two dataset we present are propositional. For each
test, Safarii returns a configurable number of subgroups ranked according to
the quality measure of choice. The following experiments only present the best
ranking subgroup and take a closer look at the interpretation of the results.

4.1 Analysis of Housing Data

First, we analyse the Windsor housing data® [8]. This dataset contains informa-
tion on 546 houses that were sold in Windsor, Canada in the summer of 1987.
The information for each house includes the two attributes of interest, lot size
and sales price, as plotted in Fig. 1. An additional 10 attributes are available to
define candidate subgroups, including the number of bedrooms and bathrooms
and whether the house is located at a desirable location. The correlation between
lot size and sale price is 0.536, which implies that a larger size of the lot coincides
with a higher sales price. The fitted regression function is:

§ = 34136 + 6.60 - x

As this function shows, on average one extra square meter corresponds to a 6.6
dollar higher sales price. Given this function, one might wonder whether it is
possible to find specific subgroups in the data where the price of an additional
square meter is significantly less, perhaps even zero. In the next paragraphs, we
show how EMM may be used to answer this question.

Significance of Correlation Difference. Looking at the restrictions defined
in Section 3.1 we see that the support has to be over 25 in order to be confident
about the test results for this measure. This number was used as minimum
support threshold for a run of Safarii using @s.q. The following subgroup (and
its complement) was found to show the most significant difference in correlation:
wsed(p1) = 0.9993.

p1 : drive =1 A rec room = 1 A nbath > 2.0

This is the group of 35 houses that have a driveway, a recreation room and at
least two bathrooms. The scatter plots for the subgroup and its complement are
given in Fig. 2. The subgroup shows a correlation of r¢ = —0.090 compared to
ra = 0.549 for the remaining 511 houses. A tentative interpretation could be
that G describes a collection of houses in the higher segments of the markets
where the price of a house is mostly determined by its location and facilities.
The desirable location may provide a natural limit on the lot size, such that this
is not a factor in the pricing. Figure 2 supports this hypothesis: houses in G tend
to have a higher price.

! Available from the Journal of Applied Econometrics Data Archive at
http://econ.queensu.ca/jae/
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Fig.2. Housing - ¢scq: Scatter plot of lot size and sales price for drive = 1 A

rec room = 1 Anbath > 2 (left) and its complement (right)

In general sales price and lot size are positively correlated, but EMM dis-
covers a subgroup with a slightly negative correlation. However, the value in the
subgroup is not significantly different from zero: a test of

Hy:b, =0 against H, by, #0,

yields a p-value of 0.61. The scatter plot confirms our impression that sales price
and lot size are uncorrelated within the subgroup. For purposes of interpreta-
tion, it is interesting to perform some post-processing. In Table 1 we give an
overview of the correlations within different subgroups whose intersection pro-
duces the final result, as given in the last row. It is interesting to see that
the condition nbath > 2 in itself actually leads to a slight increase in correla-
tion compared to the whole database, but the combination with the presence
of a recreation room leads to a substantial drop to r = 0.129. When we add
the condition that the house should also have a driveway we arrive at the fi-
nal result with » = —0.090. Note that adding this condition only eliminates 3
records (the size of the subgroup goes from 38 to 35) and that the correlation
between sales price and lot size in these three records (defined by the condition
nbath > 2 A ~drive = 1 A rec room = 1) is —0.894. We witness a phenomenon
similar to Simpson’s paradox: splitting up a subgroup with positive correlation
(0.129) produces two subgroups both with a negative correlation (—0.090 and
—0.894, respectively).

Significance of Slope Difference. In this section, we perform EMM on the
housing data using the Significance of Slope Difference (¢ssq4) as the quality
measure. The highest ranking subgroup consists of the 226 houses that have a
driveway, no basement and at most one bathroom:

p2 & drive = 1 A basement = 0 A nbath < 1

The subgroup G and its complement G (320 houses) lead to the following two
fitted regression functions, respectively:

gy =41568+3.31 -«

g =30723+845 - x
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Table 1. Different subgroups of the housing data, and their sample correlation coeffi-
cients and supports

sale_price

200000
180000 1
160000 -
140000 -
120000
100000
80000
60000 -
40000 -

20000 -

0

Subgroup r n
Whole dataset 0.536 546
nbath > 2 0.564 144
drive = 1 0.502 469
rec room = 1 0.375 97
nbath > 2 A drive = 1 0.509 128
nbath > 2 AN rec room = 1 0.129 38
drive = 1 Arec room = 1 0.304 90
nbath > 2 A rec room = 1 A\ —~drive = 1 —0.894 3
nbath > 2 AN rec room = 1 A drive = 1 —0.090 35

200000
180000
160000
140000

120000

price

100000

sale.

80000
60000
40000
20000

0

0 2000 4000 6000 8000 10000 12000 14000 16000 18000 0
lot_size

2000 4000 6000 8000 10000 12000 14000 16000 18000
lot_size

Fig. 3. Housing - @ssq: Scatter plot of drive = 1 A basement = 0 A nbath < 1 (left),
and its complement (right)

The subgroup quality is pssq > 0.9999, meaning that the p-value of the test

Hy : by, = bp, against H, : by, # bp,
is virtually zero. There are subgroups with a larger difference in slope, but the
reported subgroup scores higher because it is quite big. Figure 3 shows the scatter

plots of lot size and sales price for the subgroup and its complement.

4.2 Analysis of Gene Expression Data

The following experiments demonstrate the usefulness of exceptional model min-
ing in the domain of bioinformatics. In genetics, genes are organised in so-called
gene regulatory networks. This means that the expression (its effective activity)
of a gene may be influenced by the expression of other genes. Hence, if one gene is
regulated by another, one can expect a linear correlation between the associated
expression-levels. In many diseases, specifically cancer, this interaction between
genes may be disturbed. The Gene Expression dataset shows the expression-
levels of 313 genes as measured by an Affymetrix microarray, for 63 patients
that suffer from a cancer known as neuroblastoma [9]. Additionally, the dataset



Exceptional Model Mining 13

2500 2500
2000 4 . 2000 -
1500 . 1500

NAV3
NAV3

1000 1000

500 500

0 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500

ZHX2 ZHX2
Fig.4. Gene Expression - (qps: Scatter plot of 11 band = ‘no deletion’ A
survivaltime < 1919 A X P 498569.1 < 57 (left; r = —0.950) and its complement

(right; r = 0.363)

contains clinical information about the patients, including age, sex, stage of the
disease, etc.

Correlation Model Experiment. As a demonstration of a correlation model,
we analyse the correlation between ZHX3 (‘Zinc fingers and homeoboxes 27) and
NAV3 (‘Neuron navigator 3’), in terms of the absolute difference of correlations
©@abs- These genes show a very slight correlation (r = 0.218) in the whole dataset.
The remaining attributes (both gene expression and clinical information) are
available for building subgroups. As the ¢,ps measure does not have any provi-
sions for promoting larger subgroups, we use a minimum support threshold of 10
(15% of the patients). The largest distance (@aps(p3) = 1.313) was found with
the following condition:

ps3 : 11 band = ‘no deletion’ A survivaltime < 1919 A X P 498569.1 < 57

Figure 4 shows the plot for this subgroup and its complement with the regres-
sion lines drawn in. The correlation in the subgroup is r¢ = —0.95 and the
correlation in the remaining data is r5 = 0.363. Note that the subgroup is very
“predictable”: all points are quite close to the regression line, with R? ~ 0.9.

DTM Experiment. For the DTM classification experiments on the Gene Ex-
pression dataset, we have selected three binary attributes. The first two at-
tributes, which serve as input variables of the decision table, are related to ge-
nomic alterations that may be observed within the tumor tissues. The attribute
1p band (1) describes whether the small arm (‘p’) of the first chromosome
has been deleted. The second attribute, MYCN (x3), describes whether one spe-
cific gene is amplified or not (multiple copies introduced in the genome). Both
attributes are known to potentially influence the genesis and prognosis of neu-
roblastoma. The output attibute for the classification model is N Bstatus (y),
which can be either ‘no event’ or ‘relapse or deceased’. The following decision
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table describes the conditional distribution of NBstatus given 1p band and MYCN
on the whole data set:

MYCN =‘amplified’ MYCN = ‘not amplified’
1p band = ‘deletion’ 0.333 (3) 0.667 (3)
1p band = ‘no change’ 0.625 (8) 0.204 (49)

In order to find subgroups for which the distribution is significantly different, we
run EMM with the Hellinger distance ppe; as quality measure. As our quality
measures for classification do not specifically promote larger subgroups, we have
selected a slightly higher minimum support constraint: minsup = 16, which
corresponds to 25% of the data. The following subgroup of 17 patients was the
best found (@ge = 3.803):

P4 : prognosis = ‘unknown’

MYCN =‘amplified’ MYCN = ‘not amplified’
1p band = ‘deletion’ 1.0 (1) 0.833 (6)
1p band = ‘no change’ 1.0 (1) 0.333 (9)

Note that for each combination of input values, the probability of ‘relapse or
deceased’ is increased, which makes sense when the prognosis is uncertain. Note
furthermore that the overall dataset does not yield a pure classifier: for every
combination of input values, there is still some confusion in the predictions.
In our second classification experiment, we are interested in “predictable” sub-
groups. Therefore, we run EMM with the ¢ pe, measure. All other settings are
kept the same. The following subgroup (n = 16, ¢pew = —1.075) is based on
the expression of the gene RIF1 (‘RAPI interacting factor homolog (yeast)’)

ps + RIF1 >= 160.45

MYCN =‘amplified’ MYCN = ‘not amplified’
1p band = ‘deletion’ 0.0 (0) 0.0 (0)
1p band = ‘no change’ 0.0 (0) 0.0 (16)

In this subgroup, the predictiveness is optimal, as all patients turn out to be
tumor-free. In fact, the decision table ends up being rather trivial, as all cells
indicate the same decision.

Logistic Regression Experiment. In the logistic regression experiment, we
take NBstatus as the output y, and age (age at diagnosis in days) as the predictor
x. The subgroups are created using the gene expression level variables. Hence, the
model specification is

logit{ P(NBstatus = ‘relapse or deceased)} =a+b-p+c-age+d- (p-age).
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We find the subgroup
pg : SMPD1 > 840 A HOXB6 < 370.75

with a coverage of 33, and quality @seq = 0.994. We find a positive coeflicient of
for the subgroup, and a slightly negative coefficient for its complement. Within the
subgroup, the odds of NBstatus = ‘relapse or deceased’ increase with 44% when
the age at diagnosis increases with 100 days, whereas in the complement the odds
decrease with 8%. More loosely, within the subgroup an increase in age at diagno-
sis decreases the probability of survival, whereas in the complement an increase
in age slightly increases the probability of survival. Such reversals of the direction
of influence may be of particular interest to the domain expert.

5 Conclusions and Future Research

We have introduced exceptional model mining (EMM) as an extension of the
well-known subgroup discovery framework. By focusing on models instead of
single target variables, many new interesting analysis possibilities are created.
We have proposed a number of model classes that can be used in EMM, and
defined several quality measures for them. We illustrated the use of EMM by
its application to two real datasets. Like subgroup discovery, EMM is an ex-
ploratory method that requires interaction with a user that is knowledgable in
the application domain. It can provide useful insights into the subject area, but
does not result in ready-to-use predictive models.

We believe there are many possibilities to extend the work presented in this
paper. One could look at different models, for example naive Bayes for classifica-
tion problems or graphical models for modelling the probability distribution of
a number of (discrete) variables. Whatever the selected class of models, the user
should specify a quality measure that relates to the more fundamental questions
a user may have about the data at hand. In the case of our housing example, the
choice for the difference in slope is appropriate, as it captures a relevant aspect
of the data, namely a significant change in price per square meter. For similar
reasons, we used the difference between the coefficients of the explanatory vari-
able (age at diagnosis) in the subgroup and its complement as a quality measure
for logistic regression models.

Specifying an appropriate quality measure that is inspired by a relevant ques-
tion of the user becomes less straightforward when more complex models are
considered, although of course one can always focus on some particular aspect
(e.g. coeflicients) of the models. However, even for sophisticated models such
as support vector machines or Bayesian networks, one can think of measures
that make sense, such as the linear separability or the edit distance between two
networks [14], respectively.

From a computational viewpoint, it is advisable to keep the models to be
fitted simple, since many subgroups have to be evaluated in the search process.
For example, fitting a naive Bayes model to a large collection of subgroups can
be done quite efficiently, but fitting a support vector machine could prove to be
too time consuming.
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Abstract. Polarizing discussions on political and social issues are com-
mon in mass and user-generated media. However, computer-based un-
derstanding of ideological discourse has been considered too difficult to
undertake. In this paper we propose a statistical model for ideology dis-
course. By ideology we mean “a set of general beliefs socially shared by a
group of people.” For example, Democratic and Republican are two ma-
jor political ideologies in the United States. The proposed model captures
lexical variations due to an ideological text’s topic and due to an author
or speaker’s ideological perspective. To cope with the non-conjugacy of
the logistic-normal prior we derive a variational inference algorithm for
the model. We evaluate the proposed model on synthetic data as well as
a written and a spoken political discourse. Experimental results strongly
support that ideological perspectives are reflected in lexical variations.

1 Introduction

When people describe a set of ideas as “ideology”, the ideas are usually regarded
as false beliefs. Marxists associate the dominant class’s viewpoints as ideology.
Ideology’s pejorative connotation is usually used to describe other group’s ideas
and rarely our own ideas.

In this paper we take a definition of ideology broader than the classic Marxists’
definition, but define ideology as “a set of general beliefs socially shared by a
group of people” [1]. Groups whose members share similar goals or face similar
problems usually share a set of beliefs that define membership, value judgment,
and action. These collective beliefs form an ideology. For example, Democratic
and Republican are two major political ideologies in the United States.

Written and spoken discourses are critical in the van Dijk’s theory of ideology
[1]. Ideology is not innate and must be learned through interaction with the

* We would like to thank the anonymous reviewers for their valuable comments for
improving this paper, and thank Rong Yan, David Gondek, and Ching-Yung Lin
for helpful discussions. This work was supported in part by the National Science
Foundation (NSF) under Grants No. IIS-0535056 and CNS-0751185.

W. Daelemans et al. (Eds.): ECML PKDD 2008, Part IT, LNAI 5212, pp. 17-32, 2008.
© Springer-Verlag Berlin Heidelberg 2008



18 W.-H. Lin, E. Xing, and A. Hauptmann

world. Spoken and written texts are major media through which an ideology is
understood, transmitted, and reproduced. For example, two presidential candi-
dates, John Kerry and George W. Bush, gave the following answers during a
presidential debate in 2004:

Ezxample 1. Kerry: What is an article of faith for me is not something that I
can legislate on somebody who doesn’t share that article of faith. I believe that
choice is a woman’s choice. It’s between a woman, God and her doctor. And
that’s why I support that.

Ezample 2. Bush: I believe the ideal world is one in which every child is protected
in law and welcomed to life. I understand there’s great differences on this issue
of abortion, but I believe reasonable people can come together and put good law
in place that will help reduce the number of abortions.

From their answers we can clearly understand their attitude on the abortion
issue.

Interest in computer based understanding of ideology dates back to the sixties
in the last century, but the idea of learning ideology automatically from texts has
been considered almost impossible. Abelson expressed a very pessimistic view
on automatic learning approaches in 1965 [2]. We share Abelson’s vision but do
not subscribe to his view. We believe that ideology can be statistically modeled
and learned from a large number of ideological texts.

— In this paper we develop a statistical model for ideological discourse. Based
on the empirical observation in Section 2 we hypothesize that ideological
perspectives were reflected in lexical variations. Some words were used more
frequently because they were highly related to an ideological text’s topic
(i.e., topical), while some words were used more frequently because authors
holding a particular ideological perspective chose so (i.e., ideological).

— We formalize the hypothesis and proposed a statistical model for ideolog-

ical discourse in Section 3. Lexical variations in ideological discourse were
encoded in a word’s topical and ideological weights. The coupled weights
and the non-conjugacy of the logistic-normal prior posed a challenging in-
ference problem. We develop an approximate inference algorithm based on
the variational method in Section 3.2.
Such a model can not only uncover topical and ideological weights from data
and can predict the ideological perspective of a document. The proposed
model will allow news aggregation service to organize and present news by
their ideological perspectives.

— We evaluate the proposed model on synthetic data (Section 4.1) as well as
on a written text and a spoken text (Section 4.2). In Section 4.3 we show
that the proposed model automatically uncovered many discourse structures
in ideological discourse.

— In Section 4.4 we show that the proposed model fit ideological corpora bet-
ter than a model that assumes no lexical variations due to an author or
speaker’s ideological perspective. Therefore the experimental results strongly
suggested that ideological perspectives were reflected in lexical variations.
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2 Motivation

Lexical variations have been identified as a “major means of ideological expres-
sion” [1]. In expressing a particular ideological perspective, word choices can
highly reveal an author’s ideological perspective on an issue. “One man’s terror-
ist is another man’s freedom fighter.” Labeling a group as “terrorists” strongly
reveal an author’s value judgement and ideological stance [3].

We illustrate lexical variations in an ideological text about the Israeli-
Palestinian conflict (see Section 4.2). There were two groups of authors hold-
ing contrasting ideological perspectives (i.e., Israeli vs. Palestinian). We count
the words used by each group of authors and showed the top 50 most frequent
words in Figure 1.

american arab  arafat authority  bank
conflict elections end gaza government

international israel israeli

israelis israels jerusalem land law leadership

ISFae| ISI’ae|I israelis israels military minister negotiations occupation

jerusalem  jewish  leadership ~ minister i
palestine palestinian palestine palestlnlan

s alestinians peace people
palestinians peace e pn itical - i
political pesident prime  process pen _ political prme process pusic

. rights roadmap security settlement
public return roadmap SeCUfIty settlement

setflements  Sharon side solution State
settlements  Sharon  sharons  solution o . .
) ) states territories time united violence wall
state  swwes terrorism  time  united

violence war west world years

abu agreement american arab arafat
bank bush conflict disengagement fence
gaza government international iraq

west world

Fig. 1. The top 50 most frequent words used by the Israeli authors (left) and the Pales-
tinian authors (right) in a document collection about the Israeli-Palestinian conflict.
A word’s size represents its frequency: the larger, the more frequent.

Both sides share many words that are highly related to the corpus’s topic (i.e.,
the Israeli-Palestinian conflict): “Palestinian”, “Israeli”, “political”, “peace”, etc.
However, each ideological perspective seems to emphasize (i.e., choosing more
frequently) different subset of words. The Israeli authors seem to use more “dis-
engagement”, “settlement”, and “terrorism”. On the contrary, the Palestinian
authors seem to choose more “occupation”, “international”, and “land.” Some
words seem to be chosen because they are about a topic, while some words are
chosen because of an author’s ideological stance.

We thus hypothesize that lexical variations in ideological discourse are at-
tributed to both an ideological text’s topic and an author or speaker’s ideological
point of view. Word frequency in ideological discourse should be determined by
how much a word is related to a text’s topic (i.e., topical) and how much authors
holding a particular ideological perspective emphasize or de-emphasize the word
(i.e., ideological). A model for ideological discourse should take both topical and
ideological aspects into account.
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3 A Joint Topic and Perspective Model

We propose a statistical model for ideological discourse. The model associates
topical and ideological weights to each word in the vocabulary. Topical weights
represent how frequently a word is chosen because of a text’s topic independent
of an author or speaker’s ideological perspective. Ideological weights, on the
other hand, modulate topical weights based on an author or speaker’s ideological
perspective. To emphasize a word (i.e., choosing the word more frequently) we
put a larger ideological weight on the word.

w3

Fig. 2. A three-word simplex illustrates how topical weights T are modulated by two
differing ideological weights

We illustrate the interaction between topical and ideological weights in a
three-word simplex in Figure 2. A point T represents topical weights about
a specific topic. Suppose authors holding a particular perspective emphasize
the word ws, while authors holding the contrasting perspective emphasize the
word w;i. Ideological weights associated with the first perspective will move a
multinomial distribution’s parameter from 7" to a new position V, which is more
likely to generate ws than T' is. Similarly, ideological weights associated with the
second perspective will move the multinomial distribution’s parameter from 7'
to Vi, which is more likely to generate w; than T is.

3.1 Model Specification

Formally, we combine a word’s topical and ideological weights through a logistic
function. The complete model specification is listed as follows,

Py ~Bernoulli(r),d =1,...,D
Wa,n|Pa = v ~Multinomial(3,),n =1,..., Ny

W W
Y = exp(r ,¢”) —v=1,...,V
2w €XP(TY X 9}
TNN(/’(‘T7ET)

¢v ~ N(/f«bv Zd))
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We assume that there are two contrasting perspectives in an ideological text (i.e.,
V = 2), and model a document’s ideological perspective that its author or speaker
holds as a Bernoulli variable Py, d = 1, ..., D, where D is the total number of doc-
uments in a collection. Each word in a document, Wy ,,, is sampled from a multi-
nomial distribution conditioned on the document d’s perspective, n = 1,..., Ng,
where Ny is a document’s length. The bag-of-words representation has been com-
monly used and shown to be effective in text classification and topic modeling.

The multinomial distribution’s parameter, 3, indexed by an ideological per-
spective v and w-th word in the vocabulary, consists of two parts: topical weights
7 and ideological weights ¢. [ is an auxiliary variable, and is deterministically
determined by (latent) topical 7 and ideological weights {¢, }. The two weights
are combined through a logistic function. The relationship between topical and
ideological weights is assumed to be multiplicative. Therefore, a word of an ide-
ological weight ¢ = 1 means that the word is not emphasized or de-emphasized.
The prior distributions for topical and ideological weights are normal distri-
butions. The parameters of the joint topic and perspective model, denoted as
O, include: 7, pir, X, iy, Xy We call this model a Joint Topic and Perspec-
tive Model (jJTP). We show the graphical representation of the joint topic and
perspective model in Figure 3.

Fig. 3. A joint topic and perspective model in a graphical model representation (see
Section 3 for details). A dashed line denotes a deterministic relation between parent
and children nodes.

3.2 Variational Inference

The quantities of most interest in the joint topic and perspective model are
(unobserved) topical weights 7 and ideological weights {¢,}. Given a set of D
documents on a particular topic from differing ideological perspectives { Py},
the joint posterior probability distribution of the topical and ideological weights
under the joint topic and perspective model is

P(1,{¢u}{Wan}, {Pu}; ©)
P(r|pr, 5 HP ultigr ) HP(Pd|7r> HP WanlPa, 7, {0})

n=1

=N(7|pr, Xy) H N(¢o g, Zo) H Bernoulli(Py|r) | [ Multinomial(Wy .| Pa, 3),
v d n
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where N(+), Bernoulli(-) and Multinomial(-) are the probability density functions
of multivariate normal, Bernoulli, and multinomial distributions, respectively.

The joint posterior probability distribution of 7 and {¢, }, however, are com-
putationally intractable because of the non-conjugacy of the logistic-normal
prior. We thus approximate the posterior probability distribution using a vari-
ational method [4], and estimate the parameters using variational expectation
maximization [5]. By the Generalized Mean Field Theorem (GMF) [6], we can
approximate the joint posterior probability distribution of 7 and {¢,} as the
product of individual functions of 7 and ¢,:

P(r,{¢}{Pa} (Wan};0) = ¢r(7) [ T a6, (60), (1)

where ¢, (7) and ¢4, (¢) are the posterior probabilities of the topical and ideo-
logical weights conditioned on the random variables on their Markov blanket.
Specifically, g4 is defined as follows,

QT(T) :P(T‘{Wd,n}’{Pd}’{<¢v>};@) (2)

O(P(T‘:uﬁz'r)HP(<¢U>‘:U¢7E¢)P({Wd,n}|7—7{<¢v>}7{Pd})
v 3)

(4)

where (¢,) denotes the GMF message based on gy, (-). From (3) to (4) we drop
the terms unrelated to 7.

Calculating the GMF message for 7 from (4) is computationally intractable
because of the non-conjugacy between multivariate normal and multinomial dis-
tributions. We follow the similar approach in [7], and made a Laplace approx-
imation of (4). We first represent the word likelihood {Wy,,} as the following
exponential form:

& N(7|ptr, X7 ) Multinomial({ W, }{ Pa}, 7, {{&v) }):

P<{Wd,7l}|{Pd}vTv {<¢v>}) = exp (Z nv(<¢v> i T) - vaTlC(<¢v> i T)) (5)

where e is element-wise vector product, n, is a word count vector under the
ideological perspective v, 1 is a column vector of one, and C' function is defined
as follows,

P
C(z) = log (1 + Zexp mp> , (6)

p=1

where P is the dimensionality of the vector x.
We expand C' using Taylor series to the second order around & as follows,
1

C(x) ~C(@R)+V(x)(x —2) + 5 (x —2)TH@)(z - &),
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where V is the gradient of C', and H is the Hessian matrix of C. We set % as
()(t=1) o (¢,). The superscript denoted the GMF message in the t — 1 (i.e.,
previous) iteration.

Finally, we plug the second-order Taylor expansion of C' back to (4) and
rearranged terms about 7. We obtain the multivariate normal approximation of
¢-(+) with a mean vector p* and a variance matrix X* as follows,

-1
o= (271 +Y nil(gy) | H(F e (4,)) — <¢v>>
wr=x" (E;l/h + va o (¢y) — anlVC’(% o () ® (Dv)

£ 3 0T L{00) o (H(F o (6,)(7 o <¢v>>>> ,

where | is column-wise vector-matrix product, — is row-wise vector-matrix prod-
uct. The Laplace approximation for the logistic-normal prior has been shown to
be tight [8].

d¢, in (3.2) can be approximated in a similar fashion as a multivariate normal
distribution with a mean vector p! and a variance matrix X1 as follows,

5= (2 4l LH() 0b0) = (1)

pt =2t (25 g+ my 0 (1) = 0 1IVCO((7) 0 §) 0 (7)

+nl1(r) o (H((1)  ¢,)((T) ® bu))

9

SN~—

where we set ¢, as (¢,) 1.

In E-step, we have a message passing loop and iterate over the ¢ functions in
(3.2) until converge. We monitor the change in the auxiliary variable 8 and stop
when the absolute change is smaller than a threshold. In M-step, 7 can be easily
maximized by taking the sample mean of {P;}. We monitor the data likelihood
and stop the variational EM loop when the change of data likelihood is less than
a threshold.

3.3 Identifiability

The joint topic and perspective model as specified above is not identifiable.
There are multiple assignments of topical and ideological weights that can pro-
duce exactly the same data likelihood. Therefore, topic and ideological weights
estimated from data may be incomparable.

The first source of un-identifiability is due to the multiplicative relationship
between 7 and ¢,. We can easily multiply a constant to 7% and divide ¢¥ by
the same constant, and the auxiliary variable [ stays the same.

The second source of un-identifiability comes from the sum-to-one constraint
in the multinomial distribution’s parameter 5. Given a vocabulary W, we have
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only [W| — co number of free parameters for 7 and {P;}. Allowing |VV| number
of free parameters makes topical and ideological weights unidentifiable.

We fix the following parameters to solve the un-identifiability issue: 71, {¢¥'},
and ¢L. We fix the values of the 7! to be one and {¢.} to be zero, v =1,...,V.
We choose the first ideological perspective as a base and fix its ideological weights
#% to be one for all words, w = 1, ..., [W|. By fixing the corner of ¢ (i.e., {¢}}) we
assume that the first word in the vocabulary are not biased by either ideological
perspectives, which may not be true. We thus add a dummy word as the first
word in the vocabulary, whose frequency is the average word frequency in the
whole collection and conveys no ideological information (in the word frequency).

4 Experiments

4.1 Synthetic Data

We first evaluate the proposed model on synthetic data. We fix the values of the
topical and ideological weights, and generated synthetic data according to the
generative process in Section 3. We test if the variational inference algorithm for
the joint topic and perspective model in Section 3.2 successfully converges. More
importantly, we test if the variational inference algorithm can correctly recover
the true topical and ideological weights that generated the synthetic data.

Specifically, we generate the synthetic data with a three-word vocabulary and
topical weights 7 = (2,2,1), shown as o in the simplex in Figure 4. We then
simulate different degrees to which authors holding two contrasting ideological
beliefs emphasized words. We let the first perspective emphasize wo (¢1 = (1,14
p,0)) and let the second perspective emphasized wy (92 = (1 +p, 1,0). ws is the
dummy word in the vocabulary. We vary the value of p (p = 0.1,0.3,0.5) and
plotted the corresponding auxiliary variable 3 in the simplex in Figure 4. We
generate the equivalent number of documents for each ideological perspective,
and varied the number of documents from 10 to 1000.

We evaluate how closely the variational inference algorithm recovered the true
topical and ideological weights by measuring the maximal absolute difference
between the true § (based on the true topical weights 7 and ideological weights
{#»}) and the estimated ¢ (using the expected topical weights () and ideological
weights {(¢,)} returned by the variational inference algorithm).

The simulation results in Figure 5 suggested that the proposed variational
inference algorithm for the joint topic and perspective is valid and effective. Al-
though the variational inference algorithm was based on Laplace approximation,
the inference algorithm recovered the true weights very closely. The absolute dif-
ference between true 3 and estimated ﬁ was small and close to zero.

4.2 Ideological Discourse

We evaluate the joint topic and perspective model on two ideological discourses.
The first corpus, bitterlemons, is comprised of editorials written by the Israeli
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Fig. 5. The experimental results of recovering true topical and ideological weights.
The x axis is the number of training examples, and the y axis is the maximal absolute
difference between true § and estimated B . The smaller the difference, the better. The
curves in A\, 4+, and X correspond to the three different ideological weights in Figure 4.

and Palestinian authors on the Israeli-Palestinian conflict. The second corpus,
presidential debates, is comprised of spoken words from the Democratic and
Republican presidential candidates in 2000 and 2004.

The bitterlemons corpus consists of the articles published on the website
http://bitterlemons.org/. The website is set up to “contribute to mutual
understanding [between Palestinians and Israelis| through the open exchange
of ideas.”! Every week an issue about the Israeli-Palestinian conflict is selected
for discussion (e.g., “Disengagement: unilateral or coordinated?”). The website
editors have labeled the ideological perspective of each published article. The
bitterlemons corpus has been used to learn individual perspectives [9], but the
previous work was based on naive Bayes models and did not simultaneously
model topics and perspectives.

The 2000 and 2004 presidential debates corpus consists of the spoken tran-
scripts of six presidential debates and two vice-presidential debates in 2000 and
2004. We downloaded the speech transcripts from the American Presidency
Project?. The speech transcripts came with speaker tags, and we segmented the

! http://www.bitterlemons.org/about/about.html
2 http://www.presidency.ucsb.edu/debates.php
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transcripts  into  spoken  documents according to speakers. Each
spoken document was either an answer to a question or a rebuttal. We discarded
the words from moderators, audience, and reporters.

We choose these two corpora for the following reasons. First, the two corpora
contain political discourse with strong ideological differences. The bitterlemons
corpus contains the Israeli and the Palestinian perspectives; the presidential de-
bates corpus the Republican and Democratic perspectives. Second, they are from
multiple authors or speakers. There are more than 200 different authors in the
bitterlemons corpus; there are two Republican candidates and four Democratic
candidates. We are interested in ideological discourse expressing socially shared
beliefs, and less interested in individual authors or candidates’ personal beliefs.
Third, we select one written text and one spoken text to test how our model
behaves on different communication media.

We removed metadata that may reveal an author or speaker’s ideological
stance but were not actually written or spoken. We removed the publication
dates, titles, an author’s name and biography in the bitterlemons corpus. We
removed speaker tags, debate dates, and location in the presidential debates
corpus. Our tokenizer removed contractions, possessives, and cases.

The bitterlemons corpus consists of 594 documents. There are a total of 462308
words, and the vocabulary size is 14197. They are 302 documents written by the
Israeli authors and 292 documents written by the Palestinian authors. The pres-
idential debates corpus consists of 1232 spoken documents. There are a total
of 122056 words, and the vocabulary size is 16995. There are 235 spoken doc-
uments from the Republican candidates, and 214 spoken documents from the
Democratic candidates.

4.3 Topical and Ideological Weights

We fit the proposed joint topic and perspective model on two text corpora, and
the results were shown in Figure 6 and Figure 7 in color text clouds®. Text
clouds represent a word’s frequency in size. The larger a word’s size, the more
frequently the word appears in a text collection. Text clouds have been a popular
method of summarizing tags and topics on the Internet (e.g., bookmark tags on
Del.icio.us* and photo tags on Flicker ®. Here we have matched a word’s size
with its topical weight 7.

To show a word’s ideological weight, we paint a word in color shades. We assign
each ideological perspective a color (red or blue). A word’s color is determined
by which perspective uses a word more frequently than the other. Color shades
gradually change from pure colors (strong emphasis) to light gray (no emphasis).
The degree of emphasis is measured by how extreme a word’s ideological weight ¢
is from one (i.e., no emphasis). Color text clouds allow us to present three kinds
of information at the same time: words, their topical weights, and ideological
weights.

3 We omit the words of low topical and ideological weights due to space limit.
4 http://del.icio.us/
® http://www.flickr.com/
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Fig. 6. Visualize the topical and ideological weights learned by the joint topic and per-
spective model from the bitterlemons corpus (see Section 4.3). Red: words emphasized
more by the Israeli authors. Blue: words emphasized more by the Palestinian authors.

Let us focus on the words of large topical weights learned from the bitter-
lemons corpus (i.e., words in large sizes in Figure 6). The word of the largest
topical weight is “Palestinian”, followed by “Israeli”, “Palestinians”, “peace”,
and “political”. The topical weights learned by the joint topic and perspective
model clearly match our expectation from the discussions about the Israeli-
Palestinian conflict. Words in large sizes summarizes well what the bitterlemons
corpus is about.

Similarly, a brief glance over words of large topical weights learned from the
presidential debates corpus (i.e., words in large sizes in Figure 7) clearly tells
us the debates’ topic. Words of large topical weights capture what American
politics is about (e.g., “people”, “president”, “America”, “government”) and
specific political and social issues (e.g., “Iraq”, “taxes”, “Medicare”). Although
not every word of large topical weights is attributed to a text’s topic, e.g., “im”
(“T'm” after contraction is removed) occurred frequently because of the spoken
nature of debate speeches, the majority of words of large topical weights appear
to convey what the two text collections are about.

Now let us turn our attention to words’ ideological weights ¢, i.e., color shade
in Figure 6. The word “terrorism”, followed by “terrorist”, is painted pure red,
which is highly emphasized by the Israeli authors. “Terrorist” is a word that
clearly reveals an author’s attitude toward the other group’s violent behavior.
Many words of large ideological weights can be categorized into the ideology
discourse structures previously manually identified by researchers in discourse
analysis [1]:
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Fig. 7. Visualize the topical weights and ideological weights learned by the joint topic
and perspective model from the presidential debates corpus i(see Section 4.3). Red:
words emphasized by the Democratic candidates. Blue: words emphasized by the Re-
publican candidates.

— Membership: Who are we and who belongs to us? “Jews” and “Jewish” are
used more frequently by the Israeli authors than the Palestinian authors.
“Washington” is used more frequently by the Republican candidates than
Democratic candidates.

— Activities: What do we do as a group? “Unilateral”, “disengagement”, and
“withdrawal” are used more frequently by the Israeli authors than the Pales-
tinian authors. “Resistance” is used more frequently by the Palestinian au-
thors than the Israeli authors.

— Goals: What is our group’s goal? (Stop confiscating) “land” , “indepen-
dent”, and (opposing settlement) “expansion” are used more frequently by
the Palestinian authors than the Israeli authors.

— Values: How do we see ourselves? What do we think is important? “Oc-
cupation” and (human) “rights” are used more frequently by Palestinian
authors than the Israeli authors. “Schools”, “environment”, and “middle”
“class” are used more frequently by the Democratic candidates than the Re-
publican candidates. “Freedom” and “free” are used more frequently by the
Republican candidates.

— Position and Relations: what is our position and our relation to other groups?
“Jordan” and “Arafats” (after removing contraction of “Arafat’s”) are used
more frequently by the Israeli authors than by the Palestinian authors.
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We do not intend to give a detailed analysis of the political discourse in
the Israeli-Palestinian conflict and in American politics. We do, however, want
to point out that the joint topic and perspective model seems to “discover”
words that play important roles in ideological discourse. The results not only
support the hypothesis that ideology is greatly reflected in an author or speaker’s
lexical choices, but also suggest that the joint topic and perspective model closely
captures the lexical variations.

Political scientists and media analysts can formulate research questions based
on the uncovered topical and ideological weights, such as: what are the important
topics in a text collection? What words are emphasized or de-emphasized by
which group? How strongly are they emphasized? In what context are they
emphasized? The joint topic and perspective model can thus become a valuable
tool to explore ideological discourse.

Our results, however, also point out the model’s weaknesses. First, a bag-
of-words representation is convenient but fails to capture many linguistic phe-
nomena in political discourse. “Relief” is used to represent tax relief, marriage
penalty relief, and humanitarian relief. Proper nouns (e.g., “West Bank” in the
bitterlemons corpus and “Al Quida” in the presidential debates corpus) are bro-
ken into multiple pieces. N-grams do not solve all the problems. The discourse
function of the verb “increase” depends much on the context. A presidential
candidate can “increase” legitimacy, profit, or defense, and single words cannot
distinguish them.

4.4 Prediction

We evaluate how well the joint topic and perspective model predicted words from
unseen ideological discourse in terms of perplexity on a held-out set. Perplexity
has been a popular metric to assess how well a statistical language model gen-
eralizes [10]. A model generalizes well if it achieves lower perplexity. We choose
unigram as a baseline. Unigram is a special case of the joint topic and perspec-
tive model that assumes no lexical variations are due to an author or speaker’s
ideological perspective (i.e., fixing all {¢,} to one).

Perplexity is defined as the exponential of the negative log word likelihood
with respect to a model normalized by the total number of words:

—log P({Wan}|{Pa}; O)
P ( Yo aNa >

We can integrate out topical and ideological weights to calculate the predictive
probability P({Wg.,}[{Pa}; O):

D Ng

P(Wan[1Pi)i0) = [ [ TLT] POWanlPa)drdo.

d=1n=1

Instead, we approximate the predictive probability by plugging in the point
estimates of 7 and ¢, from the variational inference algorithm.
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For each corpus, we vary the number of training documents from 10% to
90% of the documents, and measured perplexity on the remaining 10% held-
out set. The results were shown in Figure 8. We can clearly see that the joint
topic and perspective model reduces perplexity on both corpora. The results
strongly support the hypothesis that ideological perspectives are reflected in
lexical variations. Only when ideology is reflected in lexical variations can we
observe the perplexity reduction from the joint topic and perspective model. The
results also suggest that the joint topic and perspective model closely captures
the lexical variations due to an author or speaker’s ideological perspective.
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- 2-  unigram
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Fig. 8. The proposed joint topic and perspective model reduces perplexity on a held-
out set

5 Related Work

Abelson and Carroll pioneered modeling ideological beliefs in computers in the
sixties [2]. Their system modeled the beliefs of a right-wing politician as a set of
English sentences (e.g., “Cuba subverts Latin America.”). Carbonell proposed a
system, POLITICS, that can interpret text from two conflicting ideologies [11].
These early studies model ideology at a more sophisticated level (e.g., goals,
actors, and action) than the proposed joint topic and perspective model, but
require humans to manually construct a knowledge database. The knowledge-
intensive approaches suffer from the “knowledge acquisition bottleneck.” We take
a completely different approach and aim to automatically learn ideology from a
large number of documents.

[12] explored a similar problem of identifying media’s bias. They found that
the sources of news articles can be successfully identified based on word choices
using Support Vector Machines. They identified the words that can best dis-
criminate two news sources using Canonical Correlation Analysis. In addition
to the clearly different methods between [12] and this paper, there are crucial
differences. First, instead of applying two different methods as [12] did, the Joint
Topic and Perspective Model (Section 3) is a single unified model that can learn
to predict an article’s ideological slant and uncover discriminating word choices
simultaneously. Second, the Joint Topic and Perspective Model makes explicit
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the assumption of the underlying generative process on ideological text. In con-
trast, discriminative classifiers such as SVM do not model the data generation
process [13]. However, our methods implicitly assume that documents are about
the same news event or issue, which may not be true and could benefit from an
extra story alignment step as [12] did.

We borrow statistically modeling and inference techniques heavily from re-
search on topic modeling (e.g., [14], [15] and [16]). They focus mostly on model-
ing text collections that containing many different (latent) topics (e.g., academic
conference papers, news articles, etc). In contrast, we are interested in modeling
ideology texts that are mostly on the same topic but mainly differs in their ideo-
logical perspectives. There have been studies going beyond topics (e.g., modeling
authors [17]). We are interested in modeling lexical variation collectively from
multiple authors sharing similar beliefs, not lexical variations due to individual
authors.

6 Conclusion

We present a statistical model for ideological discourse. We hypothesized that
ideological perspectives were partially reflected in an author or speaker’s lexi-
cal choices. The experimental results showed that the proposed joint topic and
perspective model fit the ideological texts better than a model naively assum-
ing no lexical variations due to an author or speaker’s ideological perspectives.
We showed that the joint topic and perspective model uncovered words that
represent an ideological text’s topic as well as words that reveal ideological dis-
course structures. Lexical variations appeared to be a crucial feature that can
enable automatic understanding of ideological perspectives from a large amount
of documents.
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Effective Pruning Techniques for Mining
Quasi-Cliques™

Guimei Liu and Limsoon Wong
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Abstract. Many real-world datasets, such as biological networks and
social networks, can be modeled as graphs. It is interesting to discover
densely connected subgraphs from these graphs, as such subgraphs rep-
resent groups of objects sharing some common properties. Several algo-
rithms have been proposed to mine quasi-cliques from undirected graphs,
but they have not fully utilized the minimum degree constraint for prun-
ing. In this paper, we propose an efficient algorithm called Quick to find
maximal quasi-cliques from undirected graphs. The Quick algorithm uses
several effective pruning techniques based on the degree of the vertices to
prune unqualified vertices as early as possible, and these pruning tech-
niques can be integrated into existing algorithms to improve their per-
formance as well. Our experiment results show that Quick is orders of
magnitude faster than previous work on mining quasi-cliques.

1 Introduction

Graphs can represent complicated relationships among objects, and they have
been used to model many real-world datasets. For example, a protein-protein
interaction network can be represented as a graph where each vertex represents
a protein and edges represent interactions between proteins. A set of microarray
data can be converted to a graph in which each vertex represents a gene and an
edge between two vertices represents a strong similarity between the expression
data of the two corresponding genes. Highly connected subgraphs in these graphs
often have significant biological implications. They can correspond to protein
complexes [1] or biologically relevant functional groups [2,3,4].

The discovery of dense subgraphs from one or multiple graphs has attracted in-
creasing attention. Cliques are the densest form of subgraphs. A graph is a clique
if there is an edge between every pair of the vertices. However, this requirement
is often too restrictive given that real-world datasets are often incomplete and
noisy. The concept of quasi-cliques has been proposed to relax the requirement.
Different definitions have been given to quasi-cliques. Here we adopt the defi-
nition that is based on the degree of individual vertices, that is, a graph is a
quasi-clique if every vertex in the graph is adjacent to at least [y(n — 1)] other
vertices in the graph, where 7 is a number between 0 and 1 and n is the number
of vertices in the graph.

* This work was supported in part by a Singapore A*STAR SERC PSF grant.

W. Daelemans et al. (Eds.): ECML PKDD 2008, Part IT, LNAI 5212, pp. 33-49, 2008.
© Springer-Verlag Berlin Heidelberg 2008
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Given a graph, the search space of the quasi-clique mining problem is the
power set of its vertex set. How to efficiently and effectively prune the search
space is critical to the performance of a quasi-clique mining algorithm. How-
ever, the downward closure property no longer holds on quasi-cliques, which
makes mining quasi-cliques much more challenging than mining cliques. Exist-
ing algorithms for mining quasi-cliques from a single graph all use heuristic or
randomized methods and they do not produce the complete set of quasi-cliques
[5,6,2]. Although existing algorithms for mining quasi-cliques from a set of graphs
generate the complete result, they have not fully exploited the pruning power of
the minimum degree constraint [7,8].

In this paper, we propose an efficient algorithm called Quick to mine quasi-
cliques, which uses several effective pruning techniques based on the degree of the
vertices. These pruning techniques can effectively remove unpromising vertices
as early as possible. We conducted a set of experiments to demonstrate the
effectiveness of the proposed pruning techniques.

The rest of the paper is organized as follows. Section 2 gives the formal prob-
lem definition. Section 3 presents the Quick algorithm, and its performance is
studied in Section 4. Related work is described in Section 5. Finally, Section 6
concludes the paper.

2 Problem Definition

In this section, we formally define the quasi-clique mining problem. We consider
simple graphs only, that is, undirected graphs that have no self-loops and multi-
edges. Graph isomorphism test is very complicated and costly. To simplify the
problem and the presentation, we restrict our discussion to relational graphs
where every vertex has a unique label. In this case, graph isomorphism test can
be performed by simply comparing the vertex set and edge set of two graphs.
Note that the techniques described in this paper can be applied to non-relational
graphs as well. In the rest of this paper, the term “graph” refers to simple
relational graphs unless otherwise stated.

A simple graph G is defined as a pair (V, E), where V is a set of vertices, and
E is a set of edges between the vertices. Two vertices are adjacent if there is an
edge between them. The adjacency list of a vertex v in G, denoted as N (v), is
defined as {u|(u,v) € E}. The degree of a vertex v in G, denoted as deg®(v),
is defined as [N (v)|. The adjacency list of a vertex set X, denoted as N¢(X),
is defined as {u|vv € X, (u,v) € E}.

The distance between two vertices v and v in a graph G = (V| E), denoted
as dist%(u,v), is defined as the number of edges on the shortest path between
u and v. Trivially, dist®(u,u) = 0, and dist%(u,v) = 1 if u # v and (u,v) € E.
We denote the set of vertices that are within a distance of k from vertex v as
NE(v) = {u|dist(u,v) < k}. The diameter of a graph G, denoted as diam(G),
is defined as max., yev dist® (u,v). A graph is called connected if dist% (u,v) < oo
for any u,v € V.
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Definition 1 (y-quasi-clique). A graph G = (V, E) is a vy-quasi-clique (0 <
v < 1) if G is connected, and for every vertex v € V, deg®(v) > [v- (|[V| - 1)].

According to the definition, a quasi-clique is a graph satisfying a user-specified
minimum vertex degree bound, and we call v the minimum degree threshold. A
clique is a special case of quasi-clique with y=1. Figure 1 shows two example
quasi-cliques. Graph G7 is a 0.5-quasi-clique, but it is not a 0.6-quasi-clique
because the degree of every vertex in Gy is 2, and 2 is smaller than [0.6 - (5 — 1)].
Graph G, is a 0.6-quasi-clique.

Given a graph G = (V, E), graph G’ = (V', E’) is a subgraph of G if V! C V
and E' C E. Graph G is called a supergraph of G'. If V' C V and E' C E, or
E' C Fand V' C V, then G’ is called a proper subgraph of G, and G is called
a proper supergraph of G'. A subgraph G’ of a graph G is called an induced
subgraph of G if, for any pair of vertices u and v of G', (u,v) is an edge of G’
if and only if (u,v) is an edge of G. We also use G(X) to denote the subgraph
of G induced on a vertex set X C V. Given a minimum degree threshold -,
if a graph is a y-quasi-clique, then its subgraphs usually become uninteresting
even if they are also y-quasi-cliques. In this paper, we mine only maximal quasi-
cliques.

Definition 2 (Maximal y-quasi-clique). Given graph G = (V, E) and a ver-
tex set X C V. G(X) is a mazimal vy-quasi-cliqgue of G if G(X) is a y-quasi-
clique, and there does not exist another vertex set' Y such that Y D X and G(Y)
s a y-quasi-clique.

Cliques have the downward-closure property, that is, if G is a clique, then all of
its induced subgraphs must also be cliques. This downward-closure property has
been used to mine various frequent patterns in the data mining community. Un-
fortunately, this property does not hold for quasi-cliques. An induced subgraph
of a v-quasi-clique may not be a y-quasi-clique. For example, graph G in Figure
1 is a 0.5-quasi-clique, but one of its induced subgraph is not a 0.5-quasi-clique
as shown in Figure 1(c). In fact, none of the induced subgraphs of G; with four
vertices is a 0.5-quasi-clique.

Small quasi-cliques are usually trivial and not interesting. For example, a
single vertex itself is a quasi-clique for any . We use a minimum size threshold
min size to filter small quasi-cliques.

Problem statement (Mining maximal quasi-cliques from a single
graph). Given a graph G = (V, E), a minimum degree threshold v € [0,1]
and a minimum size threshold min size, the problem of mining maximal quasi-
cliques from G is to find all the vertex sets X such that G(X) is a maximal
~y-quasi-cliques of G and X contains at least min size vertices.

In some applications, users are interested in finding quasi-cliques that occur
frequently in a set of graphs. The techniques proposed in this paper can be
applied to mine frequent quasi-cliques (or so-called cross quasi-cliques [7] or
coherent quasi-cliques [8]) from a given graph database as well.
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Fig. 1. Examples of quasi-cliques

3 Efficient Mining of Quasi-Cliques

3.1 The Depth-First Search Framework

Given a graph G = (V, E), any subset of V' may form a quasi-clique. Therefore,
the search space of the maximal quasi-clique mining problem is the power set
of V, and it can be represented as a set-enumeration tree [9]. Figure 2 shows
the search space tree for a graph G with four vertices {a,b, ¢,d}. Each node in
the tree represents a vertex set. For every vertex set X in the tree, only vertices
after the last vertex of X can be used to extend X. This set of vertices are
called candidate extensions of X, denoted as cand exts(X). For example, in the
search space tree shown in Figure 2, vertices are sorted into lexicographic order,
so vertex d is in cand exts({a,c}), but vertex b is not a candidate extension of
{a, ¢} because vertex b is before vertex ¢ in lexicographic order.

The Quick algorithm uses the depth-first order to explore the search space.
In the example search space tree shown in Figure 2, the Quick algorithm first
finds all the quasi-cliques containing vertex a, and then finds all the quasi-cliques
containing vertex b but not containing vertex a, and so on. The size of the search
space is exponential to the number of vertices in the graph. The main issue in
mining quasi-cliques is how to effectively and efficiently prune the search space.
As discussed in Section 2, quasi-cliques do not have the downward-closure prop-
erty, hence we cannot use the downward-closure property to prune the search
space here. According to the definition of quasi-cliques, there is a minimum

a {b} {c} {d}
{ab  {ac} {a d} {b, c} {b,d {c,d
{ab, c} {abd {ac,d {b c,d
{ab, c,d

Fig. 2. The search space tree (V = {a,b,c,d})
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requirement on the degree of the vertices in a quasi-clique. We use this constraint
to reduce the candidate extensions of each vertex set X.

3.2 Pruning Techniques Used in Existing Work

Before describing the new pruning techniques used in the Quick algorithm, we
first describe the pruning techniques used by existing work. These pruning tech-
niques are adopted in the Quick algorithm.

Pruning based on graph diameters. Pei et al. inferred the upper bound
of the diameter of a y-quasi-clique based on the value of v (Theorem 1 in [7]).
In particular, the upper bound of the diameter of a ~-quasi-clique is 2 when
v > 0.5. They used this upper bound to reduce the candidate extensions of a
vertex set as stated in the following lemma.

Lemma 1. Given graph G = (V, E) and two vertex sets X CY CV, if G(Y) is
a v-quasi-clique, then for every vertez u € (Y — X), we have u € (,cx NF (v),
where k is the upper bound of the diameter of a y-quasi-clique.

Based on the above lemma, those vertices that are not in (1, IV, “(v) can be
removed from cand exts(X).

Pruning based on the minimum size threshold. The size of a valid v-quasi-
clique should be no less than min size. Consequently, the degree of a vertex con-
tained in any valid v-quasi-clique should be no less than [v - (min size — 1)].
Those vertices whose degree is less than [ - (min size — 1)] can be removed
since no valid vy-quasi-cliques contain them. Pei et al. [7] used this pruning tech-
nique in their algorithm.

Pruning based on the degree of the vertices. For a vertex set X in the
search space, the Cocain algorithm proposed by Zeng et al. [10] prunes the
candidate extensions of X based on the number of their neighbors in X and
cand ext(X). Given a vertex u, we use indeg™ (u) to denote the number of
vertices in X that are adjacent to u, and exdeg™ (u) to denote the number of
vertices in cand exts(X) that are adjacent to u, that is, indeg”™ (u) = |{v|(u,v) €
E,v € X}| and exdeg™ (u) = |{v|(u,v) € E,v € cand ext(X)}|. The Cocain
algorithm uses the following lemmas to prune the search space and interested
readers may refer to [10] for their proof.

Lemma 2. If m+u < [v- (k+u)], where m,u,k > 0, then Vi € [0,u], m+i <
[v- (k+1)].

Lemma 3. Given a vertex set X and a vertez u € cand exts(X), if indeg™ (u)+
exdeg™ (u) < [y (|X|+ exdeg® (u))|, then there does not exist a vertex set Y
such that (X U{u}) CY C (X Ucand exts(X)), and G(Y') is a v-quasi-clique.
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For a vertex v € cand exts(X), if there does not exist a vertex set Y such that
(XU{u}) CY C (X Ucand exts(X)) and G(Y) is a y-quasi-clique, then v is
called an invalid candidate extension of X. The Cocain algorithm removes those
invalid candidate extensions of X based on Lemma 3. Due to the removal of
these invalid candidate extensions, some other candidate extensions of X that
appear to be valid originally may become invalid apparently. Cocain does the
pruning iteratively until no vertex can be removed from cand exts(X). However,
not all the invalid candidate extensions can be removed using Lemma 2.

The Cocain algorithm also checks the extensibility of the vertices in X using
the following lemma.

Lemma 4. Given vertex set X and a verter v € X, if indeg™ (v) < [v-|X|[]
and exdeg™ (v) = 0, or indeg™ (v) + exdeg™ (v) < [v- (| X]| — 1+ exdeg™ (v))],
then there does not exist a verter set Y such that X C' Y C (X Ucand exts(X))
and G(Y) is a y-quasi-clique. Vertex v is called a failed vertex of X.

If there is a failed vertex in X, then there is no need to extend X further.

3.3 New Pruning Techniques Used in the Quick Algorithm

The above pruning techniques can effectively prune the search space, but they
have not fully utilized the pruning power of the minimum degree constraint yet,
and not all the invalid candidate extensions can be detected and removed by
them. Next we describe the new pruning techniques used in our Quick algorithm.

Technique 1: pruning based on the upper bound of the number of
vertices that can be added to X concurrently to form a «-quasi-clique.
Given vertex set X, the maximum number of vertices that can be added to X
to form a ~y-quasi-clique is bounded by the minimal degree of the vertices in X.

Lemma 5. Let degpmin(X) = min{indeg” (v) + exdeg™ (v)|v € X}, Y be a su-
perset of X such that Y C (X U cand exts(X)) and G(Y') is a y-quasi-clique.
We have |Y| < |degmin(X)/v] + 1.

Proof. For every vertex v € X, we have indeg™ (v) + exdeg™ (v) > indeg" (v) >
[v-(JY] =1)], so we have degmin(X) > [v-(]Y]|—1)]. Therefore, we have
ldegmin(X) /7] = [([v-(V=1)D/7] = [v-(Y[=1)/7] = [Y] = 1. So we
have |Y| < |degmin(X)/v]+1.

Based on Lemma 5, we derive the following upper bound:

Definition 3 (UP™). The mazimal number of vertices in cand exts(X) that
can be added to X concurrently to form a v-quasi-clique should be no larger than
ldegmin(X) /7] +1— | X|, where degmin(X) = min{indeg™ (v) + exdeg™ (v)|v €
X}. We denote this upper bound as UP™ = |degmin(X)/v] +1 — |X|.

We further tighten this lower bound based on the observation that if G(Y)
is a y-quasi-clique, then for any subset X of Y, we have ) indeg¥ (v) >
X[ [y - (Y] =1)].
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Lemma 6. Let vertices in cand exts(X) be sorted in descending order of their
indeg™ value, and the set of sorted vertices be denoted as {v1,va,---,v,}. Given
an integer 1 <k <, if >, oy indeg™ (v)+ >, ;o indeg™ (vg) < | X|-[v- (| X |+
k —1)], then for every vertex set Z such that Z C cand exts(X) and |Z| = k,
X U Z is not a y-quasi-clique.

Proof. Given a vertex set Z such that Z C cand exts(X) and |Z| = k, we have
Y vex indeg™“% (v) = Y vex indeg™ (v) + Y vex indeg? (v) = Y vex indeg™ (v) +
ZvEZ indegX(v) < ZUEX indegX(v) + Zl§i§|Z| indegx(vi) < | X[ [v- (| X]+
|Z| — 1)]. Therefore, X U Z is not a y-quasi-clique.

Based on the above lemma, we tighten the upper bound as follows:

Definition 4 (Upper bound Ux). Let Ux =max{t| 3, c y indeg™ (04> -,
indegX (v;) > |X| - [v- (| X|+t—1)],1 <t <UP"} if such t exists, otherwise
Ux=0. If G(Y) is a vy-quasi-clique and X CY C (X U cand exts(X)), then
Y - X| < Ux.

Lemma 7. Given a vertez set X and a vertez u € cand exts(X), if indeg™ (u)+
Ux—1<[y-(|X|+Ux —1)], then there does not exist a vertex setY such that
(X U{u}) CY C (X Ucand exts(X)), and G(Y) is a y-quasi-clique.

Proof. Let Y be a vertex set such that G(Y) is a ~y-quasi-clique and (X U
{u}) C Y C (X Ucand exts(X)). Since u € (Y — X), there are at most
Y| — | X] — 1 vertices in Y — X that are adjacent to u, and |Y| — |X| -1 <
Ux — 1 based on the definition of Ux. Based on Lemma 2 and the fact that
indegX (u)+Ux —1 < [v- (| X]| + Ux — 1)], we have indeg™ (u)+|Y|—|X| -1 <
[v-(IX|+ Y| =1X]|=1)] = [v- (Y] = 1)]. Therefore, we have indeg* (u) <
indegX (u) + |Y| — | X| =1 < [y (|]Y] = 1)]. It contradicts the assumption that
G(Y) is a y-quasi-clique.

Similarly, we can get the following lemma, and its proof is similar to Lemma 7.

Lemma 8. Given a vertex set X and a vertexr u € X, if indeg™ (u) + Ux <
[v- (I X|+Ux —1)], then there does not exist a vertex set Y such that X CY C
(X Ucand exts(X)), and G(Y) is a y-quasi-clique.

For each vertex set X, its candidate extensions are pruned based on the up-
per bound as follows. We first check whether Ux=0. If it is true, then no ver-
tices in cand exts(X) can be added to X to form a ~y-quasi-clique. Next, we
check whether there exists some vertex u € X such that indeg” (u) + Ux <
[v- (I X|+Ux —1)]. If such u exists, then no y-quasi-cliques can be generated
by extending X. Otherwise, we remove the invalid candidate extensions of X
identified by Lemma 7 from cand exts(X). The removal of these invalid candi-
date extensions can in turn reduce the degree of other vertices in cand exts(X),
thus making other invalid vertices identifiable. The pruning is iteratively carried
out until no more vertices can be removed from cand exts(X).
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Technique 2: pruning based on the lower bound of the number of
vertices that can be added to X concurrently to form a ~-quasi-clique.
Given a vertex set X, if there exists a vertex u € X such that indeg™ (u) <
[v-(]X] —1)], then at least a certain number of vertices need to be added to
X to increase the degree of u in order to form a 7-quasi-clique. We denote this
lower bound as L% and it is defined as follows.

Definition 5 (L'2™"). Let indegmin(X) = min{indegX (v)jv € X}. L™ s
defined as L't = min{t|indegmin(X) +t > [v- (| X|+t—1)]}.

Again, this lower bound can be further tightened based on Lemma 6. We sort
vertices in cand exts(X) = {v1,va,- -+, v,} in descending order of indeg™ value.

Definition 6 (Lower bound Lx). Let Lx =min{t| Y y indeg™ (v)+>; -,
indeg™ (v;) > |X| - [v- (| X|+t—1)],L%" <t < n} if such t exists. Oth-
erwise Lx = |cand exts(X)|+1. If G(Y) is a v-quasi-cligue and X C'Y C
(X Ucand exts(X)), then |Y — X| > Lx.

Based on the definition of Lx, we can get the following lemmas.

Lemma 9. Let X be a vertex set and u be a vertex in cand exts(X). If indeg”™ (u)
+exdeg® (u) < [v-(|X|+ Lx — 1)], then there does not exist a vertex set Y such
that (X U{u}) CY C (X Ucand exts(X)), and G(Y') is a y-quasi-clique.

Lemma 10. Let X be a vertex set and u be a verter in X. If indeg™ (u) +
exdeg™ (u) < [v- (|X|+ Lx — 1)], then there does not exist a vertex set Y such
that X CY C (X Ucand exts(X)), and G(Y) is a v-quasi-clique.

For each vertex set X, its candidate extensions are pruned based on the lower
bound as follows. We first check whether Lx > Ux. If it is true, then no need to
extend X further. Next, we check whether there exists some vertex u € X such
that indeg™ (u) + exdeg™ (u) < [v- (|X|+ Lx — 1)]. If such u exists, then no -
quasi-cliques can be generated by extending X based on Lemma 10. Otherwise,
we remove the invalid candidate extensions of X identified by Lemma 9. Again
the removal is carried out iteratively until no more candidate can be removed.

Note that the removal of the invalid candidate extensions based on Lemma
3, 7 and 9 may further tighten the two bounds Lx and Ux, which may in turn
make more invalid candidate extensions identifiable.

Technique 3: pruning based on critical vertices. Let X be a vertex
set. If there exists a vertex v € X such that indeg® (v) + exdeg™(v) =
[v- (I X|+ Lx —1)], then v is called a critical vertex of X.

Lemma 11. If v € X is a critical vertex of X, then for any vertex set' Y such
that X C Y C (X Ucand exts(X)) and G(Y) is a ~y-quasi-clique, we have
{u|(u,v) € EAu € cand exts(X)} CY.

Proof. Let u be a vertex such that u € cand exts(X) and (u,v) € E. Sup-
pose that u ¢ Y, then we have indeg' (v) < indeg™(v) + exdeg®(v) =
[v-(X|+Lx—=1)] < [y-(]Y]=1)]. It contradicts the fact that Y is a -
quasi-clique.
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Based on the above lemma, we can identify the critical vertices for every vertex
set X. If such critical vertex exists, let it be v, then we add the vertices in
cand exts(X) that are adjacent to v to X. Let Y be the resultant vertex set. The
remaining mining is performed on Y, and the cost for extending X U{u}(u ¢ Y)
is saved.

Technique 4: pruning based on cover vertices. This pruning technique is
inspired by the technique used in [11] for mining maximal cliques. Tomita et al.
use the following lemma to prune non-maximal cliques.

Lemma 12. Let X be a clique and u be a vertex in N¢(X). For any vertex set
Y such that G(Y) is a clique and Y C (X UNY(X U{u})), G(Y) cannot be a
mazimal clique.

Proof. Vertex u is adjacent to all the vertices in X, and it is also adjacent to
all the vertices in N¢(X U {u}). Hence u is adjacent to all the vertices in Y. In
other words, Y U {u} is a clique, thus clique Y is not maximal.

Based on the above lemma, Tomita et al. pick a vertex with the maximal degree
from cand exts(X). Let u be the picked vertex. When X is extended using
vertices in cand exts(X), the vertex set extended from X must contain at least
one vertex that is not in N(X U{u}). In this way, the subsets of (X UN%(X U
{u})) are pruned since they are not maximal.

Here we generalize the above lemma to quasi-cliques.

Lemma 13. Let X be a vertex set and u be a vertex in cand exts(X) such that
indegX (u) > [v-|X|]. If for any verter v € X such that (u,v) ¢ E, we have
indegX (v) > [v-|X|], then for any vertex set Y such that G(Y) is a y-quasi-
clique and Y C (X U (cand exts(X) N N (u) N (Nvexa@mer N%)))), G(Y)
cannot be a maximal v-quasi-clique.

Proof. Vertex set Y is a y-quasi-clique, then for every vertex v € Y, we have
indeg¥ (v) > [v- (]Y] — 1)]. Let us look at vertex set Y U{u}. (1) Vertex u is ad-
jacent to all the vertices in cand exts(X)N N (u)N (Noexa@ner N%(v)) and
indeg™ (u) > [v-]X|], so we have indeg” “{*} (u) = indeg™ (u) + |Y| — |X| >
[v- X1+ Y] = |X| = [v-]|Y]]. (2) Similarly, for every vertex v € X such
that (u,v) ¢ E, v is adjacent to all the vertices in cand exts(X) N N%(u) N
(Moexawmge NE(@)) and indeg™ (u) > [ - |X]], so we have indeg” 1"} (v) =
indeg™ (v) + [Y[ — |X| = [v-[X[] + |[Y| = |X] = [y [Y[]. (3) For every ver-
tex v € X such that (u,v) € E, we have indeg” "%} (v) = indeg” (v) + 1 >
[v- (Y] =1]+1>[vy-]Y]]. (4) Similarly, for every vertex v € (Y — X), we
have indeg” 1"} (v) = indeg” (v) +1 > [v-|Y|]. In summary, Y U {u} is a
y-quasi-clique and Y is not maixmal.

We use Cx (u) to denote the set of vertices that are covered by u with respect
to X, that is, Cx (u) = cand exts(X) N N (u) N (Mvexa(vzr N%(v)). Based
on the above lemma, we find a vertex that maximize the size of Cx(u) from
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cand exts(X). Let u be the picked vertex. We call u the cover vertex of X. We
prune those vertex sets that are subsets of X UCx (u) by putting the vertices in
Cx (u) after all the other vertices in cand exts(X) and then using the vertices
in cand exts(X) — Cx(u) to extend X.

Technique 5: the lookahead technique. This pruning technique has been
used in mining maximal frequent itemsets [12]. Its basic idea is that before
extending X using any vertex from cand exts(X), we first check whether
X U cand exts(X) is a v-quasi-clique. If it is, then there is no need to ex-
tend X further because all the vertex sets extended from X are subsets of
X Ucand exts(X), thus they cannot be maximal except for X U cand exts(X)
itself.

Algorithm 1. Quick Algorithm

Input:
X is a vertex set
cand exts is the valid candidate extensions of X
~ is the minimum degree threshold
min size is the minimum size threshold
Output:
true if some superset of X can form a y-quasi-clique, otherwise false;
Description:
1. Find the cover vertex u of X; Sort vertices in cand exts(X) such that vertices in Cx (u) are
after all the other vertices;
2. bhas qclq = false;
3. for all vertex v € candcxts(X) — Cx (u) do
4 if | X| + |cand exts(X)| < min size then
5 return bhas qclg;
6 if G(X Ucand exts(X)) is a y-quasi-clique then
7 Output X U cand exts(X);
8. return t rue;
9. Y =XuU/{v}
10 cand exts(X) = cand exts(X) — {v};
11 candy = cand exts(X) N NS (v), where k is calculated based on Theorem in [7];
12 repeat
13 Calculate the upper bound Uy and lower bound Ly of the number of vertices that can be
added to Y concurrently to form a vy-quasi-clique;

14. if there is a critical vertex u’ in Y then

15. Y =Y U (candy N N (u'));

16. candy = candy — (candy N N (u'));

17. update Uy and Ly;

18. Z = {v | indeg¥ (v) + exdeg® (v) < [v- (Y| + exdeg” (v) — 1)] V indeg¥ (v) + Uy <

[y (1] + Uy —1)] V indeg" (v) + exdeg Y)(0) < [v- (Y] + Ly — )], v € X};

19. if Z is not empty then

20. candy = {};

21. Z = {v | indeg” (v) + exdeg” (v) < [v- (Y| + exdeg” (v))] V indeg¥ (v) + Uy —1 <
[y (Y] + Uy —1)] V indeg" (v) + exdeg ¥)(0) < [v- (Y] + Ly — 1)],v € candy };

22. candy = Candy — Z;

23.  until Ly > Uy OR Z = {} OR candy = {}

24.  if Ly < Uy AND |candy| >0 AND |Y| + |candy | > min size then

25. bhas superqclg = Quick(Y, candy, v, min size);

26. bhas qclq = bhas qclqg OR bhas superqclg;

27. if |Y| > min size AND G(Y) is a y-quasi-clique AND bhas superqgclg==false then
28. bhas qclq = true;

29. Output Y

30. return bhas qclg;



Effective Pruning Techniques for Mining Quasi-Cliques 43

3.4 The Pseudo-codes of the Quick Algorithm

Algorithm 1 shows the pseudo-codes of the Quick algorithm. When the algorithm
is first called on a graph G = (V, E), X is set to the empty set, and cand exts(X)
is set to {v|exdeg™ (v) > [v - (min size —1)],v € V}.

The Quick algorithm explores the search space in depth-first order. For a
vertex set X in the search space, Quick first finds its covering vertex u, and puts
the vertices in C'x (u) after all the other vertices in cand exts(X) (line 1). Only
the vertices in cand exts(X)— Cx(u) are used to extend X to prune the subsets
of X UCx (u) based on Lemma 13 (line 3). Before using a vertex v to extend X,
Quick uses the minimum size constraint (line 4-5) and the lookahead technique
to prune search space. Quick checks whether X U cand exts(X) is a y-quasi-
clique. If it is, then Quick outputs X U cand exts(X) and skips the generation
of subsets of X U cand exts(X) (line 6-8).

When using a vertex v to extend X, Quick first removes those vertices
that are not in NF(v), where k is the upper bound of the diameter of
G(X Ucand exts(X)) if G(X U cand exts(X)) is a y-quasi-clique (line 11). Let
Y = X U{u}. Next Quick calculates the upper bound Uy and lower bound Ly
of the number of vertices that can be added to Y concurrently to form a ~-
quasi-clique, and uses these two bounds to iteratively remove invalid candidate
extensions of Y as follows (line 12-23). It first identifies critical vertices in Y.
If there is a critical vertex u in Y, Quick adds all the vertices in cand exts(Y)
that are adjacent to u to Y based on Lemma 11 (line 14-16). Next, Quick checks
the extensibility of the vertices in Y based on Lemma 4, 8 and 10 (line 18-20).
Quick then prunes invalid candidate extensions based on Lemma 3, 7 and 9 (line
21-22). If candy is not empty after all the pruning, Quick extends Y recursively
using candy (line 25).

The last two pruning techniques described in Section 3.3 can remove some non-
maximal quasi-cliques, but they cannot remove all. To further reduce the number
of non-maximal quasi-cliques generated, we check whether there is any y-quasi-
clique generated from some superset of Y, and output Y only if there is none
(line 26-28). The remaining non-maximal quasi-cliques are removed in a post-
processing step. We store all the vertex sets of the v-quasi-cliques produced by
Algorithm 1 in a prefix-tree. Quasi-cliques represented by internal nodes cannot
be maximal. For each quasi-clique represented by a leaf node, we search for its
subsets in the tree and mark them as non-maximal. At the end, the quasi-cliques
represented by the leaf nodes that are not marked as non-maximal are maximal,
and they are put into the final output.

Algorithm 1 prunes the search space based on the lemmas described in Section
3.2 and 3.3, so its correctness and completeness is guaranteed by the correctness
of these lemmas.

4 A Performance Study

In this section, we study the efficiency of the Quick algorithm and the effective-
ness of the pruning techniques used in Quick. Our experiments were conducted
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on a PC with an Intel Core 2 Duo CPU (2.33GHz) and 3.2GB of RAM. The
operating system is Fedora 7. Our algorithm was implemented using C++ and
complied using g++.

We wused both real datasets and synthetic datasets in our experi-
ments. The real datasets are protein interaction networks downloaded from
DIP(http://dip.doe-mbi.ucla.edu/). The yeast interaction network contains
4932 vertices (proteins) and 17201 edges (interactions). The E.coli interaction
network contains 1846 vertices and 5929 edges. The synthetic graphs are gener-
ated using several parameters: V' is the number of vertices, @ is the number of
quasi-cliques planted in the graph, ¥, is the minimum degree threshold of the
planted quasi-cliques, MinSize and MaxzSize are the minimum and maximum
size of the planted quasi-cliques, and d is the average degree of the vertices. To
generate a synthetic graph, we first generate a value v between v, and 1, and
then generate @ v-quasi-cliques. The size of the quasi-cliques is uniformly dis-
tributed between MinSize and MaxSize. If the average degree of the V vertices
is less than d after all the @ quasi-cliques are planted, then we randomly add
edges into the graph until the average degree reaches d.

4.1 Comparison with Cocain

We compared Quick with Cocain [8] in terms of mining efficiency. The Co-
cain algorithm is designed for mining coherent closed quasi-cliques from a graph
database. A quasi-clique is closed if all of its supergraphs that are quasi-cliques
are less frequent than it. When applied to a single graph with minimum support
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Fig. 3. Running time on four datasets
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Fig. 4. Varying dataset generation parameters (default parameters: V=3000, Q=100
Ymin=0.5, MinSize=5, MazSize=10, d=10.0)

of 100%, mining coherent closed quasi-cliques is equivalent to mining maximal
quasi-cliques. The executable of Cocain was kindly provided by their authors.

Figure 3 shows the running time of the two algorithms with respect to the
~ threshold on four datasets. The first two datasets are synthetic datasets.
Dataset V1000Q50r0.5s5-15d10 was generated with V' = 1000, Q=50, Y;ni»=0.5,
MinSize=5, MaxSize=15 and d=10. Dataset V2000Q100r0.7s5-10d20 was gen-
erated with V' = 2000, @ = 100, ¥nin=0.7, MinSize=5, MaxSize=10 and
d=20. On all four datasets, the min size threshold is set to 1. Quick is tens of
times or even hundreds of times more efficient than Cocain on all four datasets. It
indicates that the pruning techniques used in Quick are very effective in pruning
search space. The running time of both algorithms increases with the decrease
of the ~ threshold because more y-quasi-cliques are generated and less vertices
can be pruned when ~ decreases.

We studied the scalability of the two algorithms using synthetic datasets. Fig-
ure 4 shows the running time of the two algorithms when varying the number of
vertices V, the number of planted quasi-cliques (), the maximum size the planted
quasi-cliques MaxSize and the average degree of the vertices d respectively. The
default parameters are set as follows: V=3000, @=100, v,,,:,=0.5, MinSize=5,
MaxzSize=10, and d=10. The running time of both algorithm increases steadily
with the increase of the number of vertices and the number of planted quasi-
cliques. They are more sensitive to the increase of the maximum size of the
planted quasi-cliques and the average degree of the vertices. We observed the
same trend on the number of maximal quasi-cliques generated.
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4.2 Effectiveness of the Proposed Pruning Techniques

In this experiment, we study the effectiveness of the proposed pruning tech-
niques. We implemented a baseline mining algorithm that does not use any of
the five pruning techniques described in Section 3.3, but it uses the pruning
techniques described in Section 3.2. We then add one of the five pruning tech-
niques to the baseline algorithm. Table 1 shows the running time of the baseline
algorithm with no or one of the five pruning techniques on dataset DIP-E.coli
with v=0.8 and min size=1.

Table 1 shows that on dataset DIP-E.coli, the most effective pruning tech-
nique is the one based on the lower bound of the number of vertices that should
be added to the current vertex set concurrently to form a ~y-quasi-clique (Tech-
nique 2 in Section 3.3). The lookahead technique does not help very much on
this dataset. However, on dataset V1000Q50r0.5s5-15d10, the lookahead tech-
nique can achieve a speedup ratio of 1.34. It implies that the effectiveness of the
pruning techniques also depends on the characteristics of the datasets. The over-
all speedup ratio of the Quick algorithm over the baseline algorithm is 402.71,
which is smaller than the multiplication of the speedup ratios of individual prun-
ing techniques. The reason being that some invalid candidate extensions can be
pruned by multiple pruning techniques.

Table 1. The effectiveness of the five pruning techniques on dataset DIP-E.coli

Algorithms time speedup
Baseline 3604.67 -
Baseline+UpperBound 1032.88 3.49
Baseline+LowerBound 18.73  192.48
Baseline+Critical Vertex 3572.09 1.01
Baseline+CoverVertex 2505.75 1.44
Baseline+Lookahead 3601.45 1.00
Quick 895 402.71

5 Related Work

The problem of determining whether a graph contains a clique of at least a given
size k is a NP-complete problem [13]. It is an even harder problem to enumerate
all the maximal cliques or quasi-cliques from a graph. Bron and Kerbosch [14]
proposed an efficient algorithm to solve the problem more than 30 years ago,
which is still one of the most efficient algorithms for enumerating all maximal
cliques today. Their algorithm is recently improved by Tomita et al. [11] by using
a tree-like output format.

There is a growing interest in mining quasi-cliques in recent years. Matsuda
et al. [5] introduced a graph structure called p-quasi complete graph, which is
the same as the ~-quasi-cliques defined in this paper, and they proposed an
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approximation algorithm to cover all the vertices in a graph with a minimum
number of p-quasi complete subgraphs. Abello et al. [6] defined a 7-clique in a
graph as a connected induced subgraph with edge density no less than . They
proposed a greedy randomized adaptive search algorithm called GRASP to find
~-cliques. Bu et al. [2] used the spectral clustering method to find quasi-cliques
and quasi-bicliques from protein interaction networks.

The above work finds cliques or quasi-cliques from a single graph. Some work
mines the clique and quasi-clique from multiple graphs. Pei et al. [7] proposed
an algorithm called Crochet to mine cross quasi-cliques from a set of graphs,
and they required that a quasi-clique must appear in all the graphs. The prun-
ing techniques used in this paper is mainly based on the co-occurrences of the
vertices across all the graphs. Wang et al. [15] studied the problem of mining
frequent closed cliques from graph databases. A clique is frequent if it appears
in sufficient number of graphs. A clique is closed if all of its super-cliques are
less frequent than it. Since cliques still have the downward closure property, so
mining cliques is much easier than mining quasi-cliques. Zeng et al. [8] studied a
more general problem formulation, that is, mining frequent closed quasi-cliques
from graph databases, and proposed an efficient algorithm called Cocain to solve
the problem. The same group of authors later extended the algorithm for out-
of-core mining of quasi-cliques from very large graph databases [10]. Cocain uses
several pruning techniques to prune search space, but it has not fully utilized the
pruning power of the minimum degree constraint yet. The pruning techniques
proposed in this paper can be integrated into Crochet and Cocain to improve
their performance.

There are also some work on finding densely connected subgraphs from one
single graph or from a graph database. The connectivity of a subgraph can be
measured by the size of its minimum cut [16,17], edge density [3] or by other
measures. Hartuv and Shamir [16] proposed an algorithm called HCS which re-
cursively splits the weighted graph into a set of highly connected components
along the minimum cut. Each highly connected component is considered as a
gene cluster. Yan et al. [17] investigated the problem of mining closed frequent
graphs with connectivity constraints in massive relational graphs, and proposed
two algorithms, CloseCut and Splat, to solve the problem. Hu et al. [3] proposed
an algorithm called Codense to mine frequent coherent dense subgraphs across
massive biological networks where all edges in a coherent subgraph should have
sufficient support in the whole graph set. Gibson et al. [18] proposed an algo-
rithm to find large dense bipartite subgraphs from massive graphs, and their
algorithm is based on a recursive application of fingerprinting via shingles. Ucar
et al. [4] used a refinement method based on neighborhoods and the biological
importance of hub proteins to find dense subgraphs from protein-protein in-
teraction networks. Bader and Hogue [1] proposed a heuristic algorithm called
MCODE which is based on vertex weighting by local neighborhood density and
outward traversal from a locally dense seed protein to isolate the dense regions
according to given parameters.
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6 Discussion and Conclusion

In this paper, we proposed several effective pruning techniques for mining quasi-
cliques. These techniques can be applied to mining quasi-cliques from a single
graph or a graph database. We describe the pruning techniques in the context
of relational graphs where each vertex has a unique label. It is not difficult to
apply these pruning techniques to non-relational graphs where different vertices
may have the same label. Our preliminary experiment results show that by using
these pruning techniques, our algorithm can be orders of magnitude faster than
existing algorithms for the task of mining quasi-cliques from a single graph. In
our future work, we will study the effectiveness of these pruning techniques for
mining frequent quasi-cliques from a graph database.
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Abstract. In this paper we applied multilabel classification algorithms to the
EUR-Lex database of legal documents of the European Union. On this docu-
ment collection, we studied three different multilabel classification problems, the
largest being the categorization into the EUROVOC concept hierarchy with al-
most 4000 classes. We evaluated three algorithms: (i) the binary relevance ap-
proach which independently trains one classifier per label; (ii) the multiclass
multilabel perceptron algorithm, which respects dependencies between the base
classifiers; and (iii) the multilabel pairwise perceptron algorithm, which trains
one classifier for each pair of labels. All algorithms use the simple but very ef-
ficient perceptron algorithm as the underlying classifier, which makes them very
suitable for large-scale multilabel classification problems. The main challenge we
had to face was that the almost 8,000,000 perceptrons that had to be trained in
the pairwise setting could no longer be stored in memory. We solve this prob-
lem by resorting to the dual representation of the perceptron, which makes the
pairwise approach feasible for problems of this size. The results on the EUR-Lex
database confirm the good predictive performance of the pairwise approach and
demonstrates the feasibility of this approach for large-scale tasks.

1 Introduction

The EUR-LEX text collection is a collection of documents about European Union law.
It contains many several different types of documents, including treaties, legislation,
case-law and legislative proposals, which are indexed according to several orthogonal
categorization schemes to allow for multiple search facilities. The most important cat-
egorization is provided by the EUROVOC descriptors, which is a topic hierarchy with
almost 4000 categories regarding different aspects of European law.

This document collection provides an excellent opportunity to study text classifica-
tion techniques for several reasons:

— it contains multiple classifications of the same documents, making it possible to
analyze the effects of different classification properties using the same underlying
reference data without resorting to artificial or manipulated classifications,

— the overwhelming number of produced documents make the legal domain a very
attractive field for employing supportive automated solutions and therefore a ma-
chine learning scenario in step with actual practice,

W. Daelemans et al. (Eds.): ECML PKDD 2008, Part I, LNAI 5212, pp. 50-65, 2008.
(© Springer-Verlag Berlin Heidelberg 2008
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— the documents are available in several European languages and are hence very in-
teresting e.g. for the wide field of multi- and cross-lingual text classification,
— and, finally, the data is freely accessible (at http://eur-lex.europa.eu/)

In this paper, we make a first step towards analyzing this database by applying mul-
tilabel classification techniques on three of its categorization schemes. The database is
a very challenging multilabel scenario due to the high number of possible labels (up to
4000), which, for example, exceeds the number of labels in the REUTERS databases
by one order of magnitude.

We evaluated three methods on this task:

— the conventional binary relevance approach (BR), which trains one binary classifier
per label

— the multilabel multiclass perceptron (MMP), which also trains one classifier per
label but does not treat them independently, instead it tries to minimize a ranking
loss function of the entire ensemble [3]

— the multilabel pairwise perceptron (MLPP), which trains one classifier for each pair
of classes [12]

Previous work on using these algorithms for text categorization [12] has shown that
the MLPP algorithm outperforms the other two algorithms, while being slightly more
expensive in training (by a factor that corresponds to the average number of labels for
each example). However, another key disadvantage of the MLPP algorithm is its need
for storing one classifier for each pair of classes. For the EUROVOC categorization,
this results in almost 8,000,000 perceptrons, which would make it impossible to solve
this task in main memory.

To solve this problem, we introduce and analyze a novel variant that addresses this
problem by representing the perceptron in its dual form, i.e. the perceptrons are for-
mulated as a combination of the documents that were used during training instead of
explicitly as a linear hyperplane. This reduces the dependence on the number of classes
and therefore allows the Dual MLPP algorithm to handle the tasks in the EUR-Lex
database.

We must note that in this work we do not solve the entire multilabel classification
problem, but, following [3], we only provide a ranking of all possible labels. There are
three reasons for this: (i) the MMP and the pairwise method naturally provide such a
ranking, (ii) the ranking allows to evaluate the performance differences on a finer scale,
and (iii) our key motivation is to study the scalability of these approaches which is
determined by the rankings. However, there are several methods for finding a delimiter
between relevant and irrelevant labels within a provided ranking of the labels, a good
overview can be found in [17]. For the pairwise approach, we have recently introduced
the idea of using an artificial label that encodes the boundary between relevant and
irrelevant labels for each example [2], which has also been successfully applied to the
REUTERS text categorization task [7].

The outline of the paper is as follows: We start with a presentation of the EUR-
Lex respository and the datasets that we derived from it (Section 2). Section 3 briefly
recapitulates the algorithms that we study, followed by the presentation of the dual
version of the MLPP classifier (section 4). In Section 5, we compare the computational
complexity of all approaches, and present the experimental results in Section 6.
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Titleand reference
Council Directive 91/250/EEC of 14 May 1991 on the legal protection of computer
programs

Classifications

EUROVOC descriptor
— data-processing law, computer piracy, copyright, software, approximation of
laws
Directory code
— 17.20.00.00 Law relating to undertakings / Intellectual property law
Subject matter
— Internal market, Industrial and commercial property

Text

COUNCIL DIRECTIVE of 14 May 1991 on the legal protection of computer programs
(91/250/EEC)

THE COUNCIL OF THE EUROPEAN COMMUNITIES,

Having regard to the Treaty establishing the European Economic Community and in
particular Article 100a thereof, ...

Fig. 1. Excerpt of a EUR-Lex sample document with the CELEX ID 31991L0250. The original
document contains more meta-information. We trained our classifiers to predict the EUROVOC
descriptors, the directory code and the subject matters based on the text of the document.

2 TheEUR-Lex Repository

The EUR-Lex/CELEX (Communitatis Europeae LEX) Site! provides a freely accessi-
ble repository for European Union law texts. The documents include the official Journal
of the European Union. They are available in most of the languages of the EU. We re-
trieved the HTML versions with bibliographic notes recursively from all (non empty)
documents in the English version of the Directory of Community legidation in force?,
in total 19,596 documents. Only documents related to secondary law (in contrast to
primary law, the constitutional treaties of the European Union) and international agree-
ments are included. The legal form of the included acts are mostly decisions (8,917
documents), regulations (5,706), directives (1,898) and agreements (1,597).

The bibliographic notes of the documents contain information such as dates of effect,
authors, etc. and classifications. The classifications include the assignment to several
EUROVOC descriptors, directory codes and subject matters, hence all classifications
are multilabel ones. EUROVOC is a multilingual thesaurus providing a controlled vo-
cabulary®. Documents in the documentation systems of the EU are indexed using this
thesaurus.The directory codes are classes of the official classification hierarchy of the

! http://eur-lex.europa.eu
2 http://eur-lex.europa.eu/en/legis/index.htm
% http://europa.eu/eurovoc/
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Directory of Community legislation in force. It contains 20 chapter headings with up to
four sub-division levels.

The high number of 3,993 different EUROVOC descriptors were identified in the
retrieved documents, each document is associated to 5.37 descriptors on average. In
contrast there are only 201 different subject matters appearing in the dataset, with a
mean of 2.23 labels per document, and 412 different directory codes, with a label set
size of on average 1.29.

Figure 1 shows an excerpt of a sample document with all information that has not
been used removed. The full document can be viewed at http://eur-lex.europa.eu/
LexUriServ/LexUriServ.do?uri=CELEX:31991L0250:EN:NOT. We extracted the text
body from the HTML documents, excluding HTML tags, bibliographic notes or other
additional information that could distort the results. The text was tokenized into lower
case, stop words were excluded, and the Porter stemmer algorithm was applied. In or-
der to perform cross validation, the instances were randomly distributed into ten folds.
The tokens were projected for each fold into the vector space model using the com-
mon TF-IDF term weighting.In order to reduce the memory requirements, of the ap-
prox. 200,000 resulting features we selected the first 5,000 ordered by their document
frequency.

3 Preliminaries

We represent an instance or object as a vector x = (z1,...,x)) in a feature space
X C RY. Each instance %; is assigned to a set of relevant labels v, a subset of the
K possible classes Y = {c1,. .., cx }. For multilabel problems, the cardinality |y, | of
the label sets is not restricted, whereas for binary problems |y,| = 1. For the sake of
simplicity we use the following notation for the binary case: we define ) = {1, —1} as
the set of classes so that each object x; is assignedtoa y; € {1, -1}, y, = {v:}.

3.1 Ranking LossFunctions

In order to evaluate the predicted ranking we use different ranking losses. The losses
are computed comparing the ranking with the true set of relevant classes, each of them
focusing on different aspects. For a given instance x, a relevant label set y, a negative
label set y = Y\y and a given predicted ranking r : Y — {1... K}, with (c) return-
ing the position of class ¢ in the ranking, the different loss functions are computed as
follows:

ISERR . The is-error loss determines whether »(¢) < r(c¢’) for all relevant classes
¢ € y and all irrelevant classes ¢’ € y. It returns 0 for a completely correct, perfect
ranking, and 1 for an incorrect ranking, irrespective of ‘how wrong’ the ranking is.

ONEERR. The one error loss is 1 if the top class in the ranking is not a relevant
class, otherwise 0 if the top class is relevant, independently of the positions of the
remaining relevant classes.

RANKLOSS. The ranking loss returns the number of pairs of labels which are not
correctly ordered normalized by the total number of possible pairs. As ISERR, it is
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0 for a perfect ranking, but it additionally differentiates between different degrees
of errors.

def def | F
E® {(e,) | r(e) > r(c)} Ty x 6meﬁé|'
Yiy

(€

MARGIN . The margin loss returns the number of positions between the worst ranked
positive and the best ranked negative classes. This is directly related to the number
of wrongly ranked classes, i.e. the positive classes that are ordered below a negative
class, or vice versa. We denote this set by F'.

FEcey|r(e)>r(d),d ey} ULd €yl (o) > r(d)ecyt @

Smarein = max(0, max{r(c)| ¢ € y} — min{r(c)| ¢ & y}) ®)

AVGP . Average Precision is commonly used in Information Retrieval and computes
for each relevant label the percentage of relevant labels among all labels that are
ranked before it, and averages these percentages over all relevant labels. In order to
bring this loss in line with the others so that an optimal ranking is 0, we revert the
measure.

s ® 1 Ly [T €M) <10 @
v r(c)

3.2 Perceptrons

We use the simple but fast perceptrons as base classifiers [16]. As Support Vector
Machines (SVM), their decision function describes a hyperplane that divides the N-
dimensional space into two halves corresponding to positive and negative examples.
We use a version that works without learning rate and threshold:

0 (%) = sgn(x - W) (5)

with the internal weight vector w and sgn(t) = 1 for ¢ > 0 and —1 otherwise. If
there exists a separating hyperplane between the two set of points, i.e. they are linearly
separable, the following update rule provably finds it (cf., e.g., [1]).

o = (yi — o' (X)) Wit1 = W + ;X (6)

It is important to see that the final weight vector can also be represented as linear com-
bination of the training examples:

M M
W = Z R (%) = sgn(z ;- XiX) (7
i=1 i=1

assuming M to be the number of seen training examples and «; € {—1,0,1}. The per-
ceptron can hence be coded implicitly as a vector of instance weights = (a1, . . ., aar)
instead of explicitly as a vector of feature weights. This representation is denominated
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Require: Training example pair (%, y), perceptrons w1, ..., Wx

1: calculate xwq,...,XWxk, l0ss §

2: if 6 > 0then > only if ranking is not perfect
3: calculate error sets E, F'

4 foreachce Fdor, < 0,0 <0 > initialize 7’s, o
5 for each (c,c’) € E do

6: p — PENALTY(XW1,...,XWK)

7. Te < Te+p > push up pos. classes
8: Tol < Tet — P > push down neg. classes
9: oc—o+p > for normalization
10: for each ¢ € F' do
11: We — We+67° X > update perceptrons
12: returnwy ... wg > return updated perceptrons

Fig. 2. Pseudocode of the training method of the MMP algorithm

the dual form and is crucial for developing the memory efficient variant in Section 4.
The main reason for choosing the perceptrons as our base classifier is because, con-
trary to SVMs, they can be trained efficiently in an incremental setting, which makes
them particularly well-suited for large-scale classification problems such as the Reuters-
RCV1 benchmark [10], without forfeiting too much accuracy though SVMs find the
maximum-margin hyperplane [5, 3, 18].

3.3 Binary Relevance Ranking

In the binary relevance (BR) or one-against-all (OAA) method, a multilabel training
set with K possible classes is decomposed into K binary training sets of the same
size that are then used to train K binary classifiers. So for each pair (x;,y,) in the
original training set K different pairs of instances and binary class assignments (X;, ;)
with j = 1... K are generated setting y;, = 1if ¢; € 3, and y;, = —1 otherwise.
Supposing we use perceptrons as base learners, K different o’; classifiers are trained in
order to determine the relevance of ¢;. In consequence, the combined prediction of the
binary relevance classifier for an instance x would be the set {c; | o}(%) = 1}. If, in
contrast, we desire a class ranking, we simply use the inner products and obtain a vector
0(X) = (XWy,...,Xwg ). Tiesare broken randomly to not favor any particular class.

3.4 Multiclass M ultilabel Perceptrons

MMPs were proposed as an extension of the one-against-all algorithm with perceptrons
as base learners [3]. Just as in binary relevance, one perceptron is trained for each class,
and the prediction is calculated via the inner products. The difference lies in the update
method: while in the binary relevance method all perceptrons are trained independently
to return a value greater or smaller than zero, depending on the relevance of the classes
for a certain instance, MMPs are trained to produce a good ranking so that the relevant
classes are all ranked above the irrelevant classes. The perceptrons therefore cannot
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Require: Training example pair (%, y),
perceptrons {Wu,» | u < v, cu, v € Y}
1: for each (cu,cv) € y X y do

2 if u < vthen

3: Wu,» < TRAINPERCEPTRON(Wy, v, (X, 1)) > train as positive example
4: else

5 Wo,u < TRAINPERCEPTRON(Wy,u, (X, —1)) > train as negative example
6: return {Wu,v | u < v,cu,co € YV} > updated perceptrons

Fig. 3. Pseudocode of the training method of the MLPP algorithm

be trained independently, considering that the target value for each perceptron depends
strongly on the values returned by the other perceptrons.

The pseudocode in Fig. 2 describes the MMP training algorithm. In summary, for
each new training example the MMP first computes the predicted ranking, and if there
is an error according to the chosen loss function ¢ (e.g. any of the losses in Sec. 3.1),
it computes the set of wrongly ordered class pairs in the ranking and applies to each
class in this set a penalty score according to a freely selectable function. We chose the
uniform update method, where each pair in E receives the same score [3]. Please refer
to [3] and [12] for a more detailed description of the algorithm.

3.5 Multilabel Pairwise Perceptrons

In the pairwise binarization method, one classifier is trained for each pair of classes, i.e.,
a problem with K different classes is decomposed into K(Ig_l) smaller subproblems.
For each pair of classes (c., ¢, ), only examples belonging to either ¢,, or ¢, are used to
train the corresponding classifier of, , . All other examples are ignored. In the multilabel
case, an example is added to the trammg set for classifier o/, ,, if u is a relevant class
and v is an irrelevant class, i.e., (u,v) € y x y (cf. Figure 4). We will typically assume
u < v, and training examples of class « will receive a training signal of 41, whereas
training examples of class v will be classified with —1. Figure 3 shows the training
algorithm in pseudocode. Of course MLPPs can also be trained incrementally.

In order to return a class ranking we use a simple voting strategy, known as max-
wins. Given a test instance, each perceptron delivers a prediction for one of its two
classes. This prediction is decoded into a vote for this particular class. After the evalua-
tion of all K(I;_l) perceptrons the classes are ordered according to their sum of votes.
Ties are broken randomly in our case.

Figure 5 shows a possible result of classifying the sample instance of Figure 4. Per-
ceptron o 5 predicts (correctly) the first class, consequently c1 receives one vote and
class c5 zero (denoted by o 5 = 1 in the first and of ; = —1 in the last row). All 10
perceptrons (the values in the upper right corner can be deduced due to the symmetry
property of the perceptrons) are evaluated though only six are ‘qualified’ since they
were trained with the original example.

This may be disturbing at first sight since many ‘unqualified” perceptronsare involved
in the voting process: o} , is asked for instance though it cannot know anything relevant
in order to determine if x belongs to ¢; or ¢ since it was neither trained on this example
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Fig.4. MLPP training: training example x belongs to y = {ci,c2}, y = {c3,ca,c5} are the
irrelevant classes, the arrows represent the trained perceptrons

Oleo=1 o0p;=-1 o03;=-1 o04;=-1  o05;=-1
olz=1 ohz=1 o32=-1 o0jo=-1 o05,=-1
oly=1 ohy=1 o34=1 o0jz3=-1 o53=-1
oils=1 ohs=1 o035=1 o45=1 o05,="-1

’01:4 ’02:3 U3:2 1}4:1 U5:0

Fig. 5. MLPP voting: an example x is classified by all 10 base perceptrons oy, ,,u # v, cu,cv €
Y. Note the redundancy given by o/, , = —o}, ,,. The last line counts the positive outcomes for
each class.

nor on other examples belonging simultaneously to both classes (or to none of both). In
the worst case the noisy votes concentrate on a single negative class, which would lead
to misclassifications. But note that any class can at most receive K — 1 votes, so that in
the extreme case when the qualified perceptrons all classify correctly and the unqualified
ones concentrate on a single class, a positive class would still receive at least K — |y|
and a negative at most K — |y| — 1 votes. Class ¢3 in Figure 5 is an example for this: It
receives all possible noisy votes but still loses against the positive classes ¢; and cs.

The pairwise binarization method is often regarded as superior to binary relevance
because it profits from simpler decision boundaries in the subproblems [6, 8]. In the
case of an equal class distribution, the subproblems have [2( times the original size
whereas binary relevance maintains the size. Typically, this goes hand in hand with
an increase of the space where a separating hyperplane can be found. Particularly in
the case of text classification the obtained benefit clearly exists. An evaluation of the
pairwise approach on the Reuters-RCV1 corpus [10], which contains over 100 classes
and 800,000 documents, showed a significant and substantial improvement over the
MMP method [12]. This encourages us to apply the pairwise decomposition to the
EUR-Lex database, with the main obstacle of the quadratic number of base classifier
in relationship to the number of classes. Since this problem can not be coped for the
present classifications in EUR-Lex, we propose to reformulate the MLPP algorithm in
the way described in the next section.

4 Dual Multilabel Pairwise Perceptrons

With an increasing number of classes the required memory by the MLPP algorithm
grows quadratically and even on modern computers with a large memory this problem
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becomes unsolvable for a high number of classes. For the EUROVOC classification,
the use of MLPP would mean maintaining approximately 8,000,000 perceptrons in
memory. In order to circumvent this obstacle we reformulate the MLPP ensemble of
perceptrons in dual form as we did with one single perceptron in Equation 7. In con-
trast to MLPP, the training examples are thus required and have to be kept in mem-
ory in addition to the associated weights, as a base perceptron is now represented as
Wy = Zf\il al, ,x;. This makes an additional loop over the training examples in-
evitable every time a prediction is demanded. But fortunately it is not necessary to
recompute all x;x for each base perceptron since we can reuse them by iterating over
the training examples in the outer loop, as can be seen in the following equations:

= = 1 o = 2 - o Mg o
W1,2X = 0 oX1X + Q] 9XoX + ... + 7 pXuX

— = R 2 - = Mo =
W1,3X = a 3X1X + a7 3X2X + ...+ oy 3XpMX

@)

— - 1 < 5 2 - = M -
WLKX:OzLKX1X—|—Oél)KX2X—|—...—|—O¢1)KXMX

— 1 < < PR M<
W2,3X = (g 3X1X + 0 3XoX + ...+ 0y sXMX

By advancing column by column it is not necessary to repeat the dot products compu-
tations, however it is necessary to store the intermediate values, as can also be seen in
the pseudocode of the training and prediction phases in Figures 6 and 7. Note also that
the algorithm preserves the property of being incrementally trainable. We denote this
variant of training the pairwise perceptrons the dual multilabel pairwise perceptrons
algorithm (DMLPP).

In addition to the savings in memory and run-time, analyzed in detail in Section 5, the
dual representation allows for using the kernel trick, i.e. to replace the dot product by a
kernel function, in order to be able to solve originally not linearly separable problems.
However, this is not necessary in our case since text problems are in general linearly
separable.

Note also that the pseudocode needs to be slightly adapted when the DMLPP algo-
rithm is trained in more than one epoch, i.e. the training set is presented to the learning
algorithm more than once. It is sufficient to modify the assignment in line 8 in Figure
6 to an additive update o, , = af, , + 1 for a revisited example %;. This setting is
particularly interesting for the dual variant since, when the training set is not too big,
memorizing the inner products can boost the subsequent epochs in a substantial way,
making the algorithm interesting even if the number of classes is small.

5 Computational Complexity

The notation used in this section is the following: K denotes the number of possible
classes, L the average number of relevant classes per instance in the training set, N the
number of attributes and N/ the average number of attributes not zero (size of the sparse
representation of an instance), and M denotes the size of the training set. For each com-
plexity we will give an upper bound O in Landau notation. We will indicate the runtime
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Require: New training example pair (Xaz, y),

training examples X1 ... Xm—1,

weights {a, ,, | cu,co € Y,0<i < M}
1: for each X; € X1...Xm—1 dO
Pi — X - XM
for each (cu,cy) €y X y do

if al, , # 0then

Suw < Suw + Oy Dt > note that sy, = —Su,u

: for each (cu,cy) €y X 3y do
if s, < 0then

M

2
3
4
5:
6
-
8 .y — 1 > note that vy, = — iy u
9: return {a,’, | (cu,c0) € ¥y X y} &> return new weights

Fig. 6. Pseudocode of the training method of the DMLPP algorithm

Require: example x for classification,
training examples X1 ... Xy -1,
weights {af“, | cusco €Y,0< i< M}

1: for each x; € X1...Xp dO

2: p—Xi-X

3 for each (cu,cv) € y,; X y, dO

4 if al, ., # 0then

5: Su,v < Suw + afw -p

6: for each (cu,cv) € Y x Y do

7 if u vV sy, > 0then

8 Uy — Uy + 1

9: returnvoting v = (v1,...,v)y)) > return voting

Fig. 7. Pseudocode of the prediction phase of the DMLPP algorithm

complexity in terms of real value additions and multiplications ignoring operations that
have to be performed by all algorithms such as sorting or internal real value operations.
Additionally, we will present the complexities per instance as all algorithms are incre-
mentally trainable. We will also concentrate on the comparison between MLPP and the
implicit representation DMLPP.

The MLPP algorithm has to keep K(g_l) perceptrons, each with N weights in
memory, hence we need O(K2N) memory. The DMLPP algorithm keeps the whole
training set in memory, and additionally requires for each training example x access
to the weights of all class pairs y x y. Furthermore, it has to intermediately store the
resulting scores for each base perceptron during prediction, hence the complexity is
OMLK + MN' + K?) = O(M(LK + N') + K?).* We can see that MLPP is

* Note that we do not estimate L as O(K) since both values are not of the same order of mag-
nitude in practice. For the same reason we distinguish between N and N’ since particularly in
text classification both values are not linked: a text document often turns out to employ around
100 different words whereas the size of the vocabulary of a the whole corpus can easily reach
100,000 words (although this number is normally reduced by feature selection).



60 E. Loza Mencia and J. Fiirnkranz

Table 1. Computational complexity given in expected number of addition and multiplication
operations. K: #classes, L: avg. #labels per instance, M: #training examples, N: #attributes,
N/ #att”butes;é 0 6 an LO$, 6peT76|SERR < 1 6MARGIN < K

training time testing time memory requirement
MMP, BR O(KN') O(KN'") O(KN)
MLPP  O(LKN') O(K*N') O(K>N)

DMLPP O(M(LK +N'))  O(M(LK +N'))  O(M(LK+N')+K?)

applicable especially if the number of classes is low and the number of examples high,
whereas DMLPP is suitable when the number of classes is high, however it does not
handle huge training sets very well.

For processing one training example, O(LK) dot products have to be computed by
MLPP, one for each associated perceptron. Assuming that a dot product computation
costs O(N'), we obtain a complexity of O(LK N') per training example. Similarly,
the DMLPP spends M dot product computations. In addition the summation of the
scores costs O(L K) per training instance, leading to O(M (LK + N')) operations. It is
obvious that MLPP has a clear advantage over DMLPP in terms of training time, unless
K is of the order of magnitude of M or the model is trained over several epochs, as
already outlined in the previous Section 4.

During prediction the MLPP evaluates all perceptrons, leading to O(K?N’) com-
putations. The dual variant again iterates over all training examples and associated
weights, hence the complexity is O(M (LK + N')). At this phase DMLPP benefits
from the linear dependence of the number of classes in contrast to the quadratic rela-
tionship of the MLPP. Roughly speaking the breaking point when DMLPP is faster in
prediction is approximately when the square of the number of classes is clearly greater
than the number of training documents. We can find a similar trade-off for the mem-
ory requirements with the difference that the factor between sparse and total number
of attributes becomes more important, leading earlier to the breaking point when the
sparseness is high. A compilation of the analysis can be found in Table 1, together with
the complexities of MMP and BR. A more detailed comparison between MMP and
MLPP can be found in [12].

In summary, it can be stated that the dual form of the MLPP balances the relationship
between training and prediction time by increasing training and decreasing prediction
costs, and especially benefits from a decreased prediction time and memory savings
when the number of classes is large. Thus, this technique addresses the main obstacle
to applying the pairwise approach to problems with a large number of labels.

6 Experiments

For the MMP algorithm we used the ISERR loss function and the uniform penalty func-
tion. This setting showed the best results in [3] on the RCV1 data set. The perceptrons
of the BR and MMP ensembles were initialized with random values. We performed
also tests with a multilabel variant of the multinomial Naive Bayes (MLNB) algorithm
in order to provide a baseline.
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6.1 Ranking Performance

The results for the four algorithms and the three different classifications of EUR-Lex are
presented in Table 2. MLPP results are omitted since they are equal to those of DMLPP.
The values for ISERR, ONEERR, RANKL 0SS and AVGP are shown x 100% for better
readability, AVGP is also presented in the conventional way (with 100% as the optimal
value) and not as a loss function. The number of epochs indicates the number of times
that the online-learning algorithms were able to see the training instances. No results
are reported for the performance of DMLPP on EUROVOC for more than two epochs
due to time restrictions.

The first appreciable characteristic is that DMLPP dominates all other algorithms on
all three views of the EUR-Lex data, regardless of the number of epochs or losses. For
the directory code DMLPP achieve a result in epoch 2 that is still beyond the reach of
the other algorithms in epoch 10, except for MMP’s ISERR. Especially on the losses
that directly evaluate the ranking performance the improvement is quite pronounced
and the results are already unreachable after the first epoch.

It is also interesting to compare the performances of MMP and BR as they have still
the advantage of reduced computational costs and memory requirements in comparison
to the (dual) pairwise approach and could therefore be more applicable for very complex
data sets such as EUROVOC, which is certainly hard to tackle for DMLPP (cf. Section
6.2). Please refer to [13] for a more detailed comparison between MMP and BR.

The fact that in only approximately 4% of the cases a perfect classification is achieved
and in only approx. 60% the top class is correctly predicted (MMP) should not lead to an
underestimation of the performance of these algorithms. Considering that with almost
4000 possible classes and only 5.3 classes per example the probability of randomly
choosing a correct class is less than one percent, namely 0.13%, the performance is
indeed substantial.

6.2 Computational Costs

In order to allow a comparison independent from external factors such as logging ac-
tivities and the run-time environment, we ignored minor operations that have to be
performed by all algorithms, such as sorting or internal operations. An overview over
the amount of real value addition and multiplication computations is given in Table 3
(measured on the first cross validation split, trained for one epoch), together with the
CPU-times on an AMD Dual Core Opteron 2000 MHz as additional reference infor-
mation. We included in this table also the results for the non-dual MLPP, however no
values have been received for the EUROVOC problem due to the discussed memory
space problem: MLPP requires 539 MB memory for the subject matter and already
1825 MB for the directory code problem, whereas DMLPP consumes 203 MB and
resp. 217 MB It is remarkable that MMP uses similar MMP 151 MB resp. 165MB.
Also for EUROVOC the usage of 1143 MB is comparable to DMLPP’s 2246 MB.

We can observe a clear advantage of the non-pairwise approaches on the subject mat-
ter data especially for the prediction phase, however the training costs are in the same
order of magnitude. Between MLPP and DMLPP we can see an antisymmetric be-
havior: while MLPP requires only almost half of the amount of the DMLPP operations
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for training, DMLPP reduces the amount of prediction operations by a factor of more
than 4. For the directory code the rate for MMP and BR more than doubles in corre-
spondence with the increase in number of classes, additionally the MLPP testing time
substantially increases due to the quadratic dependency, while DMLPP profits from the
decrease in the average number of classes per instance. It even causes less computa-
tions in the training phase than MMP/BR. The reason for this is not only the reduced
maximum amount of weights per instance (cf. Section 5), but particularly the decreased
probability that a training example is relevant for a new training example (and conse-
quently that dot products and scores have to be computed) since it is less probable that
both class assignments match, i.e. that both examples have the same pair of positive and
negative classes. This becomes particularly clear if we observe the number of non-zero
weights and actually used weights during training for each new example. The classifier
for subject matter has on average 21 weights set per instance out of 443 (= L(K — L))
in the worst case (a ratio of 4.47%), and on average 5.1% of them are required when a
new training example arrives. For the directory code with a smaller fraction L/ K 35.5
weights are stored (3.96%), of which only 1.11% are used when updating. This also
explains the relatively small number of operations for training on EUROVOC, since
from the 1,802 weights per instance (8.41%), only 0.55% are relevant to a new training
instance. In this context, regarding the disturbing ratio between real value operations
and CPU-time for training DMLPP on EUROVOC, we believe that this is caused by a
suboptimal storage structure and processing of the weights and we are therefore con-
fident that it is possible to reduce the distance to MMP in terms of actual consumed
CPU-time by improving the program code.

Note that MMP and BR compute the same amount of dot products, the computa-
tional costs only differ in the number of vector additions, i.e. perceptron updates. A
deeper analysis of the contrary behavior of both algorithms when the number of classes
increases can be found in [11].

7 Conclusions

In this paper, we introduced the EUR-Lex text collection as a promising test bed for
studies in text categorization. Among its many interesting characteristics (e.g., multi-
linguality), our main interest was the large number of categories, which is one order of
magnitude above other frequently studied text categorization benchmarks, such as the
Reuters-RCV1 collection.

On the EUROVOC classification task, a multilabel classification task with 4000 pos-
sible labels, the DMLPP algorithm, which decomposes the problem into training clas-
sifiers for each pair of classes, achieves an average precision rate of slightly more than
50%. Roughly speaking, this means that the (on average) five relevant labels of a docu-
ment will (again, on average) appear within the first 10 ranks in the relevancy ranking
of the 4,000 labels. This is a very encouraging result for a possible automated or semi-
automated real-world application for categorizing EU legal documents into EUROVOC
categories.

This result was only possible by finding an efficient solution for storing the approx.
8,000,000 binary classifiers that have to be trained by this pairwise approach. To this
end, we showed that a reformulation of the pairwise decomposition approach into a
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dual form is capable of handling very complex problems and can therefore compete
with the approaches that use only one classifier per class. It was demonstrated that de-
composing the initial problem into smaller problems for each pair of classes achieves
higher prediction accuracy on the EUR-Lex data, since DMLPP substantially outper-
forms all other algorithms. This confirms previous results of the non-dual variant on the
large Reuters Corpus Volume 1 [12]. The dual form representation allows for handling a
much higher number of classes than the explicit representation, albeit with an increased
dependence on the training set size. Despite the improved ability to handle large prob-
lems, DMLPP is still less efficient than MMP, especially for the EUROVOC data with
4000 classes. However, in our opinion the results show that DMLPP is still compet-
itive for solving large-scale problems in practice, especially considering the trade-off
between runtime and prediction performance. Additionally, we are currently investigat-
ing hybrid variants to further reduce the computational complexity. The idea is to use a
different formulation in training than in the prediction phase depending on the specific
memory and runtime requirements of the task. In order e.g. to combine the advantage of
MLPP during training and DMLPP during predicting on the subject matter subproblem,
we could train the classifier as in the MLPP (with the difference of iterating over the
perceptrons first so that only one perceptron has to remain in memory) and than convert
it to the dual representation by means of the collected information during training the
perceptrons. The use of SVMs during training is also an interesting option.

For future research, on the one hand we see space for improvement for the MMP
and pairwise approach for instance by using a calibrated ranking approach [2]. The
basic idea of this algorithm is to introduce an artificial label which, for each example,
separates the relevant from irrelevant labels in order to return a set of classes instead
of only a ranking. On the other hand, we see possible improvements by exploiting
advancements in the perceptron algorithm and in the pairwise binarization, e.g. by using
one of the several variants of the perceptron algorithm that, similar to SVMs, try to
maximize the margin of the separating hyperplane in order to produce more accurate
models [4, 9], or by employing a voting technique that takes the prediction weights into
account such as the weighted voting technique by Price et al. [15]. Finally, we note that
we are currently working on an adaptation of the efficient voting technique introduced
in [14] to the multilabel case, of which a further significant reduction in classification
time can be expected.
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Abstract. In this paper we address reinforcement learning problems
with continuous state-action spaces. We propose a new algorithm, fitted
natural actor-critic (FNAC), that extends the work in [1] to allow for
general function approximation and data reuse. We combine the natural
actor-critic architecture [1] with a variant of fitted value iteration using
importance sampling. The method thus obtained combines the appealing
features of both approaches while overcoming their main weaknesses: the
use of a gradient-based actor readily overcomes the difficulties found in
regression methods with policy optimization in continuous action-spaces;
in turn, the use of a regression-based critic allows for efficient use of data
and avoids convergence problems that TD-based critics often exhibit. We
establish the convergence of our algorithm and illustrate its application
in a simple continuous space, continuous action problem.

1 Introduction

In theory, reinforcement learning (RL) can be applied to address any optimal
control task, yielding optimal solutions while requiring very little a prior: infor-
mation on the system itself. Existing RL methods are able to provide optimal
solutions for many real-world control problems featuring discrete state and ac-
tion spaces and exhibit widely studied convergence properties [2]. However, most
such methods do not scale well in problems with large state and/or action spaces.

Many RL works addressing problems with infinite state-spaces combine func-
tion approximations with learning methods. Encouraging results were reported,
perhaps the most spectacular of which by Tesauro and his learning Gammon
player [3]. However, as seen in [4, 5], DP/TD-based methods exhibit unsound

* Work partially supported by the Information and Communications Technologies
Institute, the Portuguese Fundacdo para a Ciéncia e a Tecnologia, under the
Carnegie Mellon-Portugal Program, the Programa Operacional Sociedade de Co-
nhecimento (POS_C) that includes FEDER funds and the project PTDC/EEA-
ACR/70174/2006, and by the EU Project (IST-004370) RobotCub.
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© Springer-Verlag Berlin Heidelberg 2008
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convergence behavior when combined with general function approximation. Con-
vergence of methods such as @-learning with general function approximation
thus remains an important open issue [6].

If problems with infinite state-spaces pose important challenges when devel-
oping efficient RL algorithms, the simultaneous consideration of infinite action-
spaces adds significant difficulties. Few RL methods to this day address problems
featuring continuous state and action spaces. A fundamental issue in this class of
problems is policy optimization: many RL methods rely on explicit maximization
of a utility function to achieve policy optimization. If the number of available
actions is infinite, this maximization is generally hard to achieve, especially if we
consider that it is not local but global maximization. This significant difficulty
affects many methods with otherwise sound performance guarantees, rendering
such performance guarantees unusable [7].

When addressing problems with large/infinite state and /or action spaces, two
major approaches have been considered in the RL literature. Regression-based
methods use sample data collected from the system to estimate some target util-
ity function using regression techniques. This class of methods is particularly
suited to address problems with infinite state-spaces, although more general
applications have been proposed in the literature [7]. Such algorithms can take
advantage of the numerous regression methods available from the machine learn-
ing literature while exhibiting solid convergence properties |7, 8] and have been
successfully applied in many different problems [9, 10, 11, 12].

Gradient-based methods, on the other hand, are naturally suited to address
problems with infinite action-spaces. Such methods consider a parameterized
policy and estimate the gradient of the performance with respect to the policy
parameters. The parameters are then updated in the direction of this estimated
gradient. By construction, gradient-based methods implement an incremental
policy optimization and thus avoid the need for explicit maximization; it is no
surprise that many RL works addressing problems with continuous action spaces
thus rely on a gradient-based architecture [1, 13, 14].

However, gradient-based methods are line-search methods and, therefore, con-
vergence is guaranteed only to local minima. Moreover, “pure” gradient methods
usually exhibit large variance and, as argued in [15], make poor use of data.
Actor-critic architectures [16] provide a suitable extension to pure gradient me-
thods. They have been extensively analyzed in several works (e.g., [1, 15, 17, 18])
and found to exhibit several advantages over pure gradient methods (in partic-
ular, in terms of variance and data-usage).

1.1 Contributions and Structure of the Paper

In this paper, we combine the appealing properties of actor-critic methods with
those of regression-based methods in a new method dubbed as fitted natural
actor-critic (FNAC). FNAC extends the natural actor-critic (NAC) architecture
[1], allowing general function approximation and data reuse. In particular, we
modify the TD-based critic in the NAC and implement a variant of fitted value
iteration using importance sampling.
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FNAC thus combines in a single algorithm the potentially faster convergence
of natural gradients [19] and the sound convergence properties and efficient use
of data of regression algorithms [7]. We also make use of an importance sampling
strategy that allows the reuse of data, making our algorithm very efficient in
terms of data usage and allowing the analysis of convergence of the algorithm.!

To this respect, it is also worth mentioning that, in many practical problems,
collecting data is costly and time-consuming. In these situations, the efficient
use of data in FNAC is a significant advantage over other existing approaches.
Finally, it is also important to emphasize that the gradient-based policy updates
readily overcome the most obvious difficulties of stand-alone regression-methods
with respect to policy optimization. Summarizing, FNAC allows for general func-
tion approximation in the critic component, while being able to use all sampled
data in all iterations of the algorithm (unlike most previous methods).

The paper is organized as follows. Section 2 reviews some background material
on MDPs and policy gradient methods. Section 3 introduces the fitted natural
actor-critic algorithm and its main properties. We evaluate its performance in
the continuous mountain-car problem in Section 4 and conclude in Section 5
with some final remarks and directions for future work.

2 Background

In this section we review some background material that will be of use in the
remainder of the paper. In particular, we briefly review the MDP framework
[20], the policy gradient theorem and its application in approximate settings [21]
and the use of natural gradients in actor-critic methods [1, 19].

2.1 Markov Decision Problems

Given two compact sets X C R? and A C RY, let {X;} be an X-valued con-
trolled Markov chain, with control parameter taking values in A. The transition
probabilities for the chain are given by the kernel

P [Xt+1 S UX | Xt = ax,At = CL] = Pa(ﬂf, UX),

for any measurable set Ux C X. The A-valued process {A;} represents the
control process: A; is the control action at time instant ¢. A decision-maker
must determine the control process {A;} so as to maximize the functional

V({Ad}, Zv (Xi, A0) | Xo = 2|,

where 0 < < 1 is a discount-factor and R(z,a) represents a random “reward”
received for taking action a € A in state x € X. To play it safe, we assume

! As remarked in [18], such analysis is not immediate in the original NAC algorithm,
since the data used in NAC is generated online from the current policy estimate in
the algorithm.
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throughout this paper that there is a deterministic continuous function r defined
on X X A x X assigning a reward r(z, a,y) every time a transition from x to y
occurs after taking action a and that

E [R(z,a)] = /){T(ax,a, Y)Po(z, dy).

This simplifies the notation without introducing a great loss in generality. We
further assume that there is a constant R € R such that |r(z,a,y)| < R for
all z,y € X and all @« € A. We refer to the 5-tuple (X, A, P,r,v) as a Markov
decision problem (MDP).

Given an MDP M = (X, A,P,r, ), the optimal value function V* is defined
for each state x € X as

V*(z) = I{I}f}i{E lZWtR(Xt,At) | Xo ==
! k=0

and verifies

V(@) = max [ [re.a.9) +9V@)]Pole ), (1)

which is a form of the Bellman optimality equation.? The optimal Q-values
Q*(x,a) are defined for each state-action pair (z,a) € X x A as

Q" (x.a) = /X [ 0 9) + 7V ()] Pala, dy).

From Q* we can define the mapping 7*(x) = argmax Q*(z,a) for all z € X.

The control process defined by A; = 7*(X;) is optimal in the sense that the
corresponding value function equals V*. The mapping n* thus defined is an
optimal policy for the MDP M.

More generally, a policy is a (time-dependent) mapping m; defined over X x A
that generates a control process {A,} verifying

P[A; € Ua | X; = 2] z/ (2, a)da, Vi,
Ua

where Uy C A is any measurable set. We write V™ (x) instead of V({A,},z)
if the control process {A;} is generated by a policy 7. A stationary policy is a
policy 7 that does not depend on t.

2.2 The Policy Gradient Theorem

Let 7 be a stationary policy parameterized by some finite-dimensional vector
6 € RM™. Assume, in particular, that 7 is continuously differentiable with respect

% Notice that the maximum in (1) is well defined due to our assumption of compact
A and continuous 7.
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to (w.r.t.) 6. We henceforth write V¢ instead of V™ to denote the corresponding
value function. Also, given some probability measure pg over X, we define

p(6) = (V) = /X VO (o (d).

We abusively write p(6) instead of p(7?) to simplify the notation. The function
p(0) can be seen as the total discounted reward that an agent expects to receive
when following the policy 7% and the initial state is distributed according to .

We wish to compute the parameter vector 6* such that the corresponding
policy 7" maximizes the expected income for the agent in the sense of p. In
other words, we wish to compute 6* = argmaxy p(0). If p is differentiable w.r.t.
0, this can be achieved by updating 6 according to

01 = 0 + e Vop(6y),

where {a;} is a step-size sequence and Vg denotes the gradient w.r.t. §. We can
now introduce the following result from [21, 22].

Theorem 1. Given an MDP M = (X, A,P,r,~), it holds for every x € X that
VoV’ = [ Vor(5,0)Q (v )do RS (o, dy),
XxA
where Kg is the un-normalized ~y-resolvent associated with the Markov chain
induced by w03

The fact that p(0) = (oV?) immediately implies that
Vop(6) = [ VoV (@polde).
X

For simplicity of notation, we henceforth denote by ug the measure over X
defined by
) = [ ([ K)ol
x \Jux

2.3 Policy Gradient with Function Approximation

From Theorem 1 it is evident that, in order to compute the gradient Vp, the
function QY needs to be computed. However, when addressing MDPs with infinite
state and/or action spaces (as is the case in this paper), some form of function
approximation is needed in order to compute Q’.

3 The y-resolvent [23] associated with a Markov chain (X, P) is the transition kernel
K, defined as Ky (z,U) = (1—v) 312, v'P"(z,U) and the un-normalized y-resolvent
is simply K., (z,U) = 302 P (x, U).
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Let {¢;,i =1,..., M} be aset of M linearly independent functions and L (¢)
its linear span. Let QY be the best approximation of Q% in £ (¢), taken as the
orthogonal projection of Q% on £ (¢) w.r.t. the inner product

()= [ 7)o a)n’(@,0)da p (o).
XxA
As any function in £ (¢), Q? can be written as

Qe(ac, a) = Z@(La)wi = ¢T(m7a)w.

This leads to the following result from [21].

Theorem 2. Given an MDP M = (X, A,P,r,7v) and a set of basis functions
{pi,i=1,...,M} as defined above, if

VwQG(x, a) = Vg log(7?(z,a)) (2)

then
Vop(6) :/ Angg(ac,a)Qg(ac,a)da ﬂz(dm).
X x

Notice that, in the gradient expression in Theorems 1 and 2, we can add an
arbitrary function b(z) to Q% and Q?. This is clear from noting that

/ Vor?(z,a)b(x)da = 0.
A

Such functions are known as baseline functions and, as recently shown in [18],
if b is chosen so as to minimize the mean-squared error between Q? and Q°, the
optimal choice of baseline function is b(x) = V9 (z). Recalling that the advantage
function [24] associated with a policy = is defined as A™(z,a) = Q™ (z,a)—V 7™ (),
we get

Vop(0) = Vor®(z,a)A% (2, a)da 1 (dx), (3)

XxA

where A?(z,a) denotes the orthogonal projection of the advantage function as-
sociated with 7%, A%, into £ (¢). Finally, recalling that A(z,a) = ¢ (z, a)w, we
can compactly write (3) as Vgp(0) = G(0)w, with G the all-action matriz [1].

G(9) = Vorl(z,a)¢" (x,a)da u,oy (dx). (4)
XxA

2.4 Natural Gradient

Given a general manifold M parameterized by a finite-dimensional vector 6 €
RM and a real function F' defined over this manifold, the gradient Vg F seldom
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corresponds to the actual steepest descent direction, as it fails to take into ac-
count the geometry of the manifold [25]. However, in many practical situations,
it is possible to impose a particular structure on the manifold (namely, a Rie-
mannian metric) and compute the steepest descent direction taking into account
the geometry of the manifold (in terms of the Riemannian metric). This “nat-
ural gradient” is invariant to changes in parameterization of the manifold and
can potentially overcome the so-called plateau phenomenon [25].

As seen in [19], the parameterized policy space can be seen as a manifold that
can be endowed with an adequate Riemannian metric. One possible metric relies
on the Fisher information matriz, and is defined by the following matrix [19]

F(0) = . AV@ log(ﬂe(ac,a))V9 log(wg( ))T o(ac a)da ﬂv(dl')

The natural gradient is given, in this case, by Vgp(0) = F~(0)G (0 )w However,
as shown in [1], multiplying and dividing the integrand in ( ) by 7 ( a), we get
G(0) = F(0), and the natural gradient comes, simply, Vgp(6) =

3 Fitted Natural Actor-Critic

We now use the ideas from the previous section to derive a new algorithm, fitted
natural actor-critic (FNAC). This algorithm takes advantage of several appealing
properties of fitting methods (namely, the solid convergence guarantees and the
effective use of data) while overcoming some of the limitations of this class of
methods in problems with continuous action spaces.

3.1 The FNAC Architecture

We start by briefly going through the FNAC architecture, illustrated in Figure 1.

The algorithm uses a set D of samples obtained from the environment, each
consisting of a tuple (x,as,7¢,y:), where y; is a sample state distributed ac-
cording to the measure P, (z,-) and r; = (x4, at, y¢). For the purposes of the
algorithm, it is not important how the samples in D are collected. In particular,
they can all be collected before the algorithm is run or they can be collected in-
crementally, as more iterations of the algorithm are performed. Nevertheless, it
is important to remark that, for the purposes of our critic, enough data-samples
need to be collected to avoid conditioning problems in the regression algorithms.

At each iteration of the FNAC algorithm, the data in D is processed by the
critic component of the algorithm. This component, as detailed below, uses a
generic regression algorithm to compute an approximation V? of the value func-
tion associated with the current policy, 7?. This approximation is then used
to estimate an approximation of the advantage function, A? using a linear
function approximation with compatible basis functions. Finally, the evaluation

4 Peters et al. [1] actually showed that F(6) is the Fisher information matrix for the
probability distribution over possible trajectories associated with a given policy.
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CRITIC:
- — Approximate V% = V (vy)
Z = ‘z Approximate A% ~ ¢J wy,
S < ] < Updated Policy
g e LR policy evaluation
x <§» |k T 41 Abx
> = - ACTOR:
E A Update:

Ory1 = O + wy
ACTOR-CRITIC ARCHITECTURE

Fig. 1. Detailed FNAC architecture

performed by the critic (i.e., the approximation A computed from the data)
is used by the actor to update the policy 7? using a standard policy gradient

update.
In the remaining of this section, we detail our FNAC algorithm.

3.2 The Actor

The actor component of the FNAC algorithm implements a policy gradient up-
date. As seen in Section 2, this update relies on the natural gradient. The fact
that the natural gradient manages to take into account the geometry of the pol-
icy space may potentially bring significant advantages in terms of performance
of the algorithm (namely, in terms of rate of convergence and ability to over-
come the plateau phenomenon) [25]. Therefore, given the parameterized policy
at iteration k, my, , the actor component will update the parameter vector as

Ok+1 = Ok + akﬁgp(ek).

As seen in Subsection 2.4, the natural gradient is given by @p(@k) = wg, where
wy, is the linear coefficient vector corresponding to the orthogonal projection of
the advantage function A% in the linear space spanned by the compatible basis
functions, obtained from 2:

¢i(z,a) = g laoeg,fzz;k) (z,a).

Therefore, provided that the critic component yields such an approximation of
the advantage function, the update rule for the actor is, simply, 0x+1 = O+ wy.
3.3 The Critic

The critic of the FNAC algorithm is the element that distinguishes our algorithm
from other gradient-based approaches, such as [1, 18]. Although we discuss these
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differences in detail in the next subsection, it is still worth to briefly outline the
fundamental differences. The algorithm in [18] can be seen as an online version of
the algorithm in [1]. Our algorithm is closest to that in [1] (it is, by construction,
a batch algorithm, although it can straightforwardly be converted in an online
algorithm). However, FNAC allows for more efficient use of data than any of the
two aforementioned algorithms and is designed so as to accommodate general
regression methods (and, thus, general approximations).

Let D = {(at,as, 1, 2e41),t = 1,...,n} be a sequence of sample transitions
obtained from the MDP when following some policy my. As seen before, the value
function associated with a general policy 7 verifies

V(z) = / (r(z,a,y) + YV (y))Pa(z, dy)m(z, a)da
X xA
or, equivalently,
[ taw + W @)Paldyr(ea)da - V() =0,
X xA
This can be written as
[ a9V @) = V@) Pale. dy)r(a, a)da =0,
X x A

We want to approximate V™ by a general parameterized family of functions ¥V =
{V,(z) |v € RV}. In other words, we want to compute v* such that V™ (z) ~
Vi« (z). For the policy my used to generate the dataset D, we can use the data
in D and solve the following regression problem:

V' =argmin Z ﬂ(i:t) (re + 1 Valye) — Valan))?, (5)

where [i(z;) is the empirical distribution of state x obtained from the dataset
D.> We remark that the function V- thus obtained is the one minimizing the
empirical Bellman residual. However, in order to adequately perform the above
minimization, double sampling is necessary, as pointed out in [4]. In systems
where double sampling is not possible, a correction term can be included in
the regression to avoid negative correlation effects [26], rendering the regression
problem equivalent to the solution of the following fitted-VI iteration:

Vir1 = m‘jnz ﬂ(it) (re +YVilye) — V(mt))Q’

® The inclusion of the term fi(x;) merely ensures that regions of the state-space that
happen to appear more often in the dataset do not have “extra weight” in the regres-
sion. In fact, since the data in D can be obtained by any arbitrary sampling process,
its distribution will generally be distinct from that induced by the obtained policy.
The “normalization” w.r.t. fi(x+) minimizes any bias that the sampling process may
introduce in the regression. Alternative regularizations are possible, however.



FNAC: A New Algorithm for Continuous State-Action MDPs 75

Nevertheless, the computation of V™ as described above is possible because the
data is distributed according to the policy .

Suppose now that we want to approximate the value function associated with
some other policy 7? # my. The value function for this policy verifies

VO(x) = / (r(@,a,y) + 1V (1)), dy)n’ (z, a)da.
XxA

If we want to use the same data to compute V?, some modification is needed
since the data in D is not distributed according to «?. If the policy 7 is known,
the above expression can be modified to yield

| G V@) - V@) Paledy)
XxA

7%(z,a) ©)
. " mo(x, a)da = 0.
mo(z, a)
This means that we should be able to reuse the data in D to solve the following
regression problem, similar to that in (5):

7% (x4, ar)

2
) mo(Te, ar) (re + Vo () — Violae)) ™

v* = argmin E R
v 7 M(l“t

Notice that the above regression makes use of importance sampling, by including
]

7’ (z,a)

mo(x,a)

for all samples (x¢, as, re, yi), since mo(xe, ar) > 0 necessarily holds. Notice also

that, as before, the term [i(x;) is meant to minimize any bias that the sampling
process may introduce in the regression, and no change is necessary with the
particular policy 7 considered.

Given an estimate V- of the value function associated with a given policy 7,
the corresponding advantage function can now be approximated by solving the
following regression problem:

the term . Notice also that this importance-sampling term is well-defined

) 1
w* = arg min Z A(z) (re + YWV (ye) = Vir (1) — d)T(aJt,at)w)Q,
v t

where each ¢;(x, a) is a compatible basis function verifying (2). We remark that
no importance sampling is necessary in the above estimation, as can easily be
seen by repeating the above computations for the advantage function. The re-
gression problem can now easily be solved by setting

= ! Ty, ap)o " (24, ay
M_;ﬂ(%)(ﬁ( t,00)P (T4, a4)

and

oz, ar)
b= - re + YV (Tp41) — Vo (Te41) )

Xt:ﬂ(l“t)(t o (1) = Vor (Te41))
from where we obtain w* = M~'b. We conclude by observing that, with enough
samples, the inverse in the expression above is well defined, since we assume the
functions ¢; to be linearly independent.
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3.4 Analysis and Discussion of the Algorithm

We now discuss several important properties of FNAC and compare it with other
related algorithms in the literature.

We start by remarking that the general regression-based critic and the impor-
tance sampling “regularization” imply that the dataset can be made independent
of the current learning policy. The main consequence of this is that, by requir-
ing minimum regularity conditions from the regression algorithm, the following
result can easily be established:

Theorem 3. Let F(0) denote the regression algorithm used in FNAC to produce
the estimates A? and V? for an MDP M, given a 0-dependent policy ©°. Then,
if § is Lipschitz w.r.t. 0, and the step-size sequence {ay} used in the actor update
s such that

S 0= o S 07 < o0
t t
FNAC converges with probability 1.

Proof. Due to space limitations, we provide only a brief sketch of the proof.

The result arises as a consequence of the convergence results in [18]. In the
referred paper, convergence is established by analyzing a two-time-scale update
of the general form:

Wrt1 = W + o F(wy, Oy)

(7)

Ok+1 = Ok + BiG (wit1,0k),
where a = o(fk). By requiring several mild regularity conditions on the under-
lying process, on the policy space and on the set of basis functions, convergence
can be established by an ODE argument. In particular, the proof starts by es-
tablishing global asymptotic stability of the “faster” ODE

wt = f(wtaa)u

for every 6, where f is an “averaged” version of F'. Then, denoting by w*(#) the
corresponding limit point, the proof proceeds by establishing the global asymp-
totic stability of the “slower” ODE

0 = g(w*(0),6,),

where, once again, g is an “averaged” version of G. Convergence of the coupled
iteration (7) is established as long as w*(#) is Lipschitz continuous w.r.t. 6.

In terms of our analysis, and since our critic is a regression algorithm, it holds
that at every iteration of the actor the critic is actually in the corresponding
limit w*(0). Therefore, since our data is policy-independent and we assume our
regression algorithm to be Lipschitz on #, the convergence of our method is a
consequence of the corresponding result in [18]. a
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Another important difference that distinguished FNAC from other works is the
efficient data use in regression methods. To emphasize this point, notice that
after each policy update by the actor, the critic must evaluate the updated
policy, computing the associated advantage function. In previous actor-critic
algorithms [1, 15, 18|, this required the acquisition of new sampled data obtained
using the updated policy. However, in many problems, the acquisition of new
data is a costly and time-consuming process. Furthermore, the evaluation of the
updated policy makes poor use of previously used data.® In our algorithm, all
data collected can be used in every iteration. Evidently, the importance-sampling
term in (6) will weight some samples more than others in the estimation of each
V9, but this is conducted so as to take full advantage of available data.

Finally, we remark that, from Theorem 2 and subsequent developments, the
(natural) gradient is computed from the orthogonal projection of Q?/A? into
L (¢). However, as all other actor-critic methods currently available [1, 15, 17,
18], our critic cannot compute this projection exactly, since it would require the
knowledge of the function to be projected. This will impact the performance of
the algorithm in a similar way to that stated in Theorem 1 of [18].

4 Experimental Results

We conducted several experiments to evaluate the behavior of our algorithm
in a simple continuous state, continuous action problem. We applied FNAC to
the well-known mountain-car problem [27]. In this problem, an underpowered car
must go up a steep hill, as depicted in Figure 2. As it has not enough acceleration

Fig. 2. The mountain-car problem: an underpowered car must go up a steep hill

to go all the way up the hill, it must bounce back-and-forth to gain enough
velocity to climb up. The car is described by two continuous state-variables,
namely position p and velocity v, and is controlled by a single continuous action,
the acceleration a. The range of allowed positions is [—1.2; 4+0.5] and the velocity
ranges between —0.07 and 0.07. The acceleration takes values in the interval
[—1,1]. The car can be described by the dynamic equations:

v(t + 1) = bound [v(t) + 0.001a(t) — 0.0025 cos(3p(t))]
p(t+1) = bound[p(t) + v(t + 1)]

5 In incremental algorithms [15, 18], the step-size sequence works as a “forgetting”
factor.
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Fig. 3. Average performance of FNAC in the mountain-car problem: (a) Average time
to reach the goal as the number of iterations is increased. (b) Average time to reach
the goal as the size of the dataset is increased. The results depicted correspond to the
average over 100 independent Monte-Carlo trials. Average times of 500 steps indicate
that the car was not able to reach the goal.

where the function bound maintains the values of p and v within the limits.
Whenever the car reaches the position limits, its velocity is set to zero. Whenever
the car reaches the top of the hill, its position and velocity are randomly reset
and the car gets a reward of 10. Otherwise, it gets a reward of —1.

We are interested in analyzing how much data and time are required for the
FNAC algorithm to learn a “good” policy. To this purpose, we ran the FNAC
algorithm with different dataset sizes and for different amounts of time. For each
such run, we evaluated the learnt policy, initializing the car in the bottom-most
position of the environment with zero velocity and running the learnt policy up
to a maximum of 500 steps. We then observed the number of steps taken to
reach the goal. Figure 3.a shows the evolution of the average time to goal as we
increase the number of iterations of the algorithm.

It is clear from Figure 3.a that after only 300 iterations the algorithm already
learnt a good policy (one that is able to reach the goal) and, for the case of a
dataset of 10* points, the policy after 600 iterations is practically as good as
the best policy computed. It is important to refer at this point that we used
a simple linear approximator with 16 RBFs spread uniformly across the state
space. The policy was parameterized using a Boltzmann-like distribution relying
on the linear combination of 64 RBF uniformly distributed across the state-
action space. Notice also that, by using a linear approximator, the regression in
(6) can be computed analytically.

We also present in Figure 3.b the evolution of the average time to goal as
we increase the size of the dataset. We tested the performance of the algorithm
with datasets containing 100, 500, 103, 5 x 10 and 10* samples.” As clearly

7 We notice that, due to the deterministic transitions, no double sampling is necessary
in this particular example.
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seen from the results in Figure 3.b, the size of the dataset greatly influences the
performance of the algorithm. In the particular problem considered here, the
FNAC algorithm was able to find a “good” policy with 5 x 10® points and the
best performance was attained with a dataset of 10* samples.

5 Concluding Remarks

In this paper we presented the fitted natural actor-critic algorithm (FNAC).
Our algorithm uses natural policy-gradient updates in the actor. However, unlike
other natural actor-critic (NAC) algorithms, the critic component of FNAC relies
on regression methods, with several important advantages:

— The use of regression methods allows the estimates of the value-function to
use general function approzimation, unlike previous NAC algorithms which,
due to their use of TD-based critics, are limited to linear approximators.
Notice, however, that Theorem 2 requires A™ to be linearly approximated,
using a compatible set of basis functions verifying (2). The use of general
function approximation for V™ will impact (in a positive way) the accuracy
with which A™ can be represented.

— By adding an importance-sampling component, we allow our critic to reuse
all data in all iterations of the algorithm, this being a fundamental advantage
in problems where collecting data is costly or time consuming;

— The reuse of data allows the algorithm to consider datasets which are policy-
independent. This, means that, unlike other NAC methods, the convergence
of the algorithm can be conducted by a simple ODE argument;

It is also worth mentioning that FNAC is amenable to a multitude of different
implementations, fully exploring the power of general fitting/regression methods.

The work portrayed here also suggests several interesting avenues for future
research. First of all, and although not discussed in the paper, an online imple-
mentation of our algorithm can easily be obtained by an iterative implementation
of the regression routines. Our convergence result holds if the relative weight of
each sample in the data-set is stored (in terms of sampling policy).

Also, our initial experimental results illustrate the efficient use of data of our
algorithm, since FNAC could attain good performance, reusing the same dataset
at every iteration. Currently we are exploring the performance of the algorithm
in more demanding tasks (namely, robotic grasping tasks encompassing high-di-
mensional state and action spaces). It would also be interesting to have some
quantitative evaluation of the advantages of FNAC in face of other methods for
MDPs with continuous state-action spaces. However, a direct comparison is not
possible: in the current implementation of FNAC, the data gathering process is
completely decoupled from the actual algorithm, while in most methods both
processes occur simultaneously, thus impacting the corresponding learning times.

On a more general perspective, the critic component in FNAC estimates at
each iteration the value function V¢ by minimizing the empirical Bellman resid-
ual. Approximations relying on Bellman residual minimization are more stable
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and more “predictable” than TD-based approaches [28]. It would be interesting
to further explore these results to gain a deeper understanding of the advantages
of this type of approximation in the setting considered here.

Finally, the simple and elegant results arising from the consideration of natural
gradients suggests that it may be possible to further extend this approach and
make use of higher-order derivatives (e.g., as in Newton-like methods) to develop
policy search methods for RL problems.
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Abstract. The parameter space of a statistical learning machine has a
Riemannian metric structure in terms of its objective function. Amari
[1] proposed the concept of “natural gradient” that takes the Rieman-
nian metric of the parameter space into account. Kakade [2] applied it to
policy gradient reinforcement learning, called a natural policy gradient
(NPG). Although NPGs evidently depend on the underlying Riemannian
metrics, careful attention was not paid to the alternative choice of the
metric in previous studies. In this paper, we propose a Riemannian met-
ric for the joint distribution of the state-action, which is directly linked
with the average reward, and derive a new NPG named “Natural State-
action Gradient” (NSG). Then, we prove that NSG can be computed by
fitting a certain linear model into the immediate reward function. In nu-
merical experiments, we verify that the NSG learning can handle MDPs
with a large number of states, for which the performances of the existing
(N)PG methods degrade.

Keywords: policy gradient reinforcement learning, natural gradient,
Riemannian metric matrix, Markov decision process.

1 Introduction

Policy gradient reinforcement learning (PGRL) attempts to find a policy that
maximizes the average (or time-discounted) reward, based on the gradient ascent
in the policy parameter space [3,4,5]. As long as the policy is represented by a
parametric statistical model that satisfies some mild conditions, PGRL can be
instantly implemented in the Markov decision process (MDP). Moreover, since
it is possible to treat the parameter controlling the randomness of the policy,
PGRLs, rather than value-based RLs, can obtain the appropriate stochastic
policy and be applied to the partially observable MDP (POMDP). Meanwhile,
depending on the tasks, PGRL methods often take a huge number of learning
steps. In this paper, we propose a new PGRL method that can improve the slow
learning speed by focusing on the metric of the parameter space of the learning
model.

W. Daelemans et al. (Eds.): ECML PKDD 2008, Part IT, LNAI 5212, pp. 82-97, 2008.
© Springer-Verlag Berlin Heidelberg 2008
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It is easy to imagine that large-scale tasks suffer from a slow learning speed
because the dimensionality of the policy parameters increases in conjunction
with the task complexity. Besides the problem of dimensionality, the geometric
structure of the parameter space also gives rise to slow learning. Ordinary PGRL
methods omit the sensitivity of each element of the policy parameter and the
correlation between the elements, in terms of the probability distributions of the
MDP. However, most probability distributions expressed by the MDP have some
manifold structures instead of Euclidean structures. Therefore, the updating di-
rection of the policy parameter by the ordinary gradient method is different from
the steepest direction on the manifold; thus, the optimization process occasion-
ally falls into a stagnant state, commonly called a plateau. This is mainly due
to the regions in which the geometric structure for the objective function with
respect to the parameter coordinate system becomes fairly flat and its derivative
becomes almost zero [6]. It was reported that a plateau was observed in a very
simple MDP with only two states [2]. In order to solve such problem, Amari [1]
proposed a “natural gradient” for the steepest gradient method in Riemannian
space. Because the direction of the natural gradient is defined on a Riemannian
metric, it is an important issue how to design the Riemannian metric. Never-
theless, the metric proposed by Kakade [2] has so far been the only metric in
the application of the natural gradient for RL [7,8,9], commonly called natural
policy gradient (NPG) reinforcement learning.

In this paper, we propose the use of the Fisher information matrix of the
state-action joint distribution as the Riemannian metric for RL and derive a
new robust NPG learning, “natural state-action gradient” (NSG) learning. It is
shown that this metric considers the changes in the stationary state-action joint
distribution, specifying the average reward as the objective function. In contrast,
Kakade’s metric takes into account only changes in the action distribution and
omits changes in the state distribution, which also depends on the policy in
general. A comparison with the Hessian matrix is also given in order to confirm
the adequacy of the proposed metric. We also prove that the gradient direction
as computed by NSG is equal to the adjustable parameter of the linear regression
model with the basis function defined on the policy when it minimizes the mean
square error for the rewards. Finally, we demonstrate that the proposed NSG
learning improves the performance of conventional (N)PG-based learnings by
means of numerical experiments with varying scales of MDP tasks.

2 Conventional Natural Policy Gradient Method

We briefly review PGRL in section 2.1 and the natural gradient [1] and the NPG
in section 2.2. In section 2.3, we introduce the controversy of NPGs.

2.1 Policy Gradient Reinforcement Learning

PGRL is modeled on a discrete-time Markov decision process (MDP) [10,11]. It is
defined by the quintuplet (S, A, p,r, m9), where S 5 s and A > a are finite sets of
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states and actions, respectively. Further, p : SxAxS — [0, 1] is a state transition
probability function of a state s;, an action a;, and the following state s;11 at a
time step t, i.e., p(s¢r1]se, ar) = Pr(sepi|se,ae) 17 : Sx Ax S — R is a reward
function of sy, a;, and s;41, and is bounded, which defines an immediate reward
re41 = 7(5¢,a¢, 5¢11) observed by a learning agent. 7 : A x S x R? — [0,1] is an
action probability function of a;, s¢, and a policy parameter @ € R, and is always
differentiable with respect to @ known as a policy, i.e., m(a¢|s¢; @) = Pr(a¢|se, 0).
It defines the decision-making rule of the learning agent and is adjustable by
tuning @. We make an assumption that the Markov chain M(0) = {S, A, p, 7}
is ergodic for all 8. Then, there exists a unique stationary state distribution
de(s) = Pr(s|M(8)), which is equal to the limiting distribution and independent
of the initial state, dg(s’) = lim; . Pr(S; = §'|So = s,M(8)), s € S. This
distribution satisfies the balance equation:

)= D p(sls,a)m(als:0)de(s)- (1)

s€ES acA

The following equation instantly holds [10]:

T
N1 1 ! _ v
de(s )_TIEI;OT ;Pr(&—s |So=5,M(0)), "s€S. (2)

The goal of PGRL is to find the policy parameter 8* that maximizes the
average of the immediate rewards called the average reward:

R(6) = lim ]E{f:rt‘so,M(B)} 3)

T—oo T
t=1

where E{-} denotes expectation. It is noted that, under the assumption of er-
godicity (eq.2), the average reward is independent of the initial state sy and can
be shown to equal [10]:

Z Z Z de(s)m(als;0)p(s'|s,a)r(s,a,s")

s€ESacAs’'eS

—sza (a|s:0)r(s,a)

sES acA

=> > Pr(s,alM(0))7(s, a). (4)

s€ES ac A

where 7(s,a) = >, sp(s'|s,a)r(s,a,s"). The statistical model Pr(s,a|M(8))
is called the stationary state-action (joint) distribution. Since 7(s,a) is usually
independent of the policy parameter, the derivative of the average reward with

! Although it should be Pr(S;41 = s441|S: = s¢, Ay = a¢) for the random variables
St+1,St, and A; to be precise, we notate Pr(s¢41|s¢, at) for simplicity. The same rule
is applied to the other distributions.
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respect to the policy parameter, Vo R(0) = [0R(0)/001, ..., 0R(0)/98,] " is given
by

VoR(6 szo {de(s)7(als;0)} (s, a)

seSacA

=3 dels)m(als:0)7(s,a) {Velnr(a|s; 0) + Velnde(s)},  (5)

sES acA

where T denotes transpose and Vgagbg = (Veag)bg. Therefore, the average
reward R(0) increases by updating the policy parameter as follows:

0 := 6+ aVeR(6),

where := denotes the right-to-left substitution and « is a sufficiently small learn-
ing rate. The above framework is called the PGRL method [5].

2.2 Natural Gradient [1]

Natural gradient learning is a gradient method on a Riemannian space. The
parameter space being a Riemannian space implies that the parameter 8 € R?
is on the Riemannian manifold defined by the Riemannian metric matrix G(0) €
R¥*4 (positive definite matrix) and the squared length of a small incremental
vector A@ connecting 8 to 8 + A6 is given by

40|14 = A0'G(0)A8.

Under the constraint | AQ||% = 2 for a sufficiently small constant ¢, the steepest
ascent direction of a function R(8) is given by

V.o R(0) = G(0)"'VoR(0). (6)

It is called the natural gradient of R(@) in the Riemannian space G(6). In
RL, the parameter 0 is the policy parameter, the function R(0) is the average
reward, and the gradient Ve,e R(0) is called the natural policy gradient (NPG)
[2]. Accordingly, in order to (locally) maximize R(0), 0 is incrementally updated
by

0:=0+aVeoR(0). (7)
When we consider a statistical model of a variable x parameterized by 6, Pr(z|0),

the Fisher information matrix (FIM) F,(0) is often used as the Riemannian
metric matrix: [12]

F,(0) = ) Pr(x|0) Vo lnPr(x|0) Vo InPr(z|0)
rzeX
==Y Pr(z|0) V5 InPr(z(6), (8)

rzeX
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where X is a set of possible values taken by z. Viae denotes Vg(Vgag). The rea-
son for using F'(0) as G(0) comes from the fact that F(0) is a unique metric ma-
trix of the second-order Taylor expansion of Kullback-Leibler (KL) divergence?,
which is known as a (pseudo) distance between two probability distributions.
That is, the KL divergence of Pr(z|0+ A@) from Pr(x|@) is represented by

Dxr{Pr(z|0)| Pr(x|0+A0)} = ;AOTFI(O) A0+0(]|A8]%),

where ||a|| denotes the Euclidean norm of a vector a.

2.3 Controversy of Natural Policy Gradients

PGRL is regarded as an optimizing process of the policy parameter 6 on some
statistical models relevant to both a stochastic policy 7(a|s;0) and a state transi-
tion probability p(s'|s,a). If a Riemannian metric matrix G(0) can be designed
on the basis of the FIM of an apposite statistical model, F*(0), an efficient NPG
Vi~ 0 R(0) is instantly derived by eq.6.

As Kakade [2] pointed out, the choice of the Riemannian metric matrix G(6)
for PGRL is not unique and the question what metric is apposite to G(0) is still
open. Nevertheless, all previous studies on NPG [13,14,8,7,9] did not seriously
address the above problem and (naively) used the Riemannian metric matrix
proposed by Kakade [2]. In the next section, we will discuss the statistical models
and metric spaces for PGRL and propose a new Riemannian metric matrix.

3 Riemannian Metric Matrices for PGRL

In section 3.1, we propose a new Riemannian metric matrix for RL and derive
its NPG named the NSG. In sections 3.2 and 3.3, we discuss the validity of this
Riemannian metric by comparing it with the Riemannian metric proposed by
Kakade [2] and the Hessian matrix of the average reward.

3.1 A Proposed Riemannian Metric Matrix and NPG Based on
State-Action Probability

Since the only adjustable function in PGRL is the policy function m(al|s;@), pre-
vious studies on NPG focused on the policy function w(als;0), i.e., the statistical
models Pr(als, M(0)). However, the perturbations in the policy parameter 8 also
give rise to the change in the probability of the state Pr(s|M(6)). Because the
average reward R(0) as the objective function of PGRL is specified by the joint
probability distribution of the state and the action (s,a) € S x A (eq.4), it is
natural and adequate to focus on the statistical model Pr(s,a|M(@)). For this
case, the FIM of Pr(s,a|M(0)) can be used as the Riemannian metric G(6).
Then, its NPG consists with the direction maximizing the average reward under

2 Tt is same in the case of all f-divergences in general, except for scale [12].
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the constraint that a measure of changes in the KL divergence of the stationary
state-action distribution with respect to 0 is fixed by a sufficient small constant
e: DxL{Pr(s,a|M(0))| Pr(s,a|M(0 + AB))} = £2. The FIM of this statistical
model, F ,(0), is calculated with Pr(s,a|M(0)) = de¢(s)m(als;0) and eq.8 to be

= > Pr(s,a|M(6))Ve InPr(s, a|]M(6)) Ve In Pr(s, a|M(6)) "

s€eSacA
=— Z Z do(s)m(als;0)V3 1n (de(s)7(als;0))
s€SacA
0) + Y de(s) Fu(s,0), (9)
seS
where
F.(0) = do(s)Velnde(s)Velnde(s) " (10)

seS

is the FIM defined from the statistical model comprising the state distribution,
Pr(s|M(0))=de(s), and

F,(s,0) = Z m(a|s;:0)Velnm(a|s; 0)Velnm(als;0)" (11)
acA

is the FIM of the policy comprising the action distribution given the state s,
Pr(als,M(0)) = m(als;0). Hence, the new NPG on the FIM of the stationary
state-action distribution is

Vr.a o R(0) = F, ,(0) ' VoR().

We term it the “natural state-action gradient” (NSG).

3.2 Comparison with Kakade’s Riemannian Metric Matrix

The only Riemannian metric matrix for RL that has been proposed so far is the
following matrix, which was proposed by Kakade [2] and was the weighted sum
of the FIMs of the policy by the stationary state distribution dg(s),

0) = dels) Fu(s.0). (12)

seS

This is equal to the second term in eq.9. If it is assumed that the stationary
state distribution is not changed by a variation in the policy, i.e., if Vodg(s) =
0 holds, then Fy(@) = 0 holds according to eq.10. While this assumption is
not true in general, Kakade’s metric F,(0) is equivalent to F; ,(0) if it holds.
These facts indicate that F,(0) is the Riemannian metric matrix ignoring the
change in the stationary state distribution dg(s) caused by the perturbation in
the policy parameter @ in terms of the statistical model of the stationary state-
action distribution Pr(s, a|M(0)).
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Meanwhile, Bagnell et al. [13] and Peters et al. [14] independently, showed
the relationship between the Kakade’s metric and the system trajectories &p =
(S0, a0, 81, -y ar—1,87) € Zp. When the FIM of the statistical model for the
system trajectory &7,

T-1

Pr(¢r|M(6)) = Pr(so) [ | m(acls;:0)p(serils:, ar).
t=0

is normalized by the time steps T' with the limit 7' — oo, it is equivalent to the
Kakade’s Riemannian metric,

T-1
1 .1 )
Jim o Fep (6) = — lim 5 GZ_ Pr(¢r[M(6))V3 {; lmr(atst;e)}
=— Z de(s) Z 7(als;0)Va Inm(als;0)
s€S acA

- Fa(e)

Since the PGRL objective, i.e., the maximization of the average reward, is re-
duced to the optimization of the system trajectory by eq.3 [13,14] suggested
that the Kakade’s metric F,(0) could be a good metric. However, being equal
to F,(0), the normalized FIM for the infinite-horizon system trajectory obvi-
ously differs with F; ,(0) and is the metric that ignores the information F ()
about the stationary state distribution Pr(s|M(0)). This is due to the fact that
the statistical model of the system trajectory considers not only the state-action
joint distribution but also the progress for the (infinite) time steps, as follows.

Here, sy, and a4, are the state and the action, respectively, progressed in ¢
time steps after converging to the stationary distribution. Since the distribution
of the system trajectory for T' time steps from the stationary distribution, {47 =
(8, AyQyStly-ery AT —1, 8+T) € =Zp,is

T—1
Pr(&r[M(0)) = do(s) [ [ m(arils4:0)p(siirilsse, are),
t=0
its FIM is given by
F€+T (0) = -Fs(a) + TFa(a)- (13)

The derivation of which is shown in appendix A. Because of limr . Fe, . /T =
F,(0), the Kakade'’s metric F,(0) is regarded as the limit 7' — oo of the system
trajectory distribution for 7' time steps from the stationary state distribution.
Consequently, F,(0) omits the FIM of the state distribution, Fs(@). On the
other hand, the FIM of the system trajectory distribution for one time step
is obviously equivalent to the FIM of the state-action joint distribution, i.e.,
F. (0)=F,,(0).

Now, we discuss which FIM is adequate for the average reward maximization.
As discussed in section 3.1, the average reward in eq.4 is the expectation of 7(s, a)
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over the distribution of the state-action (i.e. the +1-time-step system trajectory)
and does not depend on the system trajectories after +2 time steps. It indicates
that the Kakade’s metric F,(0) supposed a redundant statistical model and the
proposed metric for state-action distribution, F; ,(60), would be more natural and
adequate for PGRL. We give comparisons among various metrics such as Fj ,(0),
F,(0), and a unit matrix I through the numerical experiments in section 5.
Similarly, when the reward function is extended a function of T time steps,
(8¢, aty .oy Gryr—1, St47), instead of one time step, (s, at, S¢4+1), the FIM of the
T-time-step system trajectory distribution, F¢, .. (@), would be a natural metric
because the average reward becomes R(0) =3, =, Pr(&r|M(0))r(S4r).

3.3 Analogy with Hessian Matrix

We discuss the analogies between the Fisher information matrices Fy ,(60) and
F,(0) and the Hessian matrix H (0), which is the second derivative of the aver-
age reward with respect to the policy parameter 6,

H(0) = VZR(6)
=> > (s, a)de(s)m(al;0)

seSacA
{V(Q, In(de(s)m(a|s;0)) + Ve In(de(s)m(a|s;:0)) Ve ln(dg(s)ﬂ(a|s;9))T}
(14)

=33 (s, a)de(s)m(al5:6)

s€SacA
{VZ In7(als;0) + Vo Inm(a|s;0)Ve Inn(a|s;0) " + V3 Inde(s)
+ Vo lndg(s)Ve Inde(s) " + Velnde(s)Veln(als;0)"
+ Velnm(als;0)Veln dg(s)T}. (15)

Comparing eq.12 of the Kakade’s metric matrix F',(0) with eq.15 of the Hessian
matrix H(0), the Kakade’s metric does not have any information about the
last two terms in braces {-} of eq.15, as Kakade [2] pointed out®. This is because
F,(0) is derived under Vgdg(s) = 0. By eq.9 and eq.14, meanwhile, the proposed
metric F ,(0) obviously has some information about all the terms of H(0).
This comparison with the Hessian matrix suggests that Fj ,(6) should be an
appropriate metric for PGRL. Additionally, Fs ,(0) becomes equivalent to the
Hessian matrix in the cases using an atypical reward function that depends on
0 (see Appendix B).

It is noted that the average reward would not be a quadratic form with re-
spect to the policy parameter @ in general. Especially when 6 is far from the
optimal parameter 8*, the Hessian matrix H (0) occasionally gets into an indef-
inite matrix. Meanwhile, FIM F'(0) is always positive (semi-)definite, assured

3 Strictly speaking, H(0) is sligthtly different from the Hessian matrix used in [2].
However, the essence of argument is the same as in [2].
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by its definition in eq.8. Accordingly, the natural gradient method using FIM
might be a more versatile covariant gradient ascent for PGRL than the Newton-
Raphson method [15], in which the gradient direction is given by V-, R(0).
Comparison experiments are presented in section 5.

4 Computation of Natural State-Action Gradient

In this section, we view the estimation of the NSG. It will be shown that this
estimation can be reduced to the regression problem of the immediate rewards.
Consider the following linear regression model

fo(s,a;w) = d)g(s,a)Tw, (16)

where w is the adjustable parameter and ¢g(s,a) is the basis function of the
state and action, also depending on the policy parameter 6,

do(s,a) = Vg ln (de(s)m(a|s;0))
= Volndg(s) + Velnm(a|s; 0). (17)
Then, the following theorem holds:

Theorem 1. Let the Markov chain M(0) have the fized policy parameter 0, if
the objective is to minimize the mean square error e(w) of the linear regression
model fo(s¢,ar;w) in eq.16 for the rewards ry41,

e(w) :TILH;OQTZ{”H fo(se,anw )}27 (18)

then the optimal adjustable parameter w* is equal to NSG as the natural policy
gradient on Fs 4(0):
Vis.a.0 R(0) =

Proof: By the ergodic property of M(0), eq.18 is written as
sze m(als;0) (F(s,a) — fo(s, a;w))”.
SES acA

Since w* satisfies V,€(w)|w=w+ = 0, we have

Z Zda m(als;0)de(s,a)pe(s,a) Z Zda (als;0)da(s,a)T(s,a).

s€eSacA sESacA

By the definition of the basis function (eq.17), the following equations hold,

Zda m(als;0)de (s, a)pe(s, a) = F,.(0),

Zde 7(a|s;0) (s, a)7(s,a) = VoR(8).
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(i) AT F...(0)A6 =0.14 (i) AOTF.(0)A6 =0.12 (ii) AQTIAO =0.35

v
1

Fig. 1. Phase planes of a policy parameter in a two-state MDP: The gray level denotes
Indg(1)/de(2). Each ellipsoid denotes the fixed distance spaces by each metric G(0) :=
(i) Fs,a(8), (i) Fa(0), or (ii) I.

Therefore, the following equation holds:
w* = F, 4(0)"'VgR(0) = VF....0R(6). 0

It is confirmed by theorem 1 that if the least-square regression to the immedi-
ate reward 7,41 by the linear function approximator fg(s¢, a;;w) with the basis
function ¢y (s,a) = Ve In (de(s)m(als;0)) is performed, the adjustable parameter
w becomes the unbiased estimate of NSG V. .0 R(0). Therefore, since the NSG
estimation problem is reduced to the regression problem of the reward function,
NSG would be simply estimated by the least-square technique or by such a gra-
dient descent technique as the method with the eligibility traces proposed by
Morimura et al. [7], where the matrix inversion is not required.

It should be noted that, in order to implement this estimation, the com-
putation of both the derivatives, Vglnn(a|s; @) and Vgludg(s), is required for
the basis function ¢y(s,a). While Vglnm(als; @) can be instantly calculated,
Velndg(s) cannot be solved analytically because the state transition probabili-
ties are generally unknown in RL. However, an efficient online estimation manner
for Vgln dg(s), which is similar to the method of estimating the value function,
has been established by Morimura et al. [16]. However, we have not discussed
the concrete implementations in this paper.

5 Numerical Experiments

5.1 Comparison of Metrics

We first looked into the differences among the Riemannian metric matrices
G(0)—the proposed metric Fs 4(0), Kakade’s metric F,(0), and unit matrix
I—in a simple two-state MDP [2], where each state s € {1,2} has self- and
cross-transition actions A = {l,m} and each state transition is deterministic.



92 T. Morimura et al.

The policy with 8 € R? is represented by the sigmoidal function: 7 (I]s;0) =
1/(1 + exp(—0T1(s))), where (1) =[1,0]" and 1 (2) = [0,1] . Figure 1 shows
the phase planes of the policy parameter 8. The gray level denotes the log ratio
of the stationary state distribution, and each ellipsoid corresponds to the set of
A@ satisfying a constant distance AQTG(0)AO = 2, in which NPG looks for
the steepest direction maximizing the average reward. It is confirmed that the
ellipsoids by the proposed metric F ,(0) coped with the changes in the state
distribution by the perturbation in 8 because the alignment of the minor axis
of the ellipsoid on Fj ,(0) complied with the direction significantly changing the
dg(s). This indicates that the policy update with NSG does not drastically change
de(s). As we see theoretically. the other metrics could not grasp the changes even
though F,(0) is the expectation of F,(0) over dg(s).

5.2 Comparison of Learnings

We compared NSG with Kakade’s NPG, the ordinary PG, and the (modified)
Newton PG learnings in terms of the optimizing performances for 8 through ran-
domly synthesized MDPs with a varying number of states, |S| € {3, 10,20, 35,
50, 65,80, 100}. Note that the only difference among these gradients is the defini-
tion of the matrix G(0) in eq.6. The Newton PG uses a modified Hessian matrix
H*(0) to assure the negative definiteness:

H*(0) = H(0) — max(0, Apax — .

max

)M,

where Apax and AL,
H (), respectively?.
It is noted that each gradient was computed analytically because we focussed

on the direction of the gradients rather than the sampling issue in this paper.

are the maximum and the largest-negative eigenvalues of

Experimental Setup. We initialized the |S|-state MDP in each episode as
follows. The set of the actions was always |A| = {l,m}. The state transition
probability function was set by using the Dirichlet distribution Dir(a € R?)
and the uniform distribution U(|S];b) generating an integer from 1 to |S| other
than b: we first initialized it such that p(s'|s,a):=0, Y(s',s,a) and then, with
q(s,a)~Dir(a=[.3,.3]) and x\, ~ U(|S]; D),

{p<s+ 1s,1) = qu(s,1) {p(ss,m = q1(s,m)

P(x\s+1|57 l) = (J2(S7 l) p(x\s‘sa m) = q2<sv m)

where s’ =1 and s’ =|S|H1 are the identical states. The reward function r(s, a, s')
was temporarily set for each argument by Gaussian distribution N(u=0,02=1)
and was normalized such that maxg R(0) = 1 and ming R(6) = 0;

r(s,a,s’) — ming R(0)

/ P—
ris,a,8):= maxg R(6) — ming R(0)’

* We examined various Hessian modifications [15]. The modification adopted here
worked best in this task.
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The policy parameterization was the same as that for previous experiment. Ac-
cordingly, in this MDP setting, there is no local optimum except for the global
optimum. Each element of 8y € RIS! and 1(s) € RIS| for any state s was drawn
from N(0,.5) and N(0,1), respectively. We set the total episode time step at
T = 300 and the initial learning rate ag in eq.7 for each (N)PG before each
episode at the inverse of RMS,

a0 = V/I8]/||Ve.0 R(0)]o—6,]|-

If the learning rate « is decent, R(0) will always increase by the policy update
of eq.7. Hence, when the policy update decreased R(0), we tuned the learning
rate “a:=a/2” and reattempted the update in the same time step. This tuning
was kept until AR(#) > 0. On the other hand, when ap > « held true at the
following time step, we also tuned “a := 2a” to avoid standstills of the learning.

Results and Discussions. Figure 2 shows the learning curves for ten individual
episodes in 100-state MDPs and reveals that NSG learning was able to succeed in
optimizing the policy parameter uniformly and robustly though, compared with
the other gradients, NSG was not infrequently slow in improving of performance
at a moment. These are consistent with the results about the application of the
natural gradient method to the learning of the multilayer perceptron [17].

Figure 3(A) shows the success rate of the learning by 300 episodes at each
number of states. Since the maximum of the average reward was set to 1, we
regarded the episodes satisfying R(67) > 0.95 as “successful” episodes. This
suggests that, in the case of the MDPs with a small number of states, NSG and
Kakade’s NPG methods could avoid falling into the severe plateau phenomena
and robustly optimize the policy parameter 8, compared with the other methods.
The reason why Kakade’s NPG could work as well as NSG would be that the
Riemannian metric used in Kakade’s method has partial information about the
statistical model Pr(s,a|M(0)). Meanwhile, Kakade’s method frequently failed
to improve the average reward in the cases of the MDPs with a large number
of states. This could be due to the fact that Kakade’s metric omits the FIM
about the state distribution, F,(0) unlike the proposed metric, as discussed
theoretically in section 3.2. It is also confirmed that Kakade’s NPG was inferior
to the modified Newton PG in the cases of many states. This could also be a
result of whether the gradient has the information about the derivative of dg(s)
or not.

Finally, we analyzed how severe was the plateau in which these PG learnings
were trapped. As this criterion, we utilized the smoothness of the learning curve
(approximate curvature),

A’R(0;)=AR(0;,1)—AR(8,),
where AR(6;) = R(0;) — R(6;_1). The criterion for the plateau measure of the
episode was defined by
PM=3,")' [ A2R(6))]

Figure 3(B) represents the average of PM over all episodes for each PG and shows
that NSG learning could learn very smoothly. This result indicates that the
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learning by NSG could most successfully escape from a plateau; this is consistent
with all other results.

Since NSG could avoid the plateau and robustly optimize 8 without any
serious effect of the setting of the MDP and the initial policy parameter, we
conclude that NSG could be a more robust and natural NPG than the NPG by
Kakade [2].

6 Summary and Future Work

This paper proposed a new Riemannian metric matrix for the natural gradient
of the average reward, which was the Fisher information matrix of the station-
ary state-action distribution. We clarified that Kakade’s NPG [2], which has
been widely used in RL, does not consider the changes in the stationary state
distribution caused by the perturbation of the policy, while our proposed NSG
does. The difference was confirmed in numerical experiments where NSG learn-
ing could dramatically improve the performance and rarely fell into the plateau.
Additionally, we proved that, when the immediate rewards were fitted by using
the linear regression model with the basis function defined on the policy, its
adjustable parameter represented the unbiased NSG estimate.

More algorithmic and experimental studies are necessary to further emphasize
the effectiveness of NSG. The significant ones would be to establish an efficient
Monte-Carlo estimation way of NSG along with estimating the derivative of
the stationary state distribution [16], and then to clarify whether or not the
proposed NSG method can still be useful even when the gradient is computed
from samples. We will investigate them in future work.
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Appendix

A

Derivation of eq.13

For simplicity, we denote 71+ = mw(ayt|s4+60) and piy = p(sie|stt—1,a4+1—1).
Since £, is the system trajectory for T" time steps from de(s), F¢, (@) is cal-
culated to be

T-1

Fe . (0)=— ZPr(§+T) V(Q,{ Indg(s) + Z In 7T(a+t\s+t;0)}

EyTEET t=0

=— Z de(s) (V% Indg(s) + Z T40 (V% Inmio+

SES ayo€A

Zpﬂ Z 7T+1(V31n7r+1+..._|_

S+1€$ a+1€A

> pira Y T Vglan_l)---))-

S+T71€$ a+T71€A

By using the balance equation of the dg(s) in eq.1,

B

T—1
Fe (0)=F.(0)+Y ( 3 de<8+t>Fa<08+t>)

t=0 Syt €S

:F€(0)+TFE(0) U

Consistency of F; ,(6) and H(0)

If the immediate reward is dependent on 6

Pr(s, a|M(6%))

TS0 prg, (o)

In Pr(s, a|M(0)), (19)



A New NPG by Stationary Distribution Metric 97

then the average reward becomes the negative cross entropy,

R(0) =Y Pr(s,a|M(6%)) InPr(s, aM(0)).

s,a

Hence, Pr(s, a|]M(6*))=Pr(s,a|M(0)) holds, if the average reward is maximized.
The Hessian matrix becomes H(0)=>"_ Pr(s,a|]M(0*))V2InPr(s, a|]M(0)). If
the policy parameter is nearly optimal 8 ~ 6*, Pr(s,a|M(6)) ~ Pr(s, a|M(6%))
holds by the assumption of the smoothness of 7(a|s;0) with respect to 8. There-
fore, at this time, the Hessian matrix approximately equates the negative, pro-
posed FIM:

H(0) ~ Y ) Pr(s,alM(0))VInPr(s,a|]M(8))
s€SacA

= —F, .(0).

H(0*) = —F, ,(6*) obviously holds. Therefore, when the reward function is in
eq.19 and the policy parameter is close to the optimal, NSG almost consists with
the Newton direction and the NSG learning attains quadratic convergence.
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Abstract. This paper discusses machine learning of grammars and com-
pilers of programming languages from samples of translation from source
programs into object codes. This work is an application of incremental
learning of definite clause grammars (DCGs) and syntax directed trans-
lation schema (SDTS), which is implemented in the Synapse system.
The main experimental result is that Synapse synthesized a set of SDTS
rules for translating extended arithmetic expressions with function calls
and assignment operators into object codes from positive and negative
samples of the translation. The object language is a simple intermediate
language based on inverse Polish notation. These rules contain an unam-
biguous context free grammar for the extended arithmetic expressions,
which specifies the precedence and associativity of the operators. This
approach can be used for designing and implementing a new program-
ming language by giving the syntax and semantics in the form of the
samples of the translation.

1 Introduction

This paper discusses machine learning of grammars and compilers of program-
ming languages from positive and negative samples of translation from source
programs into object codes. This work is an application of incremental learning
of definite clause grammars (DCGs) [16] and syntax-directed translation schema
(SDTS) [1]. The grammatical induction of these extended context free grammars
(CFGs) is implemented in the Synapse system [13,14].

The DCG can be converted to a logic program for parsing and generating
strings in the language of the grammar. The DCG is more powerful than the
CFG, as the DCG rules can have additional parameters for controlling deriva-
tions and for communicating parameters between separate nodes in the deriva-
tion tree.

This paper shows our experimental results of incremental learning of DCG
rules representing a restricted form of SDTS, which specify the translation by
compilers. We intend to apply this approach to design and implement a new
programming language by giving the syntax and semantics in the form of the
samples of the translation.

W. Daelemans et al. (Eds.): ECML PKDD 2008, Part II, LNAI 5212, pp. 98-112, 2008.
© Springer-Verlag Berlin Heidelberg 2008
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1.1 Grammatical Induction of Extended CFG

Our approach to grammatical induction is characterized by rule generation based
on bottom-up parsing for positive sample strings, the search for rule sets and
incremental learning. In Synapse, the process called bridging generates the pro-
duction rules that bridge, or make up, any lacking parts of an incomplete deriva-
tion tree that is the result of bottom-up parsing of a positive string. The system
searches for a set of rules that satisfies all the samples by global search, in which
the system searches for the minimal set of rules that satisfies given sets of positive
and negative samples by iterative deepening.

Incremental learning is essential to this approach. In order to learn a grammar
from its sample strings, the positive samples are given to the rule generation
process in the order of their lengths. This process continues until the system
finds a set of rules that derives all the positive samples, but none of negative
samples. By incremental learning, a grammar can be synthesized by adding
rules to previously learned grammars of either similar languages or a subset
of the target language. This is a method to solve the fundamental problem of
computational complexity in learning CFG and more complex grammars [7,18].

An important feature of Synapse for the subject of this paper is that the
system synthesizes minimal or semi-minimal grammars based on a covering-
based approach. Many other grammatical inference systems for CFGs and their
extensions are classified into the generalization based approach, in which the
systems generate rules by analyzing the samples and generalizing and abstracting
the rules. This is a reason that there have been few publications on learning
small rule sets of both ambiguous and unambiguous CFGs and/or extended
CFGs. Learning SDTS was chosen as the subject of the Tenjinno competition
[20] at ICGI 2006. Clark [2] solved some of the problems of the competition.
Most participants to this competition, as well as the Omphalos competition [19]
at ICGI 2004 about learning CFG, did not intend to synthesize small grammars.

Learning DCG is closely related to inductive logic programming (ILP) [15].
Several studies dealt with learning grammars based on ILP [3,10]. Cussens and
Pulman [4] describes a method of learning missing rules using bottom-up ILP.
There have been, however, few publications focusing on learning DCG and its
applications based on ILP. Fredouille et. al. [6] describes a method for efficient
ILP-based learning of DCGs for biological pattern recognition. Ross [17] presents
learning of Definite Clause Translation Grammar, a logical version of attribute
grammar, by genetic programming.

1.2 Learning Grammars and Compilers

Processing of programming languages has been a key technology in computer sci-
ence. There has been much work in compiler theory, including reducing the cost
of implementing programming languages and optimizing object codes in compil-
ers. On the other hand, there have been few works on applying machine learning
of grammars and compilers. Dubey et. al. [5] describes a method of inferring
grammar rules of a programming language dialect based on the grammar of the
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original language for restoring the lost knowledge of the dialect. Other applica-
tions of machine learning to compilers are related to optimizing object codes.
Monsifrot et. al. [11] and Stephenson et. al. [21] showed methods of improv-
ing optimization heuristics in compilers by using machine learning technologies,
decision trees and genetic programming, respectively.

The grammars of programming languages need to not only be unambiguous,
but also reflect its semantics, i.e. how a program is computed. For example, any
grammar for arithmetic expressions should specify the precedence and left, or
right, associativity of the operators. Therefore, synthesizing grammars requires
some structural or semantic information other than positive and negative sam-
ples of source codes. To address this requirement, in our approach the samples
for the learning are pairs of source codes and corresponding object codes in an
intermediate language.

1.3 Organization of the Paper

Section 2 outlines CFG and SDTS, and defines Chomsky normal form of SDTS.
Section 3 briefly defines some basics of logic programming and DCG, and shows a
method of representing SDTS by DCG. Section 3 shows the bridging rule gener-
ation procedure for both CFGs and DCGs. Section 4 describes search strategies
for finding minimal or semi-minimal rule sets, and shows recent experimental
results of learning CFGs and DCGs. Section 6 describes learning DCG rules
that represent SDTS rules for translating extended arithmetic expressions into
object codes in a simple intermediate language, which is based on inverse Polish
notation. Section 7 presents the concluding remarks.

2 CFGs and SDTS

A context free grammar (CFG) is a system (N, T, P,s), where: N and T are
finite sets of nonterminal and terminal symbols, respectively; P is the set of
(production) rules of the form p — u, p € Nyu € (NUT)"; and s € N is
the starting symbol. We write w =¢ x for w,z € (N UT)T, if there are a rule
(p — u) € P and strings 21, 22 € (N UT)* such that w = z1p 29 and x = z1u 22.
The language of G is the set L(G) = {w € T | s =% w}, where the relation =7,
is the reflexive transitive closure of =. Nonterminal symbols are represented
by p, q,r, s, t, terminal symbols by a, b, ¢, d, e and either nonterminal or terminal
symbols by 3, 7.

Chomsky normal form (CNF) rules are of the forms p — a and p — qr.
Synapse synthesizes rules of the extended CNF, p — (8 and p — (7. A feature
of this normal form is that grammars can be made simpler than those in CNF.

A syntaz-directed translation schema (SDTS) is a system T' = (N, X, A R, s),
where: X and A are sets of input terminal and output terminal symbols, respec-
tively; and R is a set of rules of the form

p—u,v. pE Nyue (NUX)T,ve (NUA)T,
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such that the set of nonterminal symbols that occur in u is equal to that in v. If
a nonterminal symbol p appears more than once in u, we use symbols with the
subscripts pi1, ps to indicate the correspondence of the symbols in v and v. We
write wy, we =1 x1,x2 for wi,z1 € (N U X)* and wa,xo € (N U A)*, if there
is a rule (p — u,v) € R and strings y1,y2 € (N U X)* and 21,22 € (N U A)*
such that w1 = y1 pys, T1 = Yy1uys, ws = 21 pze and T = 21 v 22. The SDTS T
translates a string w € Xt into x € AT and vice versa, if (s, s) =% (w, ).

The SDTS is regular, if and only if every rule is of the form of either p — a q,br
or p — a,b. The regular SDTS is equivalent to a finite sequential transducer.

We restrict the form of SDTS to Chomsky normal form (CNF), in which
every string in the right hand side of the rule has at most two symbols, e.g.
(p — pqg,pq), (p — pq,qp) or (p — a,b). Any SDTS T with rule(s) having
three symbols in the right hand side can be transformed into a SDTS in CNF,
which is equivalent to T'. The SDTS in this paper is extended so that elements
of the strings may be not only constants but also lists of the constants. There
are, however, SDTS rules with more than three symbols in the right hand side,
that cannot be simply transformed to CNF.

Ezxample 1: reversing strings The following SDTS in CNF translates any string
into its reversal, for example, aababb to bbabaa.

s—a,a s—bb s—as,sa s—bs,sb
This SDTS derives the set of pairs of strings,
(a,a), (b,b), (aa,aa), (ab,ba), (ba, ab), (bb, bb), (aaa, aaa), (aad, baa), - - - .

3 Definite Clause Grammars (DCG)

We use the notations and syntax of standard Prolog for constants, variables,
terms, lists and operators, except that the constants are called atoms in Prolog.
A constant (an atom in Prolog) is an identifier that starts with a lower-case
character, and a variable starts with an upper-case character, as in standard
Prolog. A subterm of a term T is either T, an argument of a complex term T
or recursively a subterm of an argument of a complex term 7. As any list is a
special term, subterms of [a, b, ¢] are [a, b, c],a, [b, ], b, [c], ¢, []-

A substitution 0 is a mapping from a set of variables into a set of terms. For
any term ¢, an instance tf is a term in which each variable X defined in @ is
replaced by its value 8(X). For any terms s and ¢, we write s > ¢, and say that
s is more general than t, if and only if ¢ is an instance of s. A wunifier for two
terms s and t is a substitution 6, such that sf = tf. The unifier 0 is the most
general unifier (mgu), if there is another unifier o for s and ¢, then sf = so and
td = to. We write s =y t, if s is unifiable with ¢ by an mgu 6. For any terms s
and ¢, a term w is the lgg: least general generalization, if and only if u > s, u >t
and there is no other term v such that v = s, v > t and u = v.

A DCG rule, also called grammar rule in the draft of the ISO standard [12],
is of the form P --> Q1,Q2, -+ ,Qm, Where:
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— P is a nonterminal term, which is either a symbol or a complex term of the
form p(T') with a DCG term T'; and

— each of @1, -+ ,Qy, is either a constant of the form [a] representing a ter-
minal symbol, or a nonterminal term.

The DCG terms are additional arguments in the Horn clause rules, which are
generally used for controlling the derivation and for returning results of the
derivation. The deduction by DCG is similar to that of CFG, except that each
of the DCG terms is unified with a corresponding term in the deduction. To
simplify the synthesis process, we restrict every atom for the nonterminal symbol
to have exactly one DCG term.

Most Prolog implementations have a functionality to transform the grammar
rules into Horn clauses, such that a string ajas---a, is derived by the rule
set from the starting symbol s, if and only if the query s([a1, a9, - ,a,]1,[1)
succeeds for the parsing program composed of the transformed clauses. Note
that the two arguments are used for representing strings by the difference lists.

Example 2: A DCG for non-context-free language The following set of rules is
a DCG for the language {a"b"c" | n > 1}.

p(1) --> [a]. pCtN)) --> [a],p(N).
q(1) --> [b]. q(t(N)) --> [bl,q).
r(1) --> [c]. r(t(N)) --> [c],r(N).

s(N) -—> p(N),q(N) , ().

The Horn clauses transformed from these DCG rules are:

p(1,[alX],X). pCtt), [alX],Y) :- p(N,X,Y).
q(1,[IX]1,X). q(t(), [bIX],Y) :- q(N,X,Y).
r(1,[clX]1,X). r(t(N), [clX],X) :- r(N,X,Y).

s(N,X0,X3) :- p(N,X0,X1),q(N,X1,X2),r(N,X2,X3).

For the query 7-s(N, [a,a,a,b,b,b,c,c,c], [1), the Prolog system returns the
computation result N = t(t(1)).

We can transform a SDTS in CNF into a DCG for translating strings by the
relations in Table 1. Each pair of the form X/Y represents an output side of a
string by a difference list. By this method, the problem of learning SDTS in CNF
from pairs of input and output strings can be transformed into that of learning

DCG.

Example 3: Reversal The following DCG corresponds to the example SDTS for
reversing strings in Section 2.

s([alX]1/X) --> [al. s([bIX1/X) --> [b].
s([alx1/01) --> sX/[1),[al. s([bIX]1/[1) --> s(X/[1),[b].

For a query ?-s(X, [b,b,a,b,a,al,[]), the transformed Prolog program re-
turns the value X = [a,a,b,a,b,b]l/[] of the DCG term, and for a query
?7-s([a,a,b,a,b,b]/[],X,[]1), the solution X = [b,b,a,b,a,al.
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Table 1. Relations between SDTS rules and DCG rules

SDTS DCG
p—q p(X/Y) -=>¢
p—a,b p([b]Y]/Y) ==> [a]

p—qr.qr X/Z) —> q(X/Y),r(Y/2)
p—qrrq p(X/2) ==> q(Y/Z),r(X/Y)

=

(
(

p — ar,ra pEX/Y) ==> [a], (X /[a]Y])
(

4 Rule Generation Based on Bottom-Up Parsing

Fig. 1 shows the rule generation procedure, which receives a string a; - - - a,,, the
starting symbol with a DCG term s(T"), and a set of rules from the top-level
search procedure from global variable P, and returns a set of DCG rules that
derives the string from s(7"). This nondeterministic procedure is an extension of
that for learning CFG in extended CNF [14]. The extension is related to adding
DCG terms and generalization for the generated rules.

4.1 Rule Generation

The rule generation procedure includes a bottom-up parsing algorithm for pars-
ing an input string a; - - - a,, using the rules in the set P. If the parsing does not
succeed, the bridging process generates rules in extended CNF, which bridge any
lacking parts of the incomplete derivation tree.

The input string ajas---a, is represented by a set of 3-tuples {(ai,0,1),
(a2,1,2),-, (an,n — 1,n)}, and the resulting derivation tree by a set D of 3-
tuples of the form (p(T), 1, j), each of which represents that the set of rules derives
a; - --a; from p(T). For the ambiguity check, each time a new term (p(T), 1, j) is
generated, it is tested whether it has been generated before.

Subprocedure Bridge(p(T), i, k) generates additional rules that bridge missing
parts in the incomplete derivation tree represented by the set of terms in D.
The process nondeterministically chooses six operations, as shown in Fig. 2. In
operations 5 and 6, nonterminal symbols ¢ and r are nondeterministically chosen
from either previously used symbols or new symbols. The DCG term U and V'
of these symbols are also nondeterministically chosen from the subterms of the
term T' of the parent node. Subprocedure AddRule(R) first searches for a rule
R’ in the set P that has the same form as R in the sense that R and R’ differ
only in the DCG terms. It then replaces R’ with the lgg of R and R’, or simply
adds R to P.

Synapse has a special mode to efficiently generate DCG rules for SDTS. When
this mode is selected, each DCG term is restricted to a difference list, and the
rules are restricted to forms in Table 1. The system uses these restrictions for
generating rules for SDTS in Operation 5 and 6 in Fig. 2 and in generalization
in subprocedure AddRule.
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Procedure RuleGeneration(w,s(1s), K) (Comment: w : an input string, s(7T') :
the starting symbol with a DCG term, K : the bound for the number of rules.
Global variable P holds a set of rules.)

Step 1 (Initialize variables.)

D «— 0. (D is a set of 3-tuples (B3(U),1,5).)
k < |P|. (k holds the initial number of rules in P.)
Step 2: (Parsing by inverse derivation)
For each a;,1 <1i <n =|w|in w, call Derive(a;,i — 1,7) in order.
If (s(T7),0,n) € D and Ty »= T then terminate (Success).
Step 3: (Bridging rule generation)
If |P| > K then terminate (Failure).
Call procedure Bridge(s(T),0,n).
Terminate (Success). (Return the set P of rules).

Procedure Derive(f,i,5) (3 : either a terminal a nonterminal term, 7, j : inte-
gers for representing the positions of a substring. )

1. Add (B,7,k) to D. If p(W) — B’ € P such that 8 = 3, then add
(p(W0),5,k) to D.
To synthesize an unambiguous grammar, check ambiguity.

2. if p(W) - af € P and (’,4,j) € D with a =¢ o’ and 8 = ', then add
(p(W0),1,k) to D, and call Derive(p(W9),1,7).

Procedure Bridge(p(T),i,k) (p(T): a nonterminal term, 7, k : integers.)
Nondetermistically choose one of the operations in Fig. 2.

Procedure AddRule(R) (R: arule.)

Nondereminsitically choose one of the following process 1 or 2.
1. If P contains a rule R’ such that R differs from R’ only in DCG terms,
delete R’ from P and add the lgg of R and R’ to P. Else add R to P.
2. Add R to P.

Fig. 1. Procedure for Rule Generation by Bridging

5 Search for Rule Sets

The inputs to Synapse are ordered sets Sp and Sy of positive and negative
samples, respectively, and a set Py of initial rules for incremental learning of the
grammars. Samples for learning a CFG are strings, whereas those for learning
DCGs are pairs of strings and atoms of the form s(T") with DCG terms T'. The
system searches for any set P of rules with Py C P such that all the strings in
Sp are derived from P but no string in Sy is derived from P. Synapse has two
search strategies, global and serial search, for finding rule sets.

Fig. 3 shows the top-level procedure for the global search for finding mini-
mal rule sets. The system controls the search by the iterative deepening on the
number of rules to be generated. First, the number of initial rules is assigned to
the bound K of the number of rules. When the system fails to generate suffi-
cient rules to parse the samples within this bound, it increases the bound by one
and iterates the search. By this control, it is assured that the procedure finds
a grammar with the minimal number of rules at the expense that the system
repeats the same search each time the bound is increased.
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Op- 1 (p(T), i, k)
[ }

(8,4, k)

a; ceeag a; - a;ha; - ak a; ceeag

a; +-- aj-ia; ‘- Qg ay - aj—1a; -+ Qg al - aj—ia;j -+ Qg

Op. 1 If (8,i,k) € D, call AddRule(p(T) — 3).

Op. 2 If (8,4,7) € D and (v, j,k) € D, call AddRule(p(T) — B7).

Op. 3 If p(T) — q(S) € Pwith T =4 T’, call Bridge(q(S0),i,k).

Op. 4 If p(T") — Br(U) € P with T = T’, and (30,1,7) € D with 3 =4 ', call
Bridge(r(U'), i, k).

Op. 5 If (8,i,7) € D, call AddRule(p(T) — Br(U)) and call Bridge(r(U), j, k).

Op. 6 For each j,i +2 < j < k — 2, call AddRule(p(T) — q(U)r(V)) and call
Bridge(q(U),1,j) and call Bridge(r(U), j, k).

— In Operations 5 and 6, each of U and V is a nondeterminstically chosen sub-
term of T, and the nonterminal symbols g and r are nondeterminstically chosen
among the symbols that occurs in P and a newly generated symbol.

— This figure only shows one side of the symmetrical operations 4 and 5.

Fig. 2. Rule Generation Operations

5.1 Serial Search and Search for Semi-minimal Rule Sets

In the serial search, the system generates additional rules for each positive sample
by iterative deepening. After the system finds a rule set satisfying a positive
sample and no negative samples, the process does not backtrack to redo the
search on the previous samples. By this search strategy, the system generally
finds semi-minimal rule sets in shorter computation time. Other methods for
finding semi-minimal rule sets include using non-minimal nonterminal symbols
in rule generation and restricting the form of the generated rules. These methods
generally increase the efficiency of searching for rule sets at the cost that the rule
sets found may not be minimal.

5.2 Experimental Results on Learning CFG and DCG

The experimental results in this paper were obtained with Synapse Version 4,
written in Prolog, using a Xeon processor with a 3.6 GHz clock and SWI-Prolog
for Linux.
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Procedure GlobalSearch(Sp,Sn,Po) (Sp and Sy are ordered sets of positive
and negative samples, respectively, each of which is a pair of a string and the
starting symbol with a DCG term. Py is a set of optional initial rules.)

Step 1 (Initialize variables.)

P «— Py (P is a global variable holding the set of rules).
K « | Py (the bound of the number of rules for iterative deepening).
Step 2: For each (w,s(T")) € Sp, iterate the following operations 1 and 2.
1. Call RuleGeneration(w, K).
2. For each (v,p(U)) € Sn, test whether P derives v from p(U) by the parsing
algorithm. If there is a string v derived from P, then terminate (Failure).
If no set of rules is obtained, then add 1 to K and iterate Step 2.
Step 3: Output the result P, and terminate (Success).
For finding multiple solutions, backtrack to the previous choice point.

Fig. 3. Top-Level Procedure for Global Search

Synapse recently synthesized all the CFGs of the problems in Hopcroft and
Ullman’s textbook [8] from only the samples®. The problems include not only
basic languages, such as parenthesis language and palindromes, but also non-
trivial languages such as the set of strings containing twice as many b’s as a’s,
strings not of the form ww, and the set {a’b’c* |i = j > 1 or j =k > 1}.

The experimental results show that the computation time by serial search is
much faster than by global search at the expense of 1.0 to 3 times larger sizes
of the rule sets in most cases. There are, however, rare cases where the learning
by serial search does not converge for large volume of samples. We are currently
working on solving this problem by introducing a more powerful search strategy.
The restrictions to the form of the rules are also effective in speeding up the
search, although the rules sets are slightly larger.

Ezxample 4: Reversal The following pairs are some examples of positive samples
for learning a DCG for reversal.

[a] - [a]. [b] - [b]. [a,b] - [b,al.
[b,a] - [a,b]. [a,a,b] - [b,a,al. [a,a,b,a]l- [a,b,a,a].

Given these samples and no negative samples, Synapse synthesized the following
DCG rules after generating 12 rules in 0.13 sec.

s([alX]/X) -—> a. s([blX]/X) --> b.
s(X/Y) -—> s(zZ/Y), s(X/2).

By the serial search, the same rule sets are found after generating 21 rules in
less than 0.1 sec. This DCG of three rules is smaller than the DCG for reversing
strings in Example 3 in Section 2.

Synapse synthesized the DCG rules for the language {a"b"c¢" | n > 1} in
Example 2 in Section 3 after generating 6.5 x 10° rules in 3200 sec. by giving

! Detailed experimental results at the time 2006 are shown in [14].
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three initial rules p(1) --> [a], q(1) --> [bl, r(1) --> [c] in addition to
the positive and negative samples.

6 Learning Translation in Simple Compiler

This section shows experimental results of learning translation of arithmetic ex-
pressions and assignment statements into an object language called SIL (Simple
Intermediate Language). This language is similar to P-code and byte-code, which
were originally designed for intermediate languages of Pascal and JAVA com-
pilers, respectively. In these languages, object codes for arithmetic and logical
expressions are based on the inverse Polish notation. The language SIL includes
the following instructions.

— load(T,V) pushes the value of variable (symbolic address) V of type T, which
is either 1 or £ (float), to the top of the stack.

— push(T,C) pushes a constant C of type T to the top of the stack.

— store(T,V) stores the value at the top of the stack to variable (symbolic
address) V of type T.

— Arithmetic operations: fadd, fsubt, fmult, fdivide. These float type
operations are applied to two values on the stack and return the result at
the top of the stack instead of the two values.

— call(n,S) calls function S with n parameters, which are placed at the top
of the stack. The function returns the value at the top of the stack.

Note that although every instruction is typed, we deal with only object codes of
float type in this paper.

6.1 Step One: Learning Translation of Arithmetic Expression

For reducing the computation time, we divide the learning of translation into two
steps, and use incremental learning. In the first step, we gave Synapse positive
and negative samples as shown in Fig. 4 and the initial rules in Fig. 5 (a).
Each of the samples is a pair of an arithmetic expression and an object code in
SIL. The negative samples containing symbol X in the right hand side represent
restriction only on the source language. We assume that the rules for a and b
are generated by processing constants, and those for x and y by declarations of
the variables.

Synapse was made to search unambiguous DCGs with the starting symbol s1.
The system synthesized eight DCG rules in Fig. 6 (a) after generating 3.4 x 106
rules in approximately 2000 sec by the global search. Among the positive samples,
only the first nine samples were directly used for generating the grammar and
the other positive samples are used for checking of the translation; the system
parsed these samples without generating any additional rules. For the learning,
24 randomly chosen negative samples including Fig. 4 were sufficient.
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Positive samples

a : push(f,a). ( a) : push(f,a).
a + a : push(f,a),push(f,a),fadd. a * a : push(f,a),push(f,a),fmult.
a/a: push(f a) ,push(f,a),fdivide. a - a : push(f,a),push(f,a),fsubt.
a + a + a : push(f,a),push(f,a),fadd,push(f,a),fadd.
a * a + a : push(f,a),push(f,a),fmult,push(f,a),fadd.
a / a+ a : push(f,a),push(f,a),fdivide,push(f,a),fadd.
a - a+ a : push(f,a),push(f,a),fsubt,push(f,a),push(f,a),fadd.
(a) + a : push(f,a),push(f,a),fadd.
a + a *x a : push(f,a),push(f,a),push(f,a),fmult,fadd.
a * a x a : push(f,a),push(f,a),fmult,push(f,a),fmult.
Negative samples

(a: X. a) : X. (+a: X. (*xa: X.

+ a @ X. * a @ X. a + : X. a *x : X.

a + a : push(f,a),fadd,push(f,a).

a * a : push(f,a),fmult,push(f,a).

a + a + a : push(f,a),push(f,a),push(f,a),fadd,fadd.

a * a + a : push(f,a),push(f,a),push(f,a),fmult,fadd.

a + a * a : push(f,a),push(f,a),fadd,push(f,a),fmult.

Fig. 4. Samples for translating arithmetic expressions into the object codes in SIL for
Step One

(a) Initial rules for Step One

n([push(f,a) |Y]/Y) --> a. n([push(f,b) [Y]/Y) --> b.
n([load(f,x)|Y]/Y) --> x. v([store(£f,x)|Y]/Y) --> x.
n([load(f,y) IY]/Y) --> y. v([store(f,y) IY]/Y) --> y.
opl([fadd|Yl/Y) --> +. opl([fsubt|Y1/Y) --> -.
op2([fmult|Y1/Y) --> *. op2([fdivid|Y]/Y) --> /.
1p(Y/Y) ——> (. rp(Y/Y) -=>2)7.

(b) Initial rules for Step Two
op3(Y/Y) -—> =. s(X/Y) --> si.
fn([call(1,sin) |Y]/Y) --> sin. fn([call(1,cos) |Y]/Y) --> cos.

Fig. 5. Initial DCG rules for translating arithmetic expressions and assignment state-
ments into object codes in SIL

6.2 Step Two: Learning Translation of Function Calls and
Assignment Operator

In the second step, we gave Synapse the samples including those in Fig. 7, and
made the system search for rules for translating function calls and assignment
operator (=), based on the result of the first step. The starting symbol was set
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(a) Rules for Arithmetic Expressions Synthesized in Step 1

s1(X/Y) -—> e(X/Y). s — e, e
s1(X/2) --> s1(X/Y), £(Y/Z). s > sf, fp
£(X/Z) --> op1(Y/Z), e(X/Y). p — opl e, e opl
e(X/Y) -—> n(X/Y). e —n, n
e(X/2) --> e(X/Y), g(¥/2Z). e > eg,eg
g(X/Z2) --> op2(Y/Z), n(X/Y). r — op2 n, n op2
n(X/Z) --> 1pX/Y), p(Y/Z). s — 1lpp, 1Ipp
p(X/Z) --> s1(X/Y), rp(Y/Z). P — S Ip, S Ip
(b) Rules for Function Calls and “=" Operator Synthesized in Step 2
n(X/2) --> tn(Y/Z), qX/Y). n — fn q, q fn
q(X/z) --> 1p&X/Y), p(Y/Z). n— lpp, lIpp
s(X/Z) --> v(Y/Z), r(X/Y). s > VvVr, TrVv
r(X/Z) --> op3(Y/Z), s(X/Y). q — op3 s, op3 s

Fig. 6. Synthesized DCG rules and the corresponding SDTS rules for translating ex-
tended arithmetic expression into object codes in SIL

to s. The initial rules are composed of the synthesized rules in Step One in Fig.
6 (a) and all the initial rules in Fig. 5, which include s(X/Y) --> s1, (s — s1
in SDTS).

By incremental learning, Synapse synthesized the four additional rules in Fig.
6 (b) after generating 1.8 x 107 rules in 4400 sec. Only the first four positive
samples were directly used for generating the grammar and the other positive
samples are used for checking of the translation. In Step two, 24 randomly chosen
negative samples were also sufficient.

The synthesized DCG contains the CFG for the extended arithmetic expres-
sions, which specifies that:

1. The precedence of the operators in op2 (* and /) is higher than that of op1
(+ and -), which is higher than the assignment operator “="; and

2. All arithmetic operators of op1 and op2 are left associative. The operator
is right associative. (Note that this associativity is coincident with that of C

language. In many languages, the assignment operator is non-associative.)

="

The synthesized DCG rules can be converted to usual Prolog rules by adding
two arguments for the difference lists representing the input strings. Since the
DCG is left recursive, we needed to remove the left recursion by folding some of
the clauses. The obtained program is executed as follows.

7- s(X/[],[a,*,b,*,b,*,’(’,a,+,x,’)’],[]).
X = [push(f,a),push(f,b),fmult,push(f,b),fmult,push(f,a),
load(f,x),fadd,fmult]

- S(X/[] B [X:=)Y)=)Sin,’ (7 ’a)+3b)*)y,’) 7] s []) .
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Positive samples

x = a : push(f,a), store(f,x). sin ( a ) : push(a),call(l,sin). x
= a + b : push(f,a), push(f,b),fadd, store(f,x). x =y = a :
push(f,a), store(f,y),store(f,x). sin ( a + b )
push(f,a) ,push(f,b),fadd,call(l,sin). sin (a ) + b :
push(f,a),call(l,sin) ,push(f,b),fadd. sin ( a ) * b :
push(f,a),call(l,sin) ,push(f,b) ,fmult. sin ( a ) * cos ( b )
push(f,a),call(l,sin), push(f,b),

call(1l,cos),fmul.
sin ( cos ( b ) ) : push(f,b),call(l,cos),call(l,sin). sin ( a + b
) : push(f,a),push(f,b),fadd,call(l,sin).

Negative samples

sin a : X. sin + a : X. sin * a : X. sin a ) : X.
sin (a ) a : X. sin ) : X. sin sin : X. sin + : X
sin * : X. =aa) : X. =a : X. (=a:X. (
a=a: X. a=x: X. =x (a) : X. a=bb: X. x
= a + b : push(f,a),store(f,x),push(f,b),fadd.

Fig. 7. Samples for learning DCG for translating extended arithmetic expressions with
function calls and assignment operators into the object codes in SIL

X = [push(f,a),push(f,b),load(f,y),fmult,fadd,call(l,sin),
store(f,y),store(f,x)] ;

The computation is deterministic, and each query has only one solution.

7 Concluding Remarks

We showed an approach for machine learning of grammars and compilers of
programming languages based on grammatical inference of DCG and SDTS,
and showed the experimental results. The results of this paper are summarized
as follows.

1. We extended the incremental learning of minimal, or semi-minimal, CFGs
in the Synapse system to those of DCG and of SDTS.

2. Synapse synthesized a set of rules in SDTS for translating arithmetic expres-
sions with function calls and assignment operators into object codes from
samples of the translation. This set of SD'TS rules can be used as a compiler
in Prolog that outputs object codes in the intermediate language SIL.

3. The synthesized SDTS rules contain an unambiguous CFG for the extended
arithmetic expressions, which specifies the precedence and associativity of
the operators.

Although we showed learning of only a portion of compiling process of of the
existing language, the learning system synthesized an essential part of the com-
piler from samples of translation. This approach can be used for produce the
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grammar of a new language and at the same time implement the language from
the samples of source programs and object codes.

We are currently working to improve the methods of learning DCGs and
SDTSs, and extending the compiler to include type check and type conversion
and to translate other statements and declarations. For type checking, the non-
terminal symbols need to have additional parameters for the type. As the control
instructions in the object codes generally have labels, we need a non-context-free
language for the object codes. Other future subjects include:

— Theoretical analysis of learning DCG and SDTS.

— Clarifying the limitations of our methods in learning grammars and compilers
of programming languages.

— Applying our approach for learning DCG to syntactic pattern recognition.

— Applying our approach for learning DCG to general ILP, and inversely ap-
plying methods in ILP to learning DCG and SDTS.
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Abstract. In this paper, we address the semi-supervised learning prob-
lem when there is a small amount of labeled data augmented with pair-
wise constraints indicating whether a pair of examples belongs to a
same class or different classes. We introduce a discriminative learning
approach that incorporates pairwise constraints into the conventional
margin-based learning framework. We also present an efficient algorithm,
PCSVM, to solve the pairwise constraint learning problem. Experiments
with 15 data sets show that pairwise constraint information significantly
increases the performance of classification.

Keywords: classification, pairwise constraints, margin-based learning.

1 Introduction

Learning with partially labeled training data, also known as semi-supervised
learning, has received considerable attention, especially for classification and
clustering [1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17]. While labeled data is usu-
ally expensive, time consuming to collect, and sometimes requires human domain
experts to annotate, unlabeled data often is relatively easy to obtain. For this
reason, semi-supervised learning has mainly focused on using the large amount
of unlabeled data [18], together with a small amount of labeled data, to learn
better classifiers. Note that unlabeled data may not always help. For example,
[19] showed that unlabeled data can degrade classification performance even in
situations where additional labeled data would increase the performance. Hence,
partially labeled data is an attractive tradeoff between fully labeled data and
unlabeled data.

In this paper, we investigate the usefulness of partially labeled information
in the form of pairwise constraints. More specifically, a pairwise constraint be-
tween two items indicates whether they belong to the same class or not. Similar
to unlabeled data, in many applications pairwise constraints can be collected au-
tomatically, e.g. in [1], pairwise constraints are extracted from surveillance video.
Pairwise constraints also can be relatively easy to collect from human feedback:
unlike labels that would require users to have prior knowledge or experience
with a data set, pairwise constraints require often little effort from users. For
example, in face recognition, it is far easier for users to determine if two faces
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belong to the same nationality, than it would be for the same users to classify
the faces into different nationalities.

In this paper, we propose a discriminative learning approach which incorpo-
rates pairwise constraints into the conventional margin-based learning frame-
work. In extensive experiments with a variety of data sets, pairwise constraints
significantly increase the performance of classification. The paper is structured
as follow: in section 2, we describe in detail our classification algorithm, PCSVM,
which incorporates pairwise constraints; in section 3, we review related work on
semi-supervised learning with pairwise constraints; the experimental results and
conclusion are given in section 4 and 5, respectively.

2 Classification with Pairwise Constraints

In the supervised setting, a learning algorithm typically takes a set of labeled
training examples, L = {(x;,y;)}", as input, where z; € X and y; belongs to
a finite set of classes called ). For our learning framework, in addition to the
labeled data, there is additional partially labeled data in the form of pairwise
constraints C = {(mf,x?ﬂﬂ}{il where mfﬂm]ﬁ € X and y; € {+1,—1} is the
indicator of whether 2 and a;f belong to the same class (y; = +1), or not (y; =
—1). Ultimately, the goal of classification is to form a hypothesis h : X' +— ).
First, we review the margin-based multiclass classification, also known as the
multiclass-SVM proposed by [20]. Consider a mapping @ : X x )V +— F which
projects each item-label pair (z,y) € X x Y to &(x,y) in a new space F,

z-I(y=1)
P(z,y) =

b

e I(y =Y

where Z(+) is the indicator function. The multiclass-SVM learns a weight vector
w and slack variables & via the following quadratic optimization problem:

OPTIMIZATION PROBLEM I: MULTICLASS-SVM

D T
i, gl 36 0

subject to:
V(i,yi) € Ly; € Y\yi: w” [ D@, ) — Plas, ;)] =2 1 - &
After we have learned w and &, the classification of a new example,z, is done by

h(z) = argmax w? d(z,y).
yey

In this margin-based learning framework, we observed that for a training
example (x;,y;) € L the score associated with the correct label y;, w? ®(x;, y;),
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Fig. 1. Illustration of how the relative positions of the scores associated with different
labels, w” ®(x;,-), change from before training to after training for a fully labeled
example

Fig. 2. Illustration of how the relative positions of the pairwise scores associated with
label-pairs, w” $(x¢, a:iﬂ, -, +), change from before training to after training for a positive
pairwise constraint

is greater than the scores associated with any other labels y; # v;, wl ®(z;,y;),
by at least the amount, 1 — ;. In Figure 1, we demonstrate how the relative
positions of the scores associated with different labels, w” ®(z;, ), change from
before training to after training for a fully labeled example, (z;,y;).

In a similar manner, we will incorporate the pairwise constraint information
into the margin-based learning framework. Specifically, given a positive pairwise
constraint (z%, xf ,+1), we want the maximum score associated with the same-
label pairs y$* = yf ,

s, [ (o oy )]
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to be greater than the maximum score associated with any different-label pairs
v # )
max, {wT@(mfﬂmiﬁ, Y5, yf)] ,
Y FY;
by a soft margin of at least 1 — v;. Similarly, for a negative pairwise constraint
(zf, x]ﬂ ,—1) we have the following inequality,
max, wTQS(ac;‘7mf,y;‘,yf)] — max {wT@(m?7mf,yj‘,yf)} >1—-v;.
yj ;éyj yj :yj
In Figure 2, we demonstrate how the relative positions of the pairwise scores
associated with label-pairs, w’ ®(z¢, x? ,+, ), change from before training to after
training for a positive pairwise constraint, (xf‘,x? ,+1). In our framework, we
define the mapping of a pairwise constraint as the sum of the individual example-
label scores,
Saf,xl,yfy)) = D(af uf) + D ).
Formally, the pairwise constraint SVM classification (PCSVM) learns a weight
vector w and slack variables &, v via the following margin-based quadratic opti-
mization problem:

OPTIMIZATION PROBLEM II: PCSVM

. A ) 1 n m
ol <§§ +;Vi> (2)
subject to:
V(zi,yi) € Ly, € Vi o w’ (B, y:) — P2, 9;)] > 1 - &,

V(mf‘,mf,ﬂz) eCt:

max {wTé(xf‘, m?,yf‘,y?)] — max {wTé(x?,xf, Y, yf)] >1-y,
ye =y ye Ay,

V(xf‘,m]ﬂ,ﬂz) eC :

max, {uﬂ@(m?, acﬁyﬁyf)] — max {wT¢(ac?7miﬁ, Y, yzﬁ)] >1-—y;,
Y FY; Vi =Y

where C* = {(mfﬂmf,ﬂﬁ €C |y =+1}and C = {(mfﬂmf,ﬂﬁ eC |y =
—1} are the set of same/positive constraints and different/negative constraints
respectively. The classification of test examples is done in the same manner as
for the multiclass SVM classification.

In order to solve the pairwise constraint SVM classification, we extend the
Primal QP solver by [21]. The PCSVM is a simple and effective iterative algo-
rithm for solving the above QP and does not require transforming to the dual
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Algorithm 1. Pairwise Constraint SVM Classification (PCSVM)

Input: L - the labeled data, C - the pairwise constraint data
A and T - parameters of the QP

Initialize: Choose w; such that ||w1| < 1/v/A
fort=1to T do

Set A = {(xl,yl) € L | wfd(z,yi) — max w?@(zi,yi) < 1}

Yi#Yi

Set AT = {(x;*,xf,@) € Ct | max [wf®(@f,al,y,y0)|
Yy =y;

— max [w?@ x?,xf»y?7yiﬁ) < 1}

y§ £yl
< 1}

n
Set w1 = (1 —mNwe + ., +‘m | Z) R [D(zi,y:) — P(xi,y,)]
Ti,Yi)€

e e 3 a 3«
+ Z |:¢(xz7$;67y+7y{|—)_é(xz7$£7y77y€):|
(@) G AT

Set A~ = {(m?,xf,@-) € C™ | max [w?@(

[l o, 27y, 00)]
YAy

(
— max [w?é(x?,if’y?»yiﬁ)
y?:yf

1
Set 1y =
= N

(ag ) G €A~
where y = argmax w{ ®(z:,v;),

Yi AY
w5 v)) = argmax wl oz, 27y, y°),
yr=y
(y2,y”) = argmax w{ &(=, z}, y*, y°)
y@#yP
. 1/V A
Set w¢41 = min { 1, s W1
Hthré I 2

end for

Output: wri

formulation. The algorithm alternates between gradient descent steps and pro-
jection steps. In each iteration, the algorithm first computes a set of labeled
examples A C L, a set of positive pairwise constraints AT ¢ CT, and a set of
negative pairwise constraints A~ C C~ that contain violated examples and pair-
wise constraints. Then the weight vector w is updated according to the violated
sets A, AT, and A ™. In the projection step, the weight vector w is projected to
the sphere of radius 1/\/)\. The details of the PCSVM are given in Algorithm 1.
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We observed that if w; = 0 then w; can be written as
we =Y Py ®(x,y).
z,y

Hence, we can incorporate the usage of kernel when computing inner product
operations, i.e.:

(w,d(x',y") Z ooy K(z,y,2',y)

||w||2 Z Z Paypury K(z,y,2',y")

zy x'y’

In our experiments, we use the polynomial kernel,
K(z,y,2',y) = (B(z,y), D', y'))",

where polynomial kernel degree d is chosen from the set {1,2,3,4,5}.
The efficiency and guaranteed performance of PCSVM in solving the quadratic
optimization problem is shown by the following theorem:

Theorem 1. Let

max|#(z, )],
R = 2max ’

Cmax 6@z, 27,y )|
T, YTy

then the number of iterations for Algorithm 1 to achieving a solution of accuracy
§>0is O(R?/(X0)).

3 Related Work

For classification, pairwise constraints have been shown to improve the per-
formance of classifiers. In [3,4,5,6,7,8,9], pairwise constraints is used to learn a
Mahalanobis metric and then apply distance-based classifier such as KNN to the
transformed data. Unlike our proposed method, most metric learning algorithms
deal with labeled data indirectly by converting into pairwise constraints. In ad-
dition, the work of [1,2] is most related to our proposed algorithm. In [1], the
authors also presented a discriminative learning framework which can learn the
decision boundary with labeled data as well as additional pairwise constraints.
However, in the binary algorithm, PKLR proposed by [1], a logistic regression
loss function is used for binary classification instead of the hinge loss. In [2],
the authors proposed a binary classifier which also utilizes pairwise constraint
information. The proposed classifier, Linear-PC, is a sign-insensitive estimator
of the optimal linear decision boundary.

! The proof of Theorem 1 is omitted since it is similar to the one given in [21].
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Similarly, pairwise constraints have also shown to be successful in the semi-
supervised clustering [10,11,12,13,14,15,16,17]. In particular, COPKmeans [11]
is a semi-supervised variant of Kmeans. COPKmeans follows the same clus-
tering procedure of Kmeans while avoiding violations of pairwise constraints.
In addition, MPCKmeans [17] utilized both metric learning and pairwise con-
straints in the clustering process. In MPCKmeans, a separate weight matrix for
each cluster is learned to minimize the distance between must-linked instances
and maximize the distance between cannot-link instances. Hence, the objective
function of MPCKmeans minimizes cluster dispersion under the learned metrics
while reducing constraint violations. However, most existing algorithms can only
find a local-optimal solution for the clustering problem with pairwise constraints
as users’ feedback.

4 Experiments

We evaluate our proposed algorithms on fifteen data sets from the UCI repository
[22] and the LIBSVM data [23]. A summary of the data sets is given in Table
1. For the PCSVM algorithm, we set the parameters used in the experiments as
follows: (i) the SVM X parameter is chosen from {10°}7__,; (ii) the kernel degree,
d, is selected from the set {1,2,3,4,5}; (iii) the number of pairwise constraints
is from the set {10, 20, 40, 80, 160}; (iv) the number of label examples is chosen
from the set {1,...,5}2. The parameters, A and d, are selected using two fold
cross validation on the training pairwise constraints.

Table 1. A summary of the data sets

DATA SETS CLASSES S1ZE FEATURES
AUSTRALIAN 2 690 14
SPAMBASE 2 2300 57
IONOSPHERE 2 351 34
GERMAN 2 1000 24
HEART 2 270 13
DIABETES 2 768 8
LIVER-DISORDER 2 345 6
SPLICE 2 3175 60
MUSHROOM 2 8124 112
SVMGUIDE2 3 391 20
VEHICLE 4 846 18
DERMATOLOGY 6 179 34
SATIMAGE 6 6435 36
SEGMENT 7 2310 19
VOWEL 11 990 10

2 Both the pairwise constraints and label examples are randomly generated.
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Fig. 3. Classification Performance of 9 binary data sets using 5 label points per class:
PCSVM, Linear-PC, and PKLR

Fig. 4. Average classification performance of 9 binary data sets: PCSVM, Linear-PC,
and PKLR
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Fig. 5. Classification Performance of 15 data sets using 5 label points per class:
PCSVM, SVM, and SVM-AIl

In the first set of experiments, we compare the performance of the PCSVM
against the two other methods proposed by [1,2], called PKLR and Linear-PC re-
spectively, on 9 binary data sets. In Figure 3, we plot the performance of PCSVM,
Linear-PC, and PKLR versus the number of pairwise constraints when there are 5
fully labeled examples per class. To summarize the information, Figure 4 presents
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Fig. 6. Average classification performance of 15 data sets

the same information by averaging across 9 binary data sets. For different num-
bers of pairwise constraints and different numbers of fully labeled examples, we
observe that both PCSVM and PKLR show significant improvement over Linear-
PC. The inferior performance of Linear-PC is due to the fact that the estimator
only finds the optimal linear decision boundary. On the other hand, PCSVM and
PKLR are able to handle the non-linear separable case by utilizing the non-linear
kernel functions. In addition, we also observe that PKLR tends to produce bet-
ter performance than PCSVM when the number of training pairwise constraints
is small. As the number of pairwise constraints increases, PCSVM outperforms
PKLR. An explanation of this phenomenon is that the loss function of PCSVM is
not formulated specifically for binary classification.

In the second set of experiments, we compare the performance of the PCSVM
against SVM and SVM-AIl. SVM is only trained on the labeled data but ignores
the pairwise constraint information. On the other hand, SVM-AIl is not only
trained on the labeled data but also use the examples in the pairwise constraint
data where the true labels are revealed to the algorithm. In Figure 5, we plot the
performance of the PCSVM versus the number of pairwise constraints presented
in the training set when there are 5 labeled examples per class for all 15 data sets.
To summarize the information, Figure 6 shows the same information but aver-
aging across 15 data sets. Across all data sets, we observe that the performance
of the PCSVM is between that of SVM and SVM-AIL. This behavior is what we
should expect since pairwise constraint information helps to improve the perfor-
mance of PCSVM over SVM which does not use this information; and labeled
data should still provide more discriminative information to the SVM-AIll than
pairwise constraint information could do to the PCSVM. Note that PCSVM,
by learning from the pairwise constraints, on average yields half or more of the
error reduction that could be achieved by learning with labels. Hence, SVM and
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SVM-AIl can be viewed as the lower and upper bound on the performance of
PCSVM.

5 Conclusion

In this paper, we study the problem of classification in the presence of pairwise
constraints. We propose a discriminative learning approach which incorporates
pairwise constraints into the margin-based learning framework. We also present
an efficient algorithm, PCSVM, that integrates pairwise constraints into the
multiclass-SVM classification. In experiments with 15 data sets, pairwise con-
straints not only improves the performance of the binary classification in com-
parison with two other methods (Linear-PC and PKLR) but also significantly
increase the performance of the multiclass classification.

Acknowledgments. This work was supported by NSF CAREER Grant #
0347318.
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Abstract. In this paper, we address the metric learning problem uti-
lizing a margin-based approach. Our metric learning problem is formu-
lated as a quadratic semi-definite programming problem (QSDP) with
local neighborhood constraints, which is based on the Support Vector
Machine (SVM) framework. The local neighborhood constraints ensure
that examples of the same class are separated from examples of different
classes by a margin. In addition to providing an efficient algorithm to
solve the metric learning problem, extensive experiments on various data
sets show that our algorithm is able to produce a new distance metric to
improve the performance of the classical K-nearest neighbor (KNN) algo-
rithm on the classification task. Our performance is always competitive
and often significantly better than other state-of-the-art metric learning
algorithms.

Keywords: metric learning, K-nearest neighbor classification, SVM.

1 Introduction

The distance metric learning problem, i.e. learning a distance measure over an
input space, has received much attention in the machine learning community
recently [1,2,3,4,5,6,7,8,9,10]. This is because designing a good distance metric is
essential to many distance-based learning algorithms. For example, the K-nearest
neighbor (KNN) [11], which is a classical classification method and requires no
training effort, critically depends on the quality of the distance measures among
examples. The classification of a new example is determined by the class labels
of the K training examples with shortest distances. Traditionally the distance
measure between two examples is defined to be the Euclidean distance between
the features of the examples.

Although KNN is a simple method by nowadays standard, it is still an active
research area [12,13], widely used in real-world applications [14], and serves as
a basic component in more complex learning models [15,16]. Hence, improving
KNN prediction accuracy would have a significant impact on this part of the
machine learning community.

The performance of the KNN algorithm is influenced by three main factors: (i)
the distance function or distance metric used to determine the nearest neighbors;
(ii) the decision rule used to derive a classification from the K-nearest neighbors;

W. Daelemans et al. (Eds.): ECML PKDD 2008, Part II, LNAI 5212, pp. 125-136, 2008.
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and (iii) the number of neighbors used to classify the new example. Ideally
the distance function should bring examples with the same labels closer to one
another and push examples with different labels further apart. However, the
ideal distance metric is hard to achieve. On the other hand, it is clear that with
the right distance metric, KNN can perform exceptionally well using a simple
majority-voting decision rule and a fixed number of nearest neighbors. Hence,
in this paper we focus on the first main factor of KNN to derive a good distance
function utilizing the maximum-margin approach [17].

Our approach presented in this paper is to learn a Mahalanobis distance func-
tion by minimizing a quadratic objective function subject to local neighborhood
constraints. The goal of this optimization is, for every example, to bring exam-
ples of the same class close and to separate examples from other classes by a large
margin. This goal is very similar to the one proposed in [7]. However, in [7] the
authors solved a different optimization problem via semidefinite programming.
In our framework, similar to most other support vector machine approaches our
proposed algorithm is able to handle the non-linear separable cases by utilize
the kernel trick. Finally, our extensive experiments with various data sets from
the UCI repository show that our proposed metric learning algorithm is able to
produce a better distance function that helps improve the performance of KNN
classification in comparison to other state-of-the-art metric learning algorithms.

The paper is organized as follows: in section 2, we describe our metric learning
algorithm via the support vector machine approach in detail; in section 3, we
review other state-of-the-art metric learning algorithms; the experimental results
and conclusions are presented in section 4 and 5.

2 DMetric Learning: A Margin-Based Approach

In this section, we consider the following supervised learning framework. The
learning algorithm takes a set of labeled training examples, L = {(x1, 1), (X2, ¥2),
vy (Xn, Yn )} as input, where x; € X the input space and y; belongs to a finite set
of classes denoted by ). The goal of the metric learning problem is to produce a
Mahalanobis distance function which can be used in computing nearest neighbors
for the KNN classifier. In most metric learning algorithms, a positive semidefi-
nite matrix A > 0, known as the Mahalanobis distance matrix, is learned as a
transformation matrix in computing the (squared) distance between examples x;
and x;:
da(xi,x;) = (xi — x;) T A(x; — x;).

Alternatively, we rewrite the distance function as,
da(xiy%5) = (A, (xi = x;)(xi = x;)7),
where (-, -) represents the matrix inner-product.
A desirable distance function preserves the local neighborhood property that
examples within the same class are separated from examples of different classes

by a large margin in the new distance space. This translates to the following
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local neighborhood constraint that, for each example its distance to all neigh-
boring examples of the same class is smaller than its distance to any neighboring
examples of different classes by at least a predefined margin, such as 1. Figure
1 demonstrates the idea how the neighborhood of a training example is trans-
formed after applying the new distance function. Formally, the above constraint
can be represented by the following inequalities,

V(xi,yi) € Li:
min  da(x;,%x;) > max  da(x;,%x;)+ 1, (1)
X € N(Xl) ! Xj € N(Xl) !
Yj # Vi Yj = Vi

where N (x;) represents the set of neighbor examples of x;. In the absence of
prior knowledge, the neighborhood set for each example is determined by the
Euclidean distance. Along with the labeled training data L, our metric learning
algorithm also takes an integer K in the input which servers as the size of the
constructed neighborhood N(+), as well as the input to the KNN classification
algorithm.

In our learning framework, we seek the positive semidefinite matrix that min-
imizes a quadratic objective function subject to the above constraints presented
in inequality (1). Rather than using the hard margin constraints, we incor-
porate slack variables, &, to obtain the quadratic optimization problem with
the soft margin constraints. Formally, the metric learning algorithm we propose

Fig. 1. llustration of the local neighborhood property for an example x; where before
applying the transformation (on the left) the neighborhood of x; contains both exam-
ples from the same and different classes; and after applying the transformation (on the
right), examples within the same class of x; cluster together and are separated from
examples from different classes by a large margin
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(MLSVM) learns a positive semidefinite matrix A and slack variables £ via the
following quadratic semi-definite programming problem (QSDP):

OPTIMIZATION PROBLEM: MLSVM

min AL+ Zsz (2)

A=0,£0
subject to:
V(Xi7 yi) eL:
min  da(xi,x;) > max  da(xi,x;)+1—-&,
X; EN(Xi) X EN(XZ')
Yi # Vi Yi= Yi
where | - || represents the Frobenius norm for matrices, [|A[|3 = >, > A7,

In order to solve MLSVM, we extend the Pegasos method from [18], which
is an effective iterative algorithm for solving the SVM QP via gradient descent
without the need to transform the formulation into its dual form as many other
SVM based methods do [19,20]. Our algorithm is called MLSVM, as from the
optimization problem. In each iteration, MLSVM follows three steps: gradient
descent, positive semidefinite approximation, and projection steps. In the first
step, the algorithm computes a set V C L that contains examples violating the
local neighborhood constraints. Then the matrix A is updated according to the
violated constraint set V. In the positive semidefinite approximation step, the
algorithm finds a positive semi-definite matrix A that is closest to the current
matrix A in term of the Forbenius norm, i.e.

A = argmin||A — A|%. (3)
Aro

A solution to this problem is

m
A= Z max{\;,0}v;v}

i=1
where {\;}, and {v;}, represent the m eigenvalues and the corresponding
m eigenvectors of the matrix A respectively. In other words, to obtain a nearest
positive semidefinite matrix, we simply remove the terms in the eigenvector
expansion that correspond to negative eigenvalues. In the projection step, the
matrix A is projected to the sphere of radius 1/v/A. Details of MLSVM are
presented in Algorithm 1.

Kernelizing the Algorithm

We now consider kernelizing our metric learning algorithm. In Algorithm 1, if
we initialize A; = 0 then A; can be expressed as

n o on
§ : § : T
= (pinin

i=1 j=1
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Algorithm 1. Metric Learning SVM (MLSVM)

Input: L - the labeled data
A and T - parameters of the QP

Initialization: Choose A; such that ||Ai|r < 1/VX
fort=1to T do

Set V = {(xi,y:) €L | min  da(xi,x;) — max  da(x;,x;) <1}
x; € N(xi) x; € N (%)
Yi # Yi yi = i
1
Set m: =
RV . ,
¢ - _
Set At+§ =(1—mNA: + Z [(xZ - X; ) (xi —Xx; )
(xi,y;,)EV
-\ T
- (xi=xF) (k= x)]
where x; = argmin  da(x;,x; ),
x; € N(xi)
Y # Y
x;r = argmax dA(xi,x;r)
x; € N(xi)
v = ui

Set A, » = argmin||A,, 1 — Al?
42 Eto I t+ ] I

o 1/vVA
Set A;+1 = min {1, HAH.g I } At+§

end for

Output: Ari;

Hence, we can incorporate the use of kernels when computing the matrix inner-
product operation and the Frobenius norm:

(A, xx'T) = ii k(x,x;)K(x', x;)
IAlF = ZZ%JWW‘& (i, Xir )R(xj, Xj0),

3,5 1,5’

where r(x;,%;) = ®(x;)T ®(x;) is the kernel function and @ : X — F projects
examples to a new space. In our experiment, we consider the polynomial kernel
function, i.e. £(x;, x;) = (x;,%;)%.

In the kernel space, the matrix A does not have an explicit form since A is
only expressed as A = Y71 | 77| i P(x;)P(x;)" where &(x) may have infinite
dimensions. Similar to the problem of Kernel Principal Component Analysis [21],
in order to carry out the semidefinite matrix approximation step, we now have
to find eigenvalues A > 0 and corresponding eigenvectors v € F — {0} satisfying

Av = Av. (4)
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By taking the inner-product of each @(x;) with both sides of equation 4, we
obtain the set of equations

MP(xy), v) = (P(xk), Av), Yk € {1,...,n}. (5)

In addition, all eigenvectors v that correspond with non-zero eigenvalues must
lie in the span of {®(x1), P(X2), ..., P(X,)}. Hence there exists a set of coefficients
{a;} such that

v = Zaisﬁ(xi) (6)

By substituting A = 3", ©i;P(x;)®(x;)T and equation (6) into the set of equa-
tions (5), we obtain the following set of equations

A Z ai(P(xx), P(xi)) =
i=1

> eian(@(xi), B(xi)(B(x1), B(x;)), Yk €{1,...,n} (7)
i, l=1

By stacking the set of n equations (7), we get the simplified matrix equation,
AKa = KpKa, (8)

where K is an n x n matrix whose elements K;; = (@(x;),P(x;)); « is the
column vector a = [ay, ..., a,])T; and ¢ is an n x n matrix with w5 = pij- To
find a solution of equation (8), we solve the eigenvalue problem

Aa = (K)o 9)

for nonzero eigenvalues. This will give us all solutions of equation (8) that we
are interested in.

Let A1 < A2 < ... <\, and {a',a?,...,a"} denote the eigenvalues and the
corresponding eigenvectors of oK (i.e. the solutions of equation (9)), with A,
being the first positive eigenvalue. Since the solution eigenvectors of equation

(4) must be unit vectors, i.e (vi,vi) = 1for all k € {p,...,n}, we normalize vy:
> akd(xy)
ve= , = . (10)
> afaf(@(x:), B(x;))
i,j=1

The nearest positive semidefinite matrix of A can be computed as

A= Z)\ivkvg. (11)
i=p
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In summary, to compute the nearest positive semidefinite matrix of A we fol-
low the three steps: first, compute the product matrix ¢K; second, compute its
eigenvalues and corresponding eigenvectors, after which normalize the eigenvec-
tors of A; finally, compute the nearest positive semidefinite matrix as shown in
equation (11).

3 Related Work

Metric learning has been an active research topic in the machine learning com-
munity. Here we briefly review some representative recent works on this topic.
The method proposed in [7] is the most related prior work to our learning method
since both methods aim to bring examples of the same class closer together and
to separate examples of different classes. The main difference between the two
methods is that we formulate our objective function as a quadratic semi-definite
programming problem (QSDP) instead of a semidefinite program described in
[7]. In addition, our proposed algorithm is able to incorporate many different
kernel functions easily for non-linearly separable cases.

An earlier work by [6] also used semidefinite programming based on similarity
and dissimilarity constraints to learn a Mahalanobis distance metric for cluster-
ing. The authors proposed a convex optimization model to minimize the sum
of squared distances between example pairs of similar labels subject to a lower
bound constraint on the sum of distances between example pairs of different
labels. While [6] focuses on a global constraint which brings all similar examples
closer together and separates dissimilar examples, our proposed method enforces
local neighborhood constraints to improve the KNN classification performance.

Most recently, [1] proposed an information-theoretic approach to learning a
Mahalanobis distance function. The authors formulate the metric learning prob-
lem as minimizing the LogDet divergence, subject to similarity and dissimilarity
constraints. In addition to the difference in the objective function formulation,
the number of constraints for our proposed optimization is only linear with re-
spect to the number of training labeled examples. In contrast, the number of
similarity and dissimilarity constraints of the optimization formulation in [1] is
potentially quadratic in the number of labeled training examples.

In [5], the authors proposed an online learning algorithm for learning a Ma-
halanobis distance function which is also based on similarity and dissimilarity
constraints on example pairs. The online metric learning algorithm is based on
successive projections onto the positive semi-definite cone subject to the con-
straint that all similarly labeled examples have small pairwise distances and
all differently labeled examples have large pairwise distances. Instead of using
global similarity and dissimilarity constraints, our proposed method enforces
local neighborhood constraints for each labeled training example.

In [2], Maximally Collapsing Metric Learning (MCML) algorithm is proposed
to learn a Mahalanobis distance metric based on similarity and dissimilarity
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constraints. The authors construct a convex optimization problem which aims
to collapse all examples in the same class into a single point and push examples
in other classes infinitely far apart. The main difference between our proposed
method and MCML is also the usage of the local neighborhood constraints ver-
sus the pairwise constraints between similarly labeled and differently labeled
examples.

In [3], the authors proposed Neighborhood Component Analysis (NCA) to
learn a distance metric specifically for the KNN classifier. The optimization
aims at improving the leave-one-out performance of the KNN algorithm on the
training data. The algorithm minimizes the probability of error under stochastic
neighborhood assignments using gradient descent. Although both NCA and our
method try to derive a distance function in order to improve the performance of
the KNN algorithm, we employed different optimization problem formulations.

In [8], the authors proposed a framework for similarity metric learning by
the energy-based model (EBM) from a pair of convolutional neural networks
that shared the same learning parameters. The cost function incorporated into
the EBM aimed at penalizing large distances among examples with the same
label, and small distance among example pairs of different classes. In our work,
the distance function is parameterized by a transformation matrix instead of a
convolutional neural network.

4 Experiments

In this section, we evaluate our metric learning algorithm (MLSVM) on a number
of data sets from the UCI repository [22] and the LIBSVM data [23]. A summary
of the data sets is given in Table 1.

In our experiments, we compare MLSVM against recent proposed metric
learning methods for KNN classification, namely the Large Margin Nearest
Neighbor [7] (LMNN) and Information-Theoretic Metric Learning (ITML) [1].
In addition, we also compare our method against a benchmark margin-based
multiclass classification method, i.e SVM [24]. All the compared methods learn
a new distance metric before applying KNN except SVM, which is directly used
as a classification method. The parameters of the MLSVM and SVM, A and
the degree of the polynomial kernel, are selected from the sets {10°}7__5 and
{1,2,3,4,5}, respectively. For ITML, the trade-off parameter ~ is also chosen
from the set {10°}?__,. For all metric learning algorithms, the K-nearest neigh-
bor value is set to 4 which is also used in [1]. The parameters are selected using
two fold cross validation on the training data. For all data sets, 50% of data is
randomly selected for the training phase and the rest is used for test. The ex-
periment is repeated for 10 random trials. The mean performance and standard
error of various methods are reported for each data set.

In Figure 2, we present the performance of KNN, LMNN, ITML, and SVM
against the new metric learning method MLSVM for the 9 data sets. From the
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Table 1. A summary of the data sets

DATA SETS CLASSES SIZE FEATURES

AUSTRALIAN 2 690 14
BALANCE 3 625 4

DERMATOLOGY 6 179 34
GERMAN 2 1000 24
HEART 2 270 13
IONOSPHERE 2 351 34
IRIS 3 150 4

SPAMBASE 2 2300 57
WINE 3 178 13

Table 2. Performance summary by the three metric learning algorithms and SVM

DATA SETS BEST PERFORMANCE BEST MODELS

AUSTRALIAN 0.1683 MLSVM, ITML
BALANCE 0.0047 MLSVM, SVM
DERMATOLOGY 0.0244 MLSVM, SVM

GERMAN 0.2383 MLSVM, SVM

HEART 0.1770 MLSVM, LMNN
IONOSPHERE 0.0835 MLSVM

IRIS 0.0192 MLSVM, SVM
SPAMBASE 0.1023 MLSVM, LMNN, ITML
WINE 0.0383 MLSVM, ITML

figure we clearly see that all three metric learning methods (MLSVM, ITML
and LMNN) significantly improved the KNN classification accuracy by compar-
ing with the first column, which is the raw KNN performance, with the only
exception for LMNN on the “german” dataset. SVM, as a non-metric-distance
based method also performed competitively. MLSVM is consistently among the
best performing methods across all datasets. We also present the significance
test results in Table 2. In Table 2, the second column is the best error rate
achieved by any method for a dataset, and column 3 shows all the methods
whose results are not statistically significantly different from the best result
by pair-wise t-test at the 95% level. It is interesting to notice that MLSVM
is the only model that always perform the best even comparing with the non-
metric-learning SVM classifier. This is an evidence that KNN, as a simple model,
can achieve competitive or superior classification performance compared with
SVM, if a proper distance metric can be learned. In comparison with the other
two metric-distance learning methods, namely LMNN and ITML, in our con-
ducted experiments MLSVM is more reliable in improving KNN’s performance,
as LMNN and ITML are only within the best models for 2 and 4 times respec-
tively among the 9 datasets.
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Fig. 2. Classification Error Rates of 6 different learning algorithms: KNN, LMNN,
ITML, SVM, MLSVM for 9 data sets: wine, heart, dermatology, ionosphere, balance,
iris, australian, german, and spambase

5 Conclusion

In this paper, we approached the metric learning problem utilizing the margin-
based framework with the proposed method MLSVM. The problem is formu-
lated as a quadratic semi-definite programming problem (QSDP) subject to
local neighborhood constraints. We solve the optimization problem by itera-
tively relaxing the semidefiniteness constraint of the distance matrix and only
approximate the closest semidefinite matrix after the gradient descent step. The
SVM-based formulation allows MLSVM to incorporate various kernels conve-
niently. From the conducted experiments, MLSVM is able to produce a distance
metric that helps improve this performance of the KNN classifier significantly.
Our experiments also show that our metric learning algorithm always performs
competitively and often better than the two other state-of-the-art metric learn-
ing approaches. Although KNN is arguably the most obvious application where
metric distance learning plays an important role, we plan to adapt MLSVM
to other interesting applications where a good distance metric is essential in
obtaining competitive performances.
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Abstract. The computational and/or communication constraints associated with
processing large-scale data sets using support vector machines (SVM) in con-
texts such as distributed networking systems are often prohibitively high, result-
ing in practitioners of SVM learning algorithms having to apply the algorithm
on approximate versions of the kernel matrix induced by a certain degree of data
reduction. In this paper, we study the tradeoffs between data reduction and the
loss in an algorithm’s classification performance. We introduce and analyze a
consistent estimator of the SVM’s achieved classification error, and then derive
approximate upper bounds on the perturbation on our estimator. The bound is
shown to be empirically tight in a wide range of domains, making it practical for
the practitioner to determine the amount of data reduction given a permissible
loss in the classification performance.!

Keywords. Support vector machines, kernel methods, approximate kernel ma-
trices, matrix perturbation, classification.

1 Introduction

The popularity of using support vector machines (SVM) for classification has led to
their application in a growing number of problem domains and to increasingly larger
data sets [1,2,3,4]. An appealing key feature of the SVM is that the only interface of
the learning algorithm to the data is through its kernel matrix. In many applications,
the communication-theoretic constraints imposed by limitations in the underlying dis-
tributed data collection infrastructure, or the computational bottleneck associated with a
large-scale kernel matrix, naturally requires some degree of data reduction. This means
that practitioners usually do not have the resources to train the SVM algorithm on the
original kernel matrix. Instead, they must rely on an approximate, often simplified, ver-
sion of the kernel matrix induced by data reduction.

Consider, for instance, the application of an SVM to a detection task in a distributed
networking system. Each dimension of the covariate X represents the data captured by a
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monitoring device (e.g., network node or sensor), which continuously ships its data to a
coordinator for an aggregation analysis using the SVM algorithm. Due to the communi-
cation constraints between nodes within the network and the power constraints of each
node (e.g., for battery-powered sensors), the monitoring devices do not ship all of their
observations to the coordinator; rather, they must appropriately down-sample the data.
From the coordinator’s point of view, the data analysis (via the SVM or any other algo-
rithm) is not applied to the original data collected by the monitoring devices, but rather
to an approximate version. This type of in-network distributed processing protocol has
become increasingly popular in various fields, including systems and databases [5,6],
as well as in signal processing and machine learning [7,8,9]. In the case where the coor-
dinator uses an SVM for classification analysis, the SVM has access not to the original
data set, but rather to only an approximate version, which thus yields an approximate
kernel matrix. The amount of kernel approximation is dictated by the amount of data
reduction applied by the monitoring devices.

Within the machine learning field, the need for training with an approximate kernel
matrix has long been recognized, primarily due to the computational constraints asso-
ciated with large kernel matrices. As such, there are various methods that have been
developed for replacing an original kernel matrix & with a simplified version X : ma-
trices with favorable properties such as sparsity, low-rank, etc [10,11,12,13,14].

To our knowledge, there has been very little work focusing on the tradeoffs between
the amount of data reduction and the classification accuracy. This issue has only been
recently explored in the machine learning community; see [15] for a general theoretical
framework. Understanding this issue is important for learning algorithms in general,
and especially for SVM algorithms, as it will enable their application in distributed
systems, where large streams of data are generated in distributed devices, but not all
data can be centrally collected. Furthermore, the tradeoff analysis has to be achieved in
simple terms if it is to have impact on practitioners in applied fields.

The primary contribution of this paper is an analysis of the tradeoff between data
reduction and the SVM classification error. In particular, we aim to produce simple and
practically useful upper bounds that specify the amount of loss of classification accu-
racy for a given amount of data reduction (to be defined formally). To this end, the
contributions are two-fold: (i) First, we introduce a novel estimate, called the classifica-
tion error coefficient C', for the classification error produced by the SVM, and prove that
it is a consistent estimate under appropriate conditions. The derivation of this estimator
is drawn from the relationship between the hinge loss (used by the SVM) and the 0-1
loss [16]. (ii) Second, using the classification error coefficient C' as a surrogate for the
classification accuracy, we introduce upper bounds on the change in C' given an amount
of data reduction. Specifically, let K be the kernel matrix on the original data that we
don’t have access to, K the kernel matrix induced by data reduction, and suppose that
each element of A = K — K has variance bounded by o2. Let C' be the classification
error coefficient associate to K. We express an upper bound of C' — C' in terms of o
and matrix &. The bound is empirically shown to be remarkably tight for a wide range
of data domains, making it practical for the practitioner of the SVM to determine the
amount of data reduction given a permissible loss in the classification performance.
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The remainder of the paper is organized as follows: in Section 2, we provide back-
ground information about the SVM algorithm, and describe the contexts that motivate
the need for data reduction and approximate kernel matrices; in Section 3, we describe
the main results of this paper, starting with a derivation and consistency analysis of the
classification error coefficient C, and then presenting upper bounds on the change of
C due to kernel approximation; in Section 4, we present an empirical evaluation of our
analyses; and in Section 5, we discuss our conclusions.

2 SVM, Data Reduction and Kernel Matrix Approximation

2.1 SVM Background

Inaclassification algorithm, we are given as our training data m i.i.d. samples (x;, ;)™
in X x {£1}, where X denotes a bounded subset of R<. A classification algorithm in-
volves finding a discriminant function y = sign(f(z)) that minimizes the classification
error P(Y # sign(f(X))).

Central to a kernel-based SVM classification algorithm is the notion of a kernel func-
tion K (x, ") that provides a measure of similarity between two data points  and 2’
in X. Technically, K is required to be a symmetric positive semidefinite kernel. For
such a function, Mercer’s theorem implies that there must exist a reproducing kernel
Hilbert space H = span{®(x)|x € X'} in which K acts as an inner product, i.e.,
K(xz,2') = (&(z),P(2")). The SVM algorithm chooses a linear function in this fea-
ture space f(x) = (w, ®(z)) for some w that minimizes the regularized training error:

min Z¢ (Wi f (2:) + Am W] /2. (€)

weH m

Here \,,, denotes a regularization parameter, and ¢ denotes an appropriate loss function
that is a convex surrogate to the 0-1 loss I(y # sign(f(x))). In particular, the SVM
uses hinge loss ¢(y f(x)) = (1 — yf(x))+ [3]. It turns out that the above optimization
has the following dual formulation in quadratic programming:

0<a<lm

1 1
max Z o — 2m2\ Z ooy K (2, 25). )
i m ij

For notational convenience, we define matrix @ such that Q;; = K(x;,z;)y;y;. The
solution « of the above dual formulation defines the optimal f and w of the primal
formulation via the following:

m

1
@)= Y k(). @

i=1
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2.2 In-Network Data Reduction and Approximate Kernel Matrices

As seen from the dual formulation (2), the kernel matrix K = {K(z;,z;);;} and the
label vector y = [y, .., ym] form sufficient statistics of the SVM. However, there is
substantial previous work that focuses on the application of an SVM to an approximate
version K of the kernel matrix from data reduction. We extend this work to focus in
particular on the application of SVM in distributed system environments.

Suppression of data streams and data quantization in distributed systems. A primary
motivation regarding this work is the application of SVM-based classification analysis
to distributed settings in a number of fields, including databases, distributed systems,
and sensor networks [5,6,9]. In a distributed system setting, there are d monitoring de-
vices which receive streams of raw data represented by a d-dimensional covariate X and
send the data to a central coordinator for classification analysis. Because of communi-
cation constraints, each monitoring devices cannot send all its received data; instead,
they must send as little data as possible. An e-suppression algorithm is frequently used:
each monitoring devices j, j = 1, ..., d, send the i-th data point to the coordinator only
if: | X7 — X]_,| > e. Using these values, the coordinator reconstructs an approximate
view X of the true data X, such that || X — X||o, < e. A key question in the design of
such systems is how to determine the data reduction parameter ¢, given a permissible
level of loss in the classification accuracy.

In signal processing, data reduction is achieved by quantization or binning: each
dimension of X is discretized into a given number of bins before being sent to the
central coordinator [7,8]. The bin size is determined by the number of bits available
for transmission: for bins of equal size ¢, the number of bins is proportional to 1/e,
corresponding to using log(1/¢) number of bits. As before, the coordinator receives
an approximate version X, such that | X — X||,, < e. Once X is received by the
coordinator, one obtains an approximate kernel matrix by applying the kernel function
K to X. Suppose that a Gaussian kernel with width parameter w > 0 is used, then we

obtain the approximate kernel K as K (X;, X;) = exp (— ”Xi;ﬁ-’“z).

Kernel matrix sparsification and approximation. Beside applications in in-network and
distributed data processing, a variety of methods have been devised to approximate a
large kernel matrix by a more simplified version with desirable properties, such as spar-
sity and low-rank (e.g., [10,11,12,13,14]). For instance, [17] proposes a simple method
to approximate K by randomly zeroing out its entries:

== 0 with probability 1 — 1/6,
Kij = Ko = {5}{11,» with probability 1/6,

where § > 1 controls the degree of sparsification on the kernel.? This sparsification was
shown to greatly speed up the construction and significantly reduce the space required

2 This method may not retain the positive definiteness of the kernel matrix, in which case positive
values have to be added to the matrix diagonal.
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to store the matrix. Our analysis can also be applied to analyze the tradeoff of kernel
approximation error and the change in classification error.

3 Classification Error Coefficient and Effects of Data Reduction

We begin by describing the set-up of our analysis. Let K be a (random) kernel matrix
that is an approximate version of kernel matrix K induced by a data reduction scheme
described above (e.g., quantization or suppression). Let C, and C;, be the (population)
classification error associated with the SVM classifier trained with kernel matrix K and
K, respectively. We wish to bound \C‘O — Cp| in terms of the “magnitude” of the error
matrix A = K — K, which we now define. For a simplified analysis, we make the
following assumption about the error matrix A:

AO. Conditioned on K and y, all elements e;; (i,5 = 1,...,m;i # j) of A are uncor-
related, have zero mean, and the variance bounded by o2.

We use o to control the degree of our kernel matrix approximation scheme, abstracting
away from further detail. It is worth noting that certain kernel matrix approximation
schemes may not satisfy the independence assumption. On the one hand, it is possible
to incorporate the correlation of elements of A into our analysis. On the other hand, we
find that the correlation is typically small, such that elaboration does not significantly
improve our bounds in most cases.

Our ultimate goal is to produce practically useful bounds on Cy — Cj in terms of &
and kernel matrix &". This is a highly nontrivial task, especially since we have access
only to approximate data (through &, but not K).

3.1 Classification Error Coefficient

In order to quantify the effect on the population SVM classification error Cy, we first
introduce a simple estimate of C, from empirical data. In a nutshell, our estimator relies
on the following intuitions:

1. The SVM algorithm involves minimizing over a surrogate loss (the hinge loss),
while we are interested in the performance in terms of 0-1 loss. Thus, we need to
be able to compare between these two losses.

2. We are given only empirical data, and we replace the risk (population expectation
of a loss function) by its empirical version.

3. We avoid terms that are “nonstable” for the choice of learning parameters, which is
important for our subsequent perturbation analysis.

The first key observation comes from the fact that the optimal expected ¢-risk using the
hinge loss is shown to be twice the optimal Bayes error (i.e., using 0-1 loss) (cf. [16],
Sec. 2.1):

. 1 .
min P(Y # (X)) = , min Eg(Y (X)), (5)

where F denotes an arbitrary class of measurable functions that contains the optimal
Bayes classifier.
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Note that we can estimate the optimal expected ¢-risk by its empirical version de-
fined in Eqgn. (1), which equals its dual formulation (2). Let w be the solution of (1).
As shown in the proof of Theorem 1, if A\,,, — 0 sufficiently slowly as m — oo, the
penalty term ), ||w||? vanishes as m — oo. Due to (3), the second quantity in the dual
formulation (2) satisfies

1

ooy D iy (i,5) = A [§7]2/2 = 0.
i

As a result, we have:

weH

inf Bo(Y f(X)) + Amw|?/2 = ;L D i = Anllw]?/2. (6)
i=1

Approximating the optimal ¢-risk in (5) by its empirical version over H, and drop-
ping off the vanishing term \,,||%||? from Eqn. (6), we obtain the following estimate:

Definition 1. Let o be the solution of the SYM’s dual formulation (2), the following
quantity is called the classification error coefficient:

1 m
= ; a;. @)

An appealing feature of C'is that C' € [0, 1/2]. Furthermore, it is a simple function of a.
As we show in the next section, this simplicity significantly facilitates our analysis of the
effect of kernel approximation error. Applying consistency results of SVM classifiers
(e.g., [18]) we can show that C' is also a universally consistent estimate for the optimal
classification error under appropriate assumptions. These assumptions are:

Al. K isauniversal kernel on X, i.e., the function class {(w, ®(-)|w € H)} is dense in
the space of continuous functions on X’ with respect to the sup-norm (see [18] for
more details). Examples of such kernels include the Gaussian kernel K (z,2') =

lle—a’|?

exp (— 22 ) among others.
A2. \,, — 0suchthat m\,, — oc.

Theorem 1. Suppose that (X, Y;), are drawn i.i.d. from a Borel probability mea-
sure P. Under assumptions Al and A2, there holdsasm — oc:

C— finch(Y # f(X)) — 0 in probability.
S

See the appendix for a proof. It is worth noting that this result is kernel-independent.
Let K, @, f,C denote the corresponding counterparts for kernel matrix K, the dual
formulatlon s solutions «;, classifier f, and the classification coefficient C, respectively.
For the data suppression and quantization setting described in Section 2, suppose that a
universal kernel (such as Gaussian kernel) is applied to both original and approximate
data. By Theorem 1, both ' and C are consistent estimates of the classification error
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applied on original and approximate data, respectively. Thus, the difference C' — C can
be used to evaluate the loss of classification accuracy of the SVM. This is the focus of
the next section. 3

3.2 Effectsof Data Reduction on Classification Error Coefficient

In this section, we analyze the effects of the approximation of the kernel matrix K — K
on the classification error coefficient difference C' — C.

Letr = #{i : o; # &;}. From Eqn. (7), the difference of the classification coeffi-
cients is bounded via Cauchy-Schwarz inequality:

- 1. 1 -
C-Cl<, la-al<, Vrd-al, ®)

from which we can see the key point lies in deriving a tight bound on the L, norm
|l& — «|. Define two quantities:

(@—a)"(Q- Q)

o —

& — a|?

=6 a)rQ@ - a)y

Ry =

Proposition 1. If a and & are the optimal solution of the program (2) using kernel
matrix K and K respectively, then:

0-01< Y a—al < Y Ris.

For a proof, see the Appendix. Although it is simple to derive rigorous absolute bounds
on R; and R, such bounds are not practically useful. Indeed, R; is upper bounded by
the inverse of the smallest eigenvalue of @), which tends to be very large. An alternative
solution is to obtain probabilistic bounds that hold with high probability, using Prop. 1
as a starting point. Note that given a data reduction scheme, there is an induced joint
distribution generating kernel matrix K, its approximate version &, as well as the label
vector y. Matrix Q = Kony determines the value of vector « through an optimization
problem (2). Likewise, Q = K o yy” determines a. Thus, « and & are random under
the distribution that marginalizes over random matrices @ and Q, respectively.

The difficult aspect of our analysis lies in the fact that we do not have closed forms
of either « or &, which are solutions of quadratic programs parameterized by @ and

% We make several remarks: (i) The rates at which C and C' converge to the respective mis-
classification rate may not be the same. To understand this issue one has to take into account
additional assumptions on both the kernel function, and the underlying distribution P. (ii)
Although quantization of data does not affect the consistency of the classification error co-
efficient since one can apply the same universal kernel function to quantized data, quantiz-
ing/approximating directly the kernel matrix (such as those proposed in [17] and described in
Sec. 2) may affect both consistency and convergence rates in a nontrivial manner. An investi-
gation of approximation rates of the quantized/sparsified kernel function class is an interesting
open direction.
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2

Fig. 1. lllustration of upper bounds via perturbation analysis: Linear approximation g, and upper
bound g- via second-order perturbation analysis of a concave function F around a point xo in the
domain. The bounds continue to hold for large perturbation around .

Q, respectively. We know a useful fact, however, regarding the distributions of vector
« and &. Since the training data are i.i.d., the roles of «; and &; fori = 1,...,m are
equivalent. Thus («;, &;) have marginally identical distributions fori = 1,...,m.

We first motivate our subsequent perturbation analysis by an observation that the
optimal classification error defined by Eq. (5), for which C' is an estimate, is a con-
cave function with respect jointly to the class probability distributions (P(X|Y =
1), P(X|Y = —1)) (cf. [16], Sec. 2). When the data is perturbed (e.g., via quanti-
zation/suppression) the joint distribution (P(X|Y = 1), P(X|Y = —1)) is also per-
turbed. Intuitively, upper bounds for a concave functional via either linear or second-
order approximation under a small perturbation on its variables should also hold under
larger perturbations, even if such bounds tend to be less tight in the latter situation. See
Fig. 3.2 for an illustration. Thus, to obtain useful probabilistic bounds on C' — C, we
restrict our analysis to the situation where K is a small perturbation from the original
matrix K. Under a small perturbation, the following assumptions can be made:

B1. The random variables &; — «; fori = 1,...,n are non-correlated.
B2. The random variables &; — «; have zero means.

Given Assumption B1, coupled with the fact that (&; — «;) have identical distributions
fori = 1,...,m, by the central limit theorem, as m gets large, a rescaled version of
C — C behaves like a standard normal distribution. Using a result for standard normal

random variables, for any constant ¢ > 0, we obtain that with probability at least 1 —
1 —t?)2.

\/27rte / :

C—C < ty/Var(C — O)+E(C — ) P f:Var(&i — ) +E(C - 0O)

- 2m =1

t ~ Prop.l t ~
—_ A~ll2 _ 2 P2 _
<, VEla-al2+EC-C) < 2771\/E1-211-32+E((1 o).

Our next step involves an observation that under certain assumptions to be described
below, random variable R is tightly concentrated around a constant, and that ER3 can
be easily bounded.
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m
Ry =~ e (K) by Lemma 2 9)
ER; < o’mE||a|* by Lemmal. (10)

As a result, we obtain the following approximate bound:

5 o/mEl|a|? 5 Ass.B2  0\/mE||G|?
C-C<t 2e(K) +E(C-0C) 7= Se(K) (112)
where Eqn. (11) is obtained by invoking Assumption B2,

Suppose that in practice we do not have access to K, then tr(K’) can be approximated
by tr(K). In fact, for a Gaussian kernel tr(K) = tr(K) = m. One slight complication
is estimating E||@&||2. Since we have only one training sample for K, which induces a
single sample for &, this expectation is simply estimated by ||&||2.

When we choose ¢ = 1 in bound (11), the probability that the bound is correct
is approximately 1 — e~'/2/y/2r = 75%. For t = 2, the probability improves to
1 —e72/2y/2m = 97%. While ¢ = 1 yields relatively tighter bound, we choose ¢ = 2
in practice. In summary, we have obtained an approximate bound:

vl

classif. coeff. (approx. data) < classif. coeff. (original data) + 7 (R
I

K)

Remark. (i) Even though our analysis is motivated by the context of small perturbations
to the kernel matrix, bound (12) appears to hold up well in practice when o is large. This
agrees with our intuition on the concavity of (5) discussed earlier. (ii) Our analysis is
essentially that of second-order matrix perturbation which requires the perturbation be
small so that both Assumptions B1 and B2 hold. Regarding B1, fori = 1,...,m, each
pair («;, ;) corresponds to the -th training data point, which is drawn i.i.d. As a result,
(a; — @;) are very weakly correlated with each other. We show that this is empirically
true through a large number of simulations. (ii) Assumption B2 is much more stringent
by comparison. When K is only a small perturbation of matrix &, we have also found
through simulations that this assumption is very reasonable, especially in the contexts
of the data quantization and kernel sparsification methods described earlier.

3.3 Technical Issues

Probabilistic bounds of R; and R,. Here we elaborate on the assumptions under
which the probabilistic bounds for R; and R are obtained, which motivate the approx-
imation method given above. Starting with R, it is simple to obtain:

Lemma 1. Under Assumption A0, ER, < \/ER32 < o/mE][||d|2|].

See the Appendix for a proof. Turning to the inverse of Raleigh quotient term Ry, our
approximation is motivated by the following fact, which is a direct consequence of Thm
2.2.of [19]:
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Lemma 2. Let A be fixed m x m symmetric positive definite matrix with bounded
eigenvalues A1, ..., A,,, and z be an m-dimrandomvector drawn from any spherically
symmetric distribution,

Elz"Az/|2]%] = (A)/m

valT Azl = 2 (ZA?/m ZA ).

By this result, 27 Az /||z||* has vanishing variance as m — oo. Thus, this quantity is
tightly concentrated around its mean. Note that if tr(A)/m is bounded away from 0,
we can also approximate 1/z7 Az by m/tr(A). This is indeed the situation with most
kernels in practice: As m becomes large, tr(K)/m — EK (X, X) > 0. As a result, we
obtain approximation (9).

It is worth noting that the “goodness” of this heuristic approximation relies on the
assumption that o — & follows an approximately spectrally symmetric distribution. On
the other hand, the concentration of the Raleigh quotient term also holds under more
general conditions (cf. [20]). An in-depth analysis of such conditions on « and & is
beyond the scope of this paper.

3.4 Practical | ssues

The bound we derived in Eqn. (12) is readily applicable to practical applications. Re-
call from Section 2 the example of the detection task in a distributed networking system
using a SVM. Each monitoring device independently applies a quantization scheme on
their data before sending to the coordinator. The size of the quantized bin is e. Equiv-
alently, one could use an e-suppression scheme similar to [9]. The coordinator (e.g.,
network operation center) has access only to approximate data X, based on which it
can compute C, K, & by applying a SVM on X. Given ¢, one can estimate the amount
of kernel matrix approximation error o and vice versa (see, e.g., [9]). Thus, Eqgn. (12)
gives the maximum possible loss in the classification accuracy due to data reduction.
The tightness of bound (12) is crucial: it allows the practitioner to tune the data reduc-
tion with good a confidence on the detection performance of the system. Conversely,
suppose that the practitioner is willing to incur a loss of classification accuracy due to
data reduction by an amount at most 6. Then, the appropriate amount of kernel approx-
imation due to data reduction is:

. 6-1:1“([;')

~ Vmlal?

(13)

4 Evaluation

In this section, we present an empirical evaluation of our analysis on both synthetic
and real-life data sets. For exhaustive evaluation of the behavior of the classification
error coefficient C' and the tradeoff analysis captured by bound (12), we replicate our
experiments on a large number of of synthetic data sets of different types in moderate
dimensions; for illustration in two dimensions, see Fig 2. To demonstrate the practical
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(a) Gaussian data (b) Sin-sep data (c) Sphere-int data
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Fig. 2. Synthetic data sets illustrated in two dimensions
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Fig. 3. Comparison between C' and the test error under varying conditions: (a—b) varying amount
of overlap between two classes (both training and test data sets have 2,000 sample points. Error
bars are derived from 25 replications); (c—d) varying sample sizes; (e—f) varying amount of data
reduction via scatter plots (each path in the scatter plots connects points corresponding to varying
number of quantization bits ranging from 8 in low-left corner to 2 bits in upper-right corner); (g—
i) varying amount of data reduction via error bar plots. All plots show C remains a good estimate
of the test error even with data reduction. We use Gaussian kernels for all experiments.
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Fig.4. Upper bounds of test error on approximate data due to quantization using bound (12).
(a—c) Simulated data sets with 2, 5, 10 features, respectively; (d) Landsat satellite data (6435
sample size, 36 features); (e) Wisconsin breast cancer data (569 sample size, 30 features); (f)
Waveform data (5000 sample size, 21 features); (g) Pen-Based recognition of digits data (10992
sample size, 16 features); (h) Ecoli data (336 sample size, 8 features). (i) Iris data (150 sample
size, 4 features); (j) Wine data (178 sample size, 13 features); (k) KDD04 Bio data (145K sample
size, 74 features); (I) Intel Lab light sensor data (81 sample size, 25 features). We use Gaussian
kernels for (a—i), and linear kernels for (j—I). The x-axis shows increased bit numbers and the
correspondingly decreasing matrix error o.
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Fig.5. Upper bounds of test error based on bound (12) using approximate Gaussian kernel ma-
trices obtained from kernel sparsification sampling. (a—c) Simulated data sets; (d) KDD04 Bio
data; (e) Wisconsin breast cancer data; (f) Intel Lab light sensor data. We use Gaussian kernels
for all experiments. The x-axis shows the increasing matrix error o due to down sampling on the
kernel matrix.

usefulness of our analysis, we have tested (12) on nine real-life data sets (from the UCI
repository [21] and one light sensor data set from the IRB Laboratory [7]), which are
subject to varying degrees of data reduction (quantization bits). The data domains are
diverse, including satellite images, medicine, biology, agriculture, handwritten digits,
and sensor network data, demonstrating the wide applicability of our analysis.

Evaluation of estimate C'. The first set of results in Fig. 3 verify the relationship be-
tween the classification error coefficient C' and test error on held-out data under varying
conditions on: (i) overlap between classification classes (subfigs (a—b)), (ii) sample sizes
(subfigs (c—d)) and (iii) amount of data reduction (subfigs (e—i)). It is observed that
C estimates the test error very well in all such situations for both simulated and real
data sets, and even when the misclassification rate is high (i.e. noisy data). In particu-
lar, Fig. 3 (e)(f) show scatter plots comparing C against test error. Each path connects
points corresponding to varying amount of data reduction on the same data set. They
are very closely parallel to the y = x line, with the points in the upper-right corner
corresponding to the most severe data reduction.

Effects of data reduction on test error. Next, we evaluate the effect of data reduction via
quantization (suppression). Fig. 4 plots the misclassification rate for data sets subject to
varying degree of quantization, and the upper bound developed in this paper. Our bound
is defined as a sum of test error on original (non-quantized) data set plus the upper
bound of C' — C provided by (12). As expected, the misclassification rate increases as
one decreases the number of quantization bits. What is remarkable is that our upper
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bound on the approximate data set is very tight in most cases. The effectiveness of our
bound should allow the practitioner to determine the right amount of quantization bits
given a desired loss in classification accuracy.

It is worth highlighting that although our bound was derived using the viewpoint of
(small) stochastic perturbation analysis (i.e., o is small, and number of quantization bits
is large), in most cases the bound continues to hold up for large o (and small number of
bits), even if it becomes less tight. This strengthens our intuition based on the concavity
of the optimal Bayes error. Note also that under small perturbation (small o) the mean
of difference of test error in original data and approximate data is very close to 0. This
provides a strong empirical evidence for the validity of Assumption B2.

We also applied our analysis to study the tradeoff between kernel approximation
and classification error in the context of kernel sparsification sampling described in
Section 2. The bounds are still quite good, although they are not as tight as in data
quantization (see Fig. 5). Note that in one case (subfig (c)), the classification error actu-
ally decreases as the kernel becomes sparser, but our upper bound fails to capture such
phenomenon. This is because in contrast to data reduction methods, direct approxima-
tion schemes on the kernel matrix may influence the approximation error rate of the
induced kernel function class in a nontrivial manner. This aspect is not accounted for
by our classification error coefficient C' (see remarks following Theorem 1).

5 Conclusion

In this paper, we studied the tradeoff of data reduction and classification error in the
context of the SVM algorithm. We introduced and analyzed an estimate of the test er-
ror for the SVM, and by adopting a viewpoint of stochastic matrix perturbation theory,
we derived approximate upper bounds on the test error for the SVM in the presence
of data reduction. The bound’s effectiveness is demonstrated in a large number of syn-
thetic and real-world data sets, and thus can be used to determine the right amount of
data reduction given a permissible loss in classification accuracy in applications. Our
present analysis focuses mainly on the effect of data reduction on the classification error
estimate C while ignoring the its effect on approximability and the approximation rate
of the quantized (or sparsified) kernel function class. Accounting for the latter is likely
to improve the analysis further, and is an interesting open research direction.
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Appendix

Proof sketch of Theorem1: Let R, (f) := } " #(Y f(X)), R(f) := E¢(Y f(X)),
and let I(f) = ||f||» for any f € H. To signify the dependence on sample size m
we shall use f,, in this proof to denote the SVM classifier defined by (4). The primal
form (1) can be re-written as

fm = argminfeHRm(f) + /\7nI(f)2/2'

The classification error coefficient can be expressed by:

C— ;(Rm(f) + A (fim)?).
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K being a universal kernel implies that infycy R(f) = minger R(f) (cf. [18],
Prop. 3.2). For arbitrary e > 0, let fo € H such that R(fy) < minser R(f) + €

By the definition of f,,, we obtain that R,,(fm) + Aml(fm)?/2 < R,(0) +
A l(0)2/2 = R, (0) = ¢(0), implying that I(f,,) = O(1/v/An). We also have:

Rm(fm) + >\mI<fm)2/2 < Rm(f()) + /\7nI<f0)2/2'

Rearranging gives:

R(fm) _R(fO) < (R(fm)_Rm(fm))+(Rm(fO)_R(fO))+)‘m(I(f0)2 _I(fm)2/2'

Now, note that forany B > 0,if I(f) < B, then f(z) = (w, ®(z)) < ||w| /K (z,z) <
M - B, where M := sup, . /K (x, ). Note also that the hinge loss ¢ is a Lipschitz
function with unit constant. We can now apply a result on the concentration of the supre-
mum of empirical processes to bound R(-) — R, (+). Indeed, applying Thm. 8 of [22] to
function class { ,/; f|Z(f) < B} (using their Thm. 12 to bound the Rademacher com-
plexity of the kernel function class), we obtain that for any 6 > 0, with probability at
least 1 — ¢:
AMI(fn) ¢smaw)
R(fm) = Bonl(f) < 770+ M)y =0

We obtain with probability at least 1 — 26:

RO 4 A2 /2 < R(fo)+ M AUn) +1G0D) yrrr 3 ps )¢8m2m

vm
Mt (/2 < i )+ e MAUR) TN g g agg [P0

Am (I(f0)? /2.

Combining Assumption A2 with the fact that 7(f,,,) = O(1/v/\,,), the RHS tends to
minser R(f) 4+ €asm — oo. But R(f,,) > minscx R(f) by definition, so R(f,,) —
minser R(f) — 0and A\, I(f,)%/2 — 0 in probability.

Thus we obtain that

1 1 .
=, (Bn %M+AIMM)H2ﬁgMﬁ=ggHY#ﬂXM

where the last equality is due to (5).

Before completing the proof, it is worth noting that to the rate of convergence also
depends on the rate that A, (fo)? — 0as e — 0. This requires additional knowledge of
the approximating kernel class H driven by kernel function K, and additional properties
of the optimal Bayes classifier that f; tends to.

Proof sketch of Proposition 1. If x( is a minimizer of a differentiable function F' :
R¢ — R over a convex domain, then for any z in the domain, (z — z¢)? VF(xq) > 0.
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Applying this fact to both « and & which are the optimizers of Eqn. (2) using Q and Q,
respectively:

1

- 1
(a - a)T(2m2>\m Qa — m]lm) >0
~ |
(a — a)T(2m2>\m Qa — m]lm) Z 0,

where I,, = [1...1]T. Adding up the two inequalities yields
(a— &7 (Qa - Qa) > 0.
A minor rearrangement yields
(@-a)"(@Q-Qaz=(a-a)Q@-a),
from which the proposition follows immediately.
Proof of Lemma 1: By Cauchy-Schwarz, Ry < [|(Q — Q)a|. The i-th element of the

vector inside ||| in the RHS is a; = y; Y7, eijy;;. Note that K, y determines the
value of a. Thus, by Assumption A0, we have:

Marginalizing over (K, y) gives Ea? < o?E| a||?. Thus, ERy < (ER3)Y/?<oy/mE||a| .



Mixed Bregman Clustering with Approximation
Guarantees

Richard Nock!, Panu Luosto?, and Jyrki Kivinen?

! CEREGMIA — Université Antilles-Guyane, Schoelcher, France
rnock@martinique.univ-ag.fr
2 Department of Computer Science, University of Helsinki, Finland
{panu.luosto, jyrki.kivinen}@cs.helsinki.fi

Abstract. Two recent breakthroughs have dramatically improved the
scope and performance of k-means clustering: squared Euclidean seeding
for the initialization step, and Bregman clustering for the iterative step.
In this paper, we first unite the two frameworks by generalizing the for-
mer improvement to Bregman seeding — a biased randomized seeding
technique using Bregman divergences — while generalizing its important
theoretical approximation guarantees as well. We end up with a complete
Bregman hard clustering algorithm integrating the distortion at hand in
both the initialization and iterative steps. Our second contribution is to
further generalize this algorithm to handle mized Bregman distortions,
which smooth out the asymetricity of Bregman divergences. In contrast
to some other symmetrization approaches, our approach keeps the al-
gorithm simple and allows us to generalize theoretical guarantees from
regular Bregman clustering. Preliminary experiments show that using
the proposed seeding with a suitable Bregman divergence can help us
discover the underlying structure of the data.

1 Introduction

Intuitively, the goal of clustering is to partition a set of data points into clusters
so that similar points end up in the same cluster while points in different clusters
are dissimilar. (This is sometimes called hard clustering, since each data point
is assigned to a unique cluster. In this paper we do not consider so-called soft
clustering.) One of the most influential contributions to the field has been Lloyd’s
k-means algorithm [L1o82]. It is beyond our scope to survey the vast literature
on the theory and applications of the k-means algorithm. For our purposes, it
is sufficient to note three key features of the basic algorithm that can serve
as starting points for further development: (i) Each cluster is represented by
its centroid. (ii) Initial seeding chooses random data points as centroids. (iii)
Subsequently the algorithm improves the quality of the clustering by locally
optimizing its potential, defined as the sum of the squared Euclidean distances
between each data point and its nearest centroid.

Our starting points are two recent major improvements that address points (ii)
and (iii) above. First, Banerjee et al. [BMDGO5] have generalized the k-means
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algorithm to allow, instead of just squared Euclidean distance, any Bregman
divergence [Bre67] as a distortion measure in computing the potential. Bregman
divergences are closely associated with exponential families of distributions and
include such popular distortion measures as Kullback-Leibler divergence and
Itakura-Saito divergence. As these divergences are in general not symmetrical,
they introduce nontrivial technical problems. On the other hand, they give us
a lot of freedom in fitting the performance measure of our algorithm to the
nature of the data (say, an exponential family of distributions we feel might
be appropriate) which should lead to qualitatively better clusterings. Bregman
divergences have found many applications in other types of machine learning
(see e.g. [AWO1]) and in other fields such as computational geometry [NBN07],
as well.
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Fig. 1. Clusterings obtained by minimizing Euclidean (left) and Kullback-Leibler
(right) potential. The centroids are shown as black dots.

To appreciate the effect of the distortion measure on clustering results, con-
sider the exaggerated toy example in Figure 1. Visually, the data consists of
four clusters. The first one is centered around the origin and spreads along the
z and y axes. It can be seen as an approximate Itakura-Saito ball [NNO5]. The
other three clusters come from isotropic Gaussian distributions with different
variances and centers at (2,2), (4,4) and (11,11). The cluster around (11,11)
has 600 data points, while the other three clusters have 200 data points each. For
k = 4, a Euclidean distortion measure favors clusterings that use a single cen-
troid to cover the two small clusters close to the origin and uses two centroids to
cover the one big cluster. In contrast, Kullback-Leibler divergence gives a better
score to solutions that correspond to the visually distinguishable clusters.

A second recent improvement to k-means clustering is D? seeding by Arthur
and Vassilvitskii [AV07]. Instead of choosing the k initial cluster centroids uni-
formly from all the data points, we choose them in sequence so that in choosing
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the next initial centroid we give a higher probability to points that are not close
to any of the already chosen centroids. Intuitively, this helps to get centroids
that cover the data set better; in particular, if the data does consist of several
clearly separated clusters, we are more likely to get at least one representative
from each cluster. Surprisingly, this simple change in the seeding guarantees
that the squared Euclidean potential of the resulting clustering is in expectation
within O(log k) of optimal. For another recent result that obtains approximation
guarantees by modifying the seeding of the k-means algorithm, see [ORSS06].

The first contribution in this paper is to combine the previous two advances by
replacing squared Euclidean distance in the D? seeding by an arbitrary Bregman
divergence. The resulting Bregman seeding gives a similar approximation guar-
antee as the original D? seeding, except that the approximation factor contains
an extra factor py, > 1 that depends on the chosen Bregman divergence and the
location of the data in the divergence domain. For Mahalanobis divergence this
factor is always 1; for others, such as Itakura-Saito, it can be quite large or quite
close to 1 depending on the data. The key technique allowing this generalization
is a relaxed form of the triangle inequality that holds for Bregman divergences;
this inequality is a sharper form of a recent bound by Crammer et al. [CKWO07].
Empirically, for different artificial data sets we have found that choosing the ap-
propriate Bregman divergence can noticeably improve the chances of the seeding
including a centroid from each actual cluster. Again, for an exaggerated example
consider that data in Figure 1. Experimentally, Kullback-Leibler seeding picks
exactly one point from each of the four visible clusters about 15% of the time,
while the original D? seeding achieves a rate of only 2%. It should be noted,
however, that while the proof of the approximation guarantee in [AV07] relies
crucially on a successful seeding, in practice it seems that the iteration phase of
the algorithm can quite often recover from a bad seeding.

Our second contribution concerns point (i) above, the representation of clus-
ters by a centroid. Since Bregman divergences are asymmetric, it is very signif-
icant whether our potential function considers divergence from a data point to
the centroid, or from the centroid to a data point. One choice keeps the arith-
metic mean of the data points in a cluster as its optimal centroid, the other does
not [BMDGO05, BGWO05]. The strong asymmetricity of Bregman divergences may
seem undesirable in some situations, so a natural thought is to symmetrize the
divergence by considering the average of the divergences in the two different
directions. However, this makes finding the optimal centroid quite a nontrivial
optimization problem [Vel02] and makes the statistical interpretation of the cen-
troid less clear. As a solution, we suggest using two centroids per cluster, one
for each direction of the Bregman divergence. This makes the centroid computa-
tions easy and allows a nice statistical interpretation. We call this symmetrized
version with two centroids a mized Bregman divergence.

Previously, approximation bounds for Bregman clustering algorithms have
been given by [CMO08] and [ABS08]. Chadhuri and McGregor [CMO08] consider
the KL divergence, which is a particularly interesting case as the KL divergence
between two members of the same exponential family is a Bregman divergence
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between their natural parameters [BMDGO5]. Ackermann et al. [ABSO08] con-
sider a statistically defined class of distortion measures which includes the KL
divergence and other Bregman divergences. In both of these cases, the algorithms
achieve (1 + €)-approximation for arbitrary € > 0. This is a much stronger guar-
antee than the logarithmic factor achieved here using the technique of [AV07].
On the other hand, the (1 4 ¢)-approximation algorithms are fairly complex,
whereas our algorithm based on [AV07] is quite easy to implement and runs in
time O(nkd).

Section 2 presents definitions; Section 3 presents our seeding and clustering
algorithm. Section 4 discusses some results. Section 5 provides experiments, and
Section 6 concludes the paper with open problems.

2 Definitions

Divergences. Let ¢ : X — R be a strictly convex function defined on a convex set
X C R?, with the gradient V1 defined in the interior of X. (Hereafter, for the sake
of simplicity, we do not make the difference between a set and its interior.) We
denote by ¥*(x) = (z, (V) Hzx)) — (V)" L(x)) its convex conjugate. The
Bregman divergence Ay (x||y) between any two point & and y of X is [Bre67]:

Ay(zlly) = o(x) —¢(y) — (& -y, Vi(y)) .
Popular examples of Bregman divergences include Mahalanobis divergence with
Dy(z|ly) = (x —y) ' M(z — y) (X = RY M symmetric positive definite),
Kullback-Leibler divergence, Dk, (x|y) = Z?Zl(axi log(x;/yi) — v + i) (X =
R4 ), Itakura-Saito divergence, Dis(z|y) = Z?:l((mi/yi) — log(z;/y;) — 1)
(X = R%,), and many others [NBN0O7, BMDGO5]. It is not hard to prove that
Mahalanobis divergence is the only symmetric Bregman divergence. This general
asymmetry, which arises naturally from the links with the exponential families
of distributions [BMDGO5], is not really convenient for clustering. Thus, we let:

Dy o(zllyllz) = (1 - a)Ay(z]y) + ady(y|2) (1)

denote the mized Bregman divergence of parameters (¢, ), with 0 < o < 1.
When o = 0,1, this is just a regular Bregman divergence. The special case
a =1/2 and ¢ = z is known as a symmetric Bregman divergence [Vel02].

Clustering. We are given a set S C X. For some A C S and y € X let

/(/)a ~A y Z Awa yH(BHy)
xzc A

VA Y) = dima(Ay) = D Dyala|ylz) . (2)

zcA

Let C C X2. The potential for Bregman clustering with the centroids of C is:

=3 min Svalelele) (3)
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When o = 0 or « = 1, we can pick C C X, and we return to regular Bregman
clustering [BMDGO5]. The contribution to this potential of some subset A, not
necessarily defining a cluster, is noted 1, (A), omitting the clustering that shall
be implicit and clear from context. An optimal clustering, Copt, can be defined
either as its set of centroids, or the partition of S induced. It achieves:

wopt,a = wa (C) . (4)

min
CCX2,|C|=k
In this clustering, the contribution of some cluster A is:

Yopt.a(A) = Y Byalchlzlea)

xzcA

where (c4,c%) € Copt is the pair of centroids which minimizes 1 (A) over all
possible choices of (¢, ¢*) in (3). It turns out that these two centroids are always
respectively the arithmetic and Bregman averages of A:

TEIVDIEE 9

xzc A
¢ = (Vo) (ju me};‘w(w)) . (6
To see that it holds for the arithmetic average, we may write:
Ve A, E;‘Aw(wIIC) - E;Aw(wIICA) = [A]Ay(calle) - (7)
e ze

Since the right hand side is not negative and zero only when ¢ = c4, (5) is the
best choice for ¢. On the other hand, if we compute (7) on 9* and then use the
following well-known dual symmetry relationship which holds for any Bregman
divergence,

Ay(x|y) = Ay (VY(y) V()

then we obtain:

Vee A, Y Ayle|m) = Y Ay(chllz) = [AlAy(ellel) (8)
zc A xzecA

and we conclude that (6) is the best choice for ¢*. Since ¢ # c4 except when
Ay o 1s proportional to Mahalanobis divergence, the mixed divergence (1) is only
a partial symmetrization of the Bregman divergence with respect to approaches
like e.g. [Vel02] that enforce ¢’ = ca. There are at least two good reasons for
this symmetrization to remain partial for Bregman divergences. The first is sta-
tistical: up to additive and multiplicative factors that would play no role in its
optimization, (1) is an exponential family’s log-likelihood in which a tempers
the probability to fit in the expectation parameter’s space versus the natural
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Algorithm 1. MBS(S, k, «, )
Input: Dataset S, integer k > 0, real « € [0, 1], strictly convex ;
Let C — {(z,z)};
//where x is chosen uniformly at random in S;
fori=1,2,...k—1do
Pick at random point & € S with probability:

Dy alca|zex)
ves Dv.aleyllylley)

ws(x) = 5

//where (cz,cz) = argming, .yce Dy o(z]|2]|2);
C—CU{(z,x)};
Output: Set of initial centroids C;

parameter’s space [BMDGO5]. This adds a twist in the likelihood for the uncer-
tainty of the data to model which is, in the context of clustering, desirable even
against regular Bregman divergences. However, it does not hold for approaches
like [Vel02]. The second reason is algorithmic: mixed divergences incur no com-
plexity counterpart if we except the computation of the inverse gradient for c%;
in the complete symmetric approaches, there is no known general expression for
the centroid, and it may be time consuming to get approximations even when
it is trivial to compute ¢’ [Vel02]. Finally, we define a dual potential for the
optimal clustering, obtained by permuting the parameters of the divergences:

VipealA) = Y Byi-aleallzllen) = ) (adylealz) + (1 - a)Ay(x]c)) .

xzecA xzcA

3 Mixed Bregman Clustering

3.1 Mixed Bregman Seeding

Algorithm 1 (Mixed Bregman Seeding) shows how we seed the initial cluster
centroids. It is generalizes the approach of [AV07] and gives their D? seeding as
a special case when using the squared Euclidean distance as distortion measure.
Since the Bregman divergence between two points can usually be computed
in the same O(d) time as the Euclidean distance, our algorithm has the same
O(nkd) running time as the original one by [AV07]. The main result of [AV07]
is an approximation bound for the squared FEuclidean case:

Theorem 1. [AV07] The average initial potential resulting from D? seeding sat-
isfies B[] < 8(2 + log k)vopt, where Yopy is the smallest squared Euclidean po-
tential possible by partitioning S in k clusters.

We prove a generalization of Theorem 1 by generalizing each of the lemmas used
by [AV07] in their proof.
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Lemma 1. Let A be an arbitrary cluster of Copt. Then:

Eenv4[a(A; ©)] = Yopt.alA) + U550a(A) (10)
Eenv4[$a(A; ©)] = Yopt,1-alA) + U5p01-a(A) (11)

where U 4 is the uniform distribution over A.

Proof. We use (7) and (8) in (13) below and obtain:

Ecnv4[ta(A; c)] Z > {ady(@le) + (1 - a)Ay(cll2)} (12)

ceAmE.A
Z { (Z Ay(@lea) + A|Aw<cA||c>>
cG.A xzc A
+(1-a) <Z Ay (i) + IAA¢(0||82)> } (13)
zcA
=a )y Ay@lea) +a ) Aylcalx)
xzcA xzcA
+(1—a) Y Ay(chlle) + (1 —a) > Ay(z]c)
xzeA xzeA
= athopt,1(A) + (1 — @) tbopt,0(A) + afp 1 (A) (14)
(1 = a)vgpe0(A)
= ¢0pt,a(-’4) + wgpt,a(A) .

This gives (10). Applying (2) to (10) gives (11).

Analyzing the biased distribution case requires a triangle inequality for Bregman
divergences, stated below. For any positive semidefinite matrix M, M"/2 denotes
the positive semidefinite matrix such that M'7/2M"2 = M.

Lemma 2. For any three points x,y, z of co(S), the convex closure of S,

Ay, 2) < 205(Ay(@,y) + Ay (y, 2)) (15)

where py is defined as:

1
py = sup I )1l
stauveco(s) |[HY (u —v)|y
where Hg denotes the Hessian of ¢ in s.

Proof. The key to the proof is the Bregman triangle equality:
Ay(zl|z) = Ay(zlly) + Ap(yllz) + (Vo (2) = Vo(y) "y —z) . (17)

A Taylor-Lagrange expansion on Bregman divergence Ay, yields:

Ay(al) = (@~ b) Hapla~b) = | [Hli(@=b)3,  (18)
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for some value Hgp of the Hessian of 1 in the segment ab C co(S). Another
expansion on the gradient part of (17) yields:

Vi(z) = Vi(y) = sz(z -y) . (19)
Putting this altogether, (17) becomes:

Aselz) D) Ay(ally) + Aulyllz) + (H (= - 9)T (@ (y - o))
< Ag(ely) + Ap(yl2) + [HE = — TG —2).  (20)

< Aually) + Aulyl2) + o (I - o) =B (v - 2)]2)

(18)

=" Ay(xly) + Ay (ylz) + 2Pw\/ﬂw (zlly) Ay (yl|2)
where (20) makes use of Cauchy-Schwartz inequality. Since py > 1, the right-
hand side of the last inequality is of the form a+b+2p3} Vab < pfp(a—i—b—&—Z\/ab) <
pi(Za +2b) = 2p12b(a +b). Since a = Ay (x||y) and b = Ay (yl||z), we obtain the
statement of the Lemma.

Lemma 2 is a sharper version of the bound used by [CKWO07]. The improvement
is basically that we use the same vector u — v in the numerator and denominator
n (16), so we are not automatically hurt by anisotropy in the divergence. In
particular, we have p, = 1 for any Mahalanobis distance.

The following lemma generalizes [AV07, Lemma 3.2]. We use Lemmas 1 and
2 instead of special properties of the squared Euclidean distance. Otherwise the
proof is essentially the same.

Lemma 3. Let A be an arbitrary cluster of Copy, and C an arbitrary clustering.
If we add a random pair (y,y) from A2 to C in Algorithm 1, then

By ns[Va(Ay)ly € Al = Byn, [a(Ay)] < 497 (Yopt.a(A) + 35 a(A)) -

Proof. The equality comes from the fact that the expectation is constrained to
the choice of y in A. The contribution of A to the potential is thus:

Ey~7r_A [/(/)a (Au y)]

= Dy aleylylley)
;;{Z%A Ay, Z(CmH;IIcm Z min {Ay o(cellee), LDy, a(y||w||y)}}(21)

We also have:

Ay aleyllyley)

= ady(ylley) + (1 —a)Ay(eylly)

< ady(yllee) + (1 — a)Ay(cally)

<203 (aAy (y]|2) + ady (@]lea) + (1 — ) Ay(callz) + (1 — ) Ay (x(y))
=203, (Dyalcsllz]cn) + Dy alz]yll) |
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where we have used Lemma 2 on the last inequality. Summing over & € A yields:

1
Apaleyllylley) <205 | D Avaleallzliea) + ) D7 Aval@lyle) ) ;
Al 22 \Al =)

plugging this into (21) and replacing the min by its left or right member in the
two sums yields:

Eyn[ta(A y)] < 4%‘ SN Apalallyle)

yEA xzcA
= 4P?p(¢opt,a( ) + wgpt,a(A)) )
where we have used (12).

For any subset of clusters A of some optimal clustering Copt, let topt.a(A) =
(1/2)(Yopt,a(A) + P55 o (A)). We remark that:

Eyra[Va(A y)] < 8pfdopt,al(A) (22)
V.A, B . .A n B - @, &opt,a(A U B) - '(;opt,a(A) + @opt,(x(B) . (23)

Lemma 4. Let C be an arbitrary clustering. Choose u > 0 clusters from Copy
that are still not covered by C, and let S,, denote the set of points in these clusters.
Also, let S = S —S,,. Now suppose that we add t < u random pairs of centroids,
chosen according to ws as in Algorithm 1. Let C' denote the resulting clustering.
Define H =1+ (1/2)+ ... + (1/t). Then

Borreltl€)] < (14 ) (4(5) + 8030 a(8)) + () vl

Again, the proof is obtained from the proof of [AV07, Lemma 3.3] by just apply-
ing (22) and (23) to handle 1. We omit the details. As in [AV07] we now obtain
the main approximation bound as a special case of Lemma 4.

Theorem 2. The average initial potential obtained by Mized Bregman Seeding
(Algorithm 1) satisfies E[is] < 8p¢(2+log k)wopt o, Where 1/Jopt o 1S the minimal
mized Bregman divergence possible by partitioning S into k clusters as defined

in (4).

When the Hessian of ¢ satisfies H = o1 for ¢ > 0, we return to regular k-means
and the bound of Theorem 1 [AV07]. Interestingly, the bound remains the same
for general Mahalanobis divergence (py = 1, Yopt,a(S) = Vipt o(S) = Yopt(S))-

3.2 Integrating Mixed Bregman Seeding into Clustering

Bregman seeding in the special case a = 1 can be integrated with Bregman
clustering [BMDGO5] to provide a complete clustering algorithm in which the
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Algorithm 2. MBC(S, k, a, )
Input: Dataset S, integer k > 0, real « € [0, 1], strictly convex ;
Let C = {(CA1 ) Cj‘li)}le — MBS(87 k7 «, 7/})7
repeat
//Assignment
fori=1,2,....k do
Ai —{s € §:i=argmin; Ay .a(ch,|lsllca;)};
//Re-estimation
fori=1,2,....k do
CA; ‘-’ii‘ ZSGAi S;

e, = (V)7 (4 Loea, V6));

until convergence ;
Output: Partition of S in k clusters following C;

divergence at hand is integrated in all steps of clustering. What remains to
do is take this algorithm as a whole and lift it further to handle mixed Breg-
man divergences, that is, generalize the Bregman clustering of [BMDGO05] to
hold for any 0 < a < 1. This is presented in Algorithm 2 (Mixed Bregman
Clustering). This algorithm is conceptually as simple as Bregman clustering
[BMDGO5], and departs from the complexity of approaches that would be in-
spired by fully symmetrized Bregman divergences [Vel02]. However, for this al-
gorithm to be a suitable generalization of Bregman clustering, we have to ensure
that it monotonously achieves a local minimum of the mixed potential in finite
time. This is done in the following Lemma, whose proof, omitted to save space,
follows similar steps as in [BMDGO5] while making use of (7) and (8).

Lemma 5. Algorithm 2 monotonically decreases the function in (3). Further-
more, it terminates in a finite number of steps at a locally optimal partition.

4 Discussion

One question arises on such a scheme, namely how the choice of the main free
parameter, the generator 1, impacts on the final output. This question is less
relevant to the clustering phase, where the optimization is local and all that
may be required is explicitly given in Lemma 5, independently of . It is more
relevant to the seeding phase, and all the more interesting as the upper bound
in Theorem 2 exhibits two additional penalties that depend on : one relies on
the way we measure the potential and seed centroids (1/;), the other relies on
convexity (py). The analysis of D? seeding by [AVO07] is tight on average, as
they show that for some clusterings the upper bound of 1 is within a constant
factor of the actual performance of the algorithm.

Beyond D? seeding, it is not hard to show that the analysis of [AV07] is in fact
tight for Mahalanobis divergence. To see this, we only have to make a variable
change, and set & = M~!/2g for any point  in the lower bound proof of [AVOT].
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Mahalanobis divergence on the new points equals the k-means potential on the
initial points, the optimal centroids do not change, and the proof remains as
is. For arbitrary divergences, the upper bound of Theorem 2 gets unfastened
in stronger convex regimes of the generator, that is when p, increases. Some
non-metric analysis of seeding that would avoid the use of a triangle inequality
might keep it tighter, as stronger convex regimes do not necessarily penalize
that much seeding. Sometimes, artificial improvements are even possible. The
following Lemma, whose proofsketch is available in an appendix at the end of the
paper, gives a lower bound for the uniform approximation that seeding achieves
in some cluster.

Lemma 6. Let A be an arbitrary cluster. Then:

2 2

Fewalba(A 0] 2, 5 " talA) (24)
Py —

(24) matches ratio 2 that follows from Lemma 1 for Mahalanobis divergence. The
average participation of the seeds in (24) hides large discrepancies, as there do
exist seeds whose clustering potential come arbitrarily close to the lower bound
(24) as py increases. In other words, since this lower bound is decreasing with
py, increasing p,; may make seeding artificially more efficient if we manage to
catch these seeds, a fact that Theorem 2 cannot show. A toy example shows
that we can indeed catch such seeds with high probability: we consider k = 2
clusters on n > 2 points with o = 1. The first cluster contains two points p and
q as in Figure 2, with p located at abscissa 0 and ¢ at abscissa ¢ (for the sake of
simplicity, ¢ is assumed defined on [0, +00)). Add n — 2 points x1, Z, ..., Tp_2,
all at abscissa A > §, and pick A sufficiently large to ensure that these n — 2
points define a single cluster, while p and ¢ are grouped altogether in cluster A.
It follows that ¥opt,1 = 2BRy ({0, 6}) = topt,1(A). The probability to seed one of
the z; in the two centers is at least (n—2)/n+(2/n)-(n—2)/(n—1) > 1—4/n?
which makes that the expected potential is driven by the event that we seed
exactly one of the z;. The associated potential is then either Ay (6]|0) (we seed
p with z;) or Ay (0[|8) (we seed g with z;). Take ¥(z) = (z + 1)% for K ¢ [0,1].
Then the ratio between these seeding potentials and 1opt,1 respectively satisfy
pp < 2871/(2571 — 1) and p, = 0(K), while pJ, = (1 + A)¥. When K — +oo,
we have (i) p, — 1, and so seeding p rapidly approaches the lower bound (24);
(ii) pg — 400, and so seeding ¢ drives E[¢4]; (iii) ratio pi is extremely large
compared to pq.

5 Experiments

Empirical tests were made with synthetic point sets which had a distinctive
structure with high probability. The number of clusters was always 20 and every
cluster had 100 points in Ri_o*. Each of the 20 distributions for the clusters
was generated in two phases. In the first phase, for each coordinate lots were
drawn independently with a fixed probability p whether the coordinate value is a
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Table 1. Percentage of seeding runs in which one center was picked from every original
cluster. Numbers in the labels KL-0, KL-0.25 etc. refer to different values of a.

p unif. D? KL-0 KL-0.25 KL-0.5 KL-0.75 KL-1 IS-0 1S-0.25 1S-0.5 1S-0.75 IS 1
0.1 0 9.70 56.8 75.5 77.1 76.1 57.2 344 943 954 96.0 484

05 0 240 778 83.1 81.8 80.7 79.3 949 959 96.5 958 944
09 0 7.10 34.6 388 42.2 394 295 281 726 75.8 68.6 205
1.0 0 4.10 720 10.0 7.90 9.30 590 0 0 0 0  0.100

Table 2. Percentage of original clusters from which no point was picked in the seeding
phase. Average over 1000 runs.

p unif. D? KL-0 KL-0.25 KL-0.5 KL-0.75 KL-1 IS-0 1S-0.25 1S-0.5 1S-0.75 1S-1
0.1 35.8 7.60 248 1.32 1.19 1.24 232 5.50 0.285 0.230 0.200 3.39
0.5 35.5 547 1.18 0.880 0.945 0.975 1.09 0.260 0.205 0.180 0.210 0.285
0.9 35.8 854 4.15 3.75 3.45 3.74 468 442 146 1.31 1.67 645
1.0 35.9 9.81 827 7.86  8.27 827 9.00 278 231 234 251 21.7

Table 3. Bregman clustering potentials with Kullback-Leibler divergence (a = 0.25)

p unif. D? KL-0 KL-0.25 KL-0.5 KL-0.75 KL-1 IS-0 IS-0.25 1S-0.5 IS-0.75 IS-1
0.1 31.2 4.59 2.64 1.59 1.46 146 185 6.45 1.10 1.09 1.06 2.33
0.5 19.5 4.55 1.74 1.59 1.50 166 1.74 1.14 1.14 1.08 1.10 1.15
0.9 7.29 292 1.97 1.82 1.73 1.92 2,05 190 1.34 1.29 1.39 257
1.0 4.13 2.21 1.97 1.99 2.01 2.06 211 393 3.64 3.69 3.89 3.54

Poisson distributed random variable or the constant 0. Then in the second phase
the expectations of the Poisson random variables were chosen independently and
uniformly from range |0, 100[. 100 points were generated from each distribution
and after that the value ¢ = 1076 was added to every coordinate of every point
in order to move the points to the domain of Kullback-Leibler and Itakura-
Saito divergences. Because not only the seeding methods but also the datasets
were random, 10 datasets were generated for each value of p. The seeding and
clustering test were repeated 100 times for each dataset.

When p was less than 1, each cluster was characterized with high probability
by the position of coordinates whose value was not e. That made the mixed
Ttakura-Saito divergences between two points belonging to different clusters very
high, and picking one point from every original cluster was strikingly easy using
those distortion measures (Tables 1 and 2). However, when all the coordinates
were Poisson distributed, the task of finding a center candidate from every cluster
was far more difficult. In that case the Kullback-Leibler seeding performed best.

In the clustering tests uniform, D?, Kullback-Leibler and Itakura-Saito seed-
ing (o € {0,0.25,...,1}) were used with KL-divergences (same set of values for
« as in the seeding) in the iterative phase and by evaluation of the clustering
potential. Table 3 illustrates the situation when value o = 0.25 is used in the
iterative phase. All the values in the table were normalized using the clustering
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potentials which were achieved by refining the known centers of the distribu-
tions with Bregman clustering. When p was 0.1 uniform seeding brought an over
twenty-eight times and D? seeding over four times larger average potential than
the mixed versions of Itakura-Saito seeding.

In general, there was a clear correlation between the quality of the seeding and
the final clustering potential, even if the relative differences in the final potentials
tended to diminish gradually when p increased. That means the mixed versions of
Bregman seeding algorithms led to low clustering potentials also when a regular
Bregman divergence was used in the clustering phase. Additional tests were run
with Poisson random variables replaced by Binomial(n, r) distributed variables,
so that n = 100 and r was taken uniformly at random from range ]0,1[. The
results were quite similar to those shown here.

6 Conclusions and Open Problems

We have seen that the D? seeding of [AV07] can be generalized for Bregman
clustering while maintaining some form of approximation guarantee. Our other
main contribution was symmetrization of Bregman clustering by using pairs of
centroids. Experiments suggest that the resulting new algorithm can significantly
improve the quality of both the seeding and the final clustering. The experiments
are somewhat preliminary, though, and should be extended to cover more real-
istic data sets. We also need a better understanding of how much the seeding
affects the end result in practice.

On theoretical side, it is not clear if the factor p, really is necessary in the
bounds. Conceivably, some proof technique not relying on the triangle inequality
could give a sharper bound. Alternatively, one could perhaps prove a lower bound
that shows the p, factor necessary. It would also be interesting to consider other
divergences. One possibility would be the p-norm divergences [Gen03] which in
some other learning context give results similar to Kullback-Leibler divergence
but do not have similar extreme behavior at the boundary of the domain.
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Appendix: Proofsketch of Lemma 6

Fix A= {x,xs,...,xx} and let

K ‘ K o
ai, )= S5 (B

be the Burbea-Rao divergence generated by 1 on A, that is, the non negative
remainder of Jensen’s inequality [DDO06]. It shall be convenient to abbreviate the



168 R. Nock, P. Luosto, and J. Kivinen

b _BR,({p.a}) 4

Ay(lp+a)/2llp) ¢ Ay (gllp)

e

) 0 +9)/2 !

Fig. 2. Plot of some convex function 9 defined on some segment [p,q]. Here, a =
(p,¥(p)), b = (q,%(q)) and segment ae is tangent to ¢ in a. Thales theorem in triangles
(a,b,c) and (a,d, e) proves (29), as it gives indeed |de|/|bc| = |ad|/|ab| = |ae|/|ac]| (here,
|.| denotes the Euclidean length).

arithmetic and Bregman averages of A as ¢ and ¢* respectively. Then we want
to estimate the ratio between the uniform seeding potential and the optimal
potential for A:

K
pa = 1 > wen Dyal(@illz|z:)
K= YacaLuolerlz]e)

Fix i € {1,2,..., K'}. First, it comes from (7) that

Yowea Ay(|Ei) — D ca Au(zllc) = KAy(c|x;), and we also get from (8)
that > 4 Ay(mille) — > c 4 Au(c*|z) = KAy(zilc*). The numerator of
(25) becomes:

(25)

Y Lyalzile|z) =a (Z Ay(zec) + KAw(CII%))

xcA xc A

+(1-a) (Z Ay (c||e;) + Kﬂw(miﬂc*)) (26)
xc A
=Y Apalet|@lle) + KAy ale]|miler) . (27)
zcA

The left summand in (27) is the optimal potential for the cluster. Finally, the
denominator of (25) can be rewritten as Zfil Dy o(ct||xi]|e) = K(aBRy(A) +
(1 — a)BRy+(V9A)), where Vip A is the set of gradient images of the elements
of A. We get:
K
1 Doy 1-alcl|zif )

=1 ’ . 28
pa T i ; aBRy(A) + (1 — a)BRy« (VY A) (28)
For the sake of simplicity, let ¢; ; denote the weighted arithmetic average of A in
which the weight of each @, is ,;'; for k # 4, and the weight of @; is ;- +1—



Mixed Bregman Clustering with Approximation Guarantees 169

(Vj > 0). We also let ¢ ; denote the weighted Bregman average of A under this
same distribution. Thus, as j increases, the averages get progressively close to
x;. Then, we have Vj > 0:

Ay(eijllei) = 2(BRy({eij, i}) + Ay ((cij + i) /2]|:)) (29)
=2(BRy({eij, zi}) + Ay (eijrallzi)) -

Ay(zille; ;) = Ay (VY(e; )| V(i) (30)

= 2(BRy- ({V¥(c; ), Vio(xi)}) (31)

+ Ay ((Vp(cs ;) + V() /2| Vip(x:))) (32)

= 2(BRy-({V(ci ), Vi (@i)}) + Ay (illei 1)) -

While (30) is just stating the convex conjugate, Thales Theorem proves both
(29) and (32). Figure 2 presents a simple graphical view to state this result in
the context of Bregman and Burbea-Rao divergences. We get:

Aypi-aleijllzille] ;) = aly(eijllz:) + (1 — a)Ay (il c; ;)

=2(aBRy({eij, xi}) (33)
+(1 = a)BRy- ({ V(e ), Vib(xi)}))
+Ay1-alCijrillmille] i) - (34)

Note that ¢ = ¢; 0 and ¢* = ¢}, Vi = 1,2, ..., K. We let:

2 S {aBRy({eio,@:}) + (1 - )BRy: ({Vii(ely), Vi(a)}) }

bo= g aBRy(A) + (1 — a)BRy- (ViiA)

and for all j >0
o XS {eBRy({eig @) + (1 - )BRy- ({Vo(er,), Vo@D
S {aBRy({eijo1,2i}) + (1 — a)BRy- ({Vi(cl,_y), Vib(zi) 1) }
Furthermore, Vj > 0, we let:
B Yt Avi-aleiliailer) |
25K {aBRy({eij. i}) + (1 — a)BRy- ({V(ct,), Vib(@:)}) }

Plugging (34) into (28) and using the last notations yields:

b =2

T

pa=14+bo(L+b1(...(L+byry)))
>1+ b()(]. + bl((]. + bjfl)))

_ J
>le R N BV P
- 2p}, 2p3)” 205 -1 "~

Jj=0

The last inequality is obtained after various suitable Taylor expansions of ¢ are
used for b;, i > 0, which gives b; > 1/(2p7,) (not shown to save space).



Hierarchical, Parameter-Free Community
Discovery

Spiros Papadimitriou’, Jimeng Sun®, Christos Faloutsos?, and Philip S. Yu?

L IBM T.J. Watson Research Center, Hawthorne, NY, USA
spapadim, jimengQ@us.ibm.com
2 Carnegie Mellon University, Pittsburgh, PA, USA
christos@cs.cmu.edu
3 University of Illinois, Chicago, IL, USA
psyu@cs.uic.edu

Abstract. Given a large bipartite graph (like document-term, or user-
product graph), how can we find meaningful communities, quickly, and
automatically? We propose to look for community hierarchies, with com-
munities-within-communities. Our proposed method, the Context-specific
Cluster Tree (CCT) finds such communities at multiple levels, with no
user intervention, based on information theoretic principles (MDL). More
specifically, it partitions the graph into progressively more refined sub-
graphs, allowing users to quickly navigate from the global, coarse struc-
ture of a graph to more focused and local patterns. As a fringe benefit,
and also as an additional indication of its quality, it also achieves better
compression than typical, non-hierarchical methods. We demonstrate its
scalability and effectiveness on real, large graphs.

1 Introduction

Bipartite graphs (or, equivalently, sparse binary matrices) are natural represen-
tations of relations between two sets of nodes, namely source and destination
nodes. Such large bipartite graphs arise naturally in many applications, like in-
formation retrieval (document-term graphs), collaborative filtering and recom-
mendation systems (person-product graphs), social networks, and many more.

Graph mining aims at discovering the useful patterns hidden in the graphs.
Various tools geared towards large graphs have been proposed in the literature.
All of those techniques usually examine the graph at two extreme levels: 1)
global, i.e., patterns present in the entire graph such as power law distribution
on graphs [9], graph partitioning [4, 8, 16], community evolution [25, 27]; or,
2) local, i.e, patterns related to a subgraph such as center-piece graph [28],
neighborhood formation [26], quasi-cliques [21].

In this paper, we aim to fill the gap between global and local patterns, by
proposing a technique that allows users to effectively discover and explore com-
munities in large graphs at multiple levels, starting from a global view and
narrowing down to more local information. More specifically, we study ways
to quickly and automatically construct a recursive community structure of a

W. Daelemans et al. (Eds.): ECML PKDD 2008, Part II, LNAI 5212, pp. 170-187, 2008.
© Springer-Verlag Berlin Heidelberg 2008
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Fig. 1. Hierarchy and context

large bipartite graph at multiple levels, namely, a Context-specific Cluster Tree
(CCT). The resulting CCT can identify relevant context-specific clusters. It also
provides an efficient data summarization scheme and facilitates visualization of
large graphs, which is a difficult, open problem itself [13, 14]. Intuitively, a con-
text is a subgraph which is implicitly defined by a pair of source and destination
node groups (and, thus, includes exactly those edges that connect nodes of those
groups)—see Definition 8. The entire graph and a single edge are the two extreme
contexts, at the global and local level, respectively.

Our approach allows users to start from groups of nodes and edges at the
global, coarse level and quickly focus on the appropriate context to discover more
focused and fine-grained patterns. We shall illustrate the insight and intuition
behind our proposed framework with an example. Consider a set of authors (blue
nodes, top of Figure 1) and a set of conferences (red nodes, bottom of Figure 1),
with edges indicating that the author published in that conference.

At first blush, one might discover a natural partitioning of the graph at the
global level as follows:

— Node groups: Assume there are predominantly two groups of authors, com-
puter scientists and medical researchers. Further assume there are two cor-
responding predominant conference groups. In matrix form, they correspond
to the two row and column partitions, respectively, shown in Figure 2a.

— Contexts: The above node grouping leads to four contexts (i.e., edge groups,
or subgraphs), one for each possible combination of the two node groups
of each type (authors and conferences). In matrix form, they correspond
to the four submatrices in Figure 1b. The dominant contexts are the two
submatrices on the diagonal of Figure 2a corresponding to computer sci-
ence (intersection of computer scientists and CS conferences) and medicine
(intersection of of doctors and medical conferences), respectively.

This first-level decomposition already reveals much information about the struc-
ture of the data and answers the question: “given the mutual associations be-
tween all authors and all conferences, which are the groups of nodes that are
most closely associated.” Each of those group associations reveals a new con-
text, which is a subgraph of the original graph. Thus, it can be likewise analyzed
recursively, to reveal further contexts of finer granularity. In fact, if we stop at
the first level and consider the computer science and medicine contexts, we may
miss bioinformatics which will likely appear as associations between a subset
of computer scientists and medical conferences (see Figure 2). To realize this
intuition, we proceed to explain the two key concepts of hierarchy and context.
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Hierarchy. Graphs often exhibit such community-within-community structure,
leading to a natural recursive decomposition of their structure, which is a hier-
archy. How can we find the appropriate number of levels, as well as the node
groups within each level? These two questions bring in additional challenges to
the design of the algorithm.

For example, let us consider the context induced by the “computer science”
author and the “computer science” conference group (see Figure 1b, or the top-
left part of Figure 2b). Performing a similar analysis as before, we may discover
additional structure in terms of node groups and contexts in the second level.
The computer science field may be further subdivided into systems and theory
authors, with a corresponding division in computer science conferences.

Contezt. In our example, the dominant contexts are those of “computer sci-
ence” and “medicine,” as explained above. However, there is nothing special
about those “diagonal” contexts. In fact, we argue that one need also examine
“off-diagonal” contexts. For example, the context defined by the intersection
of “computer science” authors and “medical” conferences (see Figure lc) may
also be further partitioned into multiple lower-level contexts, with one of them
corresponding to “bioinformatics”.

In general, a particular choice of subgraph during the recursive decomposi-
tion consists of a pair of node groups and the context provided by the edges
that associate them. Different contexts may reveal different aspects of the data.
Taking this idea to its logical conclusion, the overall result is a rich hierarchy,
CCT, that captures the graph structure at multiple levels.

Conferences

Comp. Science Medicine ‘ {| 1> |2} {J:L ’ 32} :

Authors

Medicine  Comp. Science
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Fig. 3. Cluster tree (CCT) corresponding to Figure 2.
Unfilled nodes correspond to non-leaves (subgraphs for
which the partitioned model was best) and filled nodes
correspond to leaves (subgraphs for which the random
(b) Second level graph model was best). The two popups show examples
of information represented at each type of node, with

Fig.2. Adjacency matrix dark blue representing parts of the model and light green
view (cf. Figure 1) parts of the code, given the model.

Medicine
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Our goal is to automatically find this hierarchy and allow users to quickly nav-
igate it. For example, given a theoretician, there are multiple relevant contexts
at different levels. Depending on the conferences, the most relevant context for
her could be “computer theory” if the relevant conference is FOCS, SODA, or
maybe “bioinformatics” if relevant conference is RECOMB or ISMB (see exper-
iments for details). In general, the most relevant context can be automatically
identified given the set of query nodes through a simple tree reversal.

Contributions. The main contributions of this paper are the following:

— We employ a parameter-free scheme based on minimum description language
(MDL) that automatically finds the best context-specific cluster tree (CCT)
to summarize the graph.

— The method is linear on the number of edges, and thus scalable for large,
possibly disk-resident, graphs.

— We provide a scheme for users to navigate from global, coarse structure to
more focused and local patterns.

Because our method is based on sound, information theoretic principles, it also
leads to better compression as a fringe benefit. Moreover, we develop a GUI
prototype that allow users to visualize and explore large graphs in an intuitive
manner. We demonstrate the efficiency and effectiveness of our framework on a
number of datasets. In particular, a number of interesting clusters are identified
in different levels.

The rest of the paper is organized as follows: Section 2 presents the neces-
sary background and Section 3 introduces the fundamental definitions. Section 4
presents our proposed method and Section 5 evaluates it on a number of datasets.
Finally, Section 6 briefly discusses related work and Section 7 concludes.

2 Background

In this section we give a brief overview of a practical formulation of the minimum
description length (MDL) principle. For further information see, e.g., [7, 10].
Intuitively, the main idea behind MDL is the following: Let us assume that we
have a family M of models with varying degrees of complexity. More complex
models M € M involve more parameters but, given these parameters (i.e., the
model M € M), we can describe the observed data more concisely.

As a simple, concrete example, consider a binary sequence A :=[a(1),a(2),...,
a(n)] of n coin tosses. A simple model M) might consist of specifying the
number & of heads. Given this model M) = {h/n}, we can encode the dataset
A using C(A|M®)) := nH(h/n) bits [22], where H(-) is the Shannon entropy
function. However, in order to be fair, we should also include the number C'(M (1))
of bits to transmit the fraction h/n, which can be done using log*n bits for the
denominator and [log(n+1)] bits for the numerator h € {0, 1,...,n}, for a total
of C(MW) :=log*n + [log(n + 1)] bits.
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Table 1. Symbols and definitions

Symbol Definition Symbol Definition
A Binary adjacency matrix. mp,ng Dimensions of A, 4.
m,n  Dimensions of A. |A] Number of elements |A| := mn.

k., ¢ No. of source and dest. partitions. p(A)  Edge density in p(A) = e(A)/|A].
Ap.q Submatrix for intersection of p-th  H(-)  Shannon entropy function.
source and ¢-th dest. partitions. C(A) Codelength for A.

Definition 1. (CODE LENGTH AND DESCRIPTION COMPLEXITY) C(A|MW) is
code length for A, given the model M. C(M™) is the model description
complexity and C(A, MM) := C(AIMM)) + C(MM)) is the total code length.

A slightly more complex model might consist of segmenting the sequence in two
pieces of length ny > 1 and no = n —ny and describing each one independently.
Let hy and hy be the number of heads in each segment. Then, to describe the
model M) = {hy/n1, ha/nz}, we need C(M®P)) := log*n + [logn] + [log(n —
n1)] + [log(n1 +1)] + [log(nae + 1)] bits. Given this information, we can describe
the sequence using C(A|M®)) := ny H(hy/ny) + noH (ha/ns) bits.

Now, assume that our family of models is M := {M®) M)} and we wish to
choose the “best” one for a particular sequence A. We will examine two sequences
of length n = 16, both with 8 zeros and 8 ones, to illustrate the intuition.

Let A; :={0,1,0,1,---,0,1}, with alternating values. We have C(A1|M1(1)) =
16H(1/2) = 16 and C(M") = log"16 + [log(16 + 1)] = 10 + 5 = 15. However,
for M1(2) the best choice is ny = 15, with C’(Al\Ml(Q)) ~ 15 and C’(Ml(2)) ~ 19.
The total code lengths are C(Al,Ml(l)) ~ 16 + 15 = 31 and C(A17M1(2)) ~
15 + 19 = 34. Thus, based on total code length, the simpler model is better!.
The more complex model may give us a lower code length, but that benefit is not
enough to overcome the increase in description complexity: A; does not exhibit
a pattern that can be exploited by a two-segment model to describe the data.

Let Ay := {0,---,0,1,---,1} with all similar values contiguous. We have
again C(AQ\MQ(I)) = 16 and C(MQ(I)) = 15. But, for MQ(Q) the best choice is
n, = ny = 8 so that C(Ax|MS?) = 8H(0) + 8H(1) = 0 and C(MS?) ~ 24.
The total code lengths are C(AQ,M2(1)) ~ 16 + 15 = 31 and C(A27M2(2)) ~
0+ 24 = 24. Thus, based on total code length, the two-segment model is better.
Intuitively, it is clear that As exhibits a pattern that can help reduce the total
code length. This intuitive fact is precisely captured by the total code length.

3 CCT: Encoding and Partitioning

We want to subdivide the adjacency matrix in tiles (or “contexts”), with possible
reordering of rows and columns, and compress them, either as-is (if they are

! The absolute codelengths are not important; the bit overhead compared to the
straight transmission of A tends to zero, as n grows to infinity.
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homogeneous enough) or by further subdividing. First, we formalize the problem
and set the stage, by defining a lossless hierarchical encoding. As we shall see,
the cluster-tree structure corresponds to the model, whereas the code for the
data given the model is associated only with leaf nodes. This encoding allows us
to apply MDL for automatically finding the desired progressive decomposition.
In this section we define the codelength, assuming that a tree structure is given.
Next, in Section 4, we present a practical algorithm to find the structure.

3.1 Problem Definition

Assume we are given a set of m source nodes, 7 := {1,2,...,m} and a set of
n destination nodes, J := {1,2,...,n}. Each node pair (i,7), for 1 < i < m
and 1 < j < n, may be linked with an edge. Let A = [a(i,7)] denote the
corresponding m x n (m,n > 1) binary adjacency matrix.

Definition 2 (Bipartite graph and subgraph). The bipartite graph G is the
triple G = (Z, 7, A). A subgraph of this graph is a triple G' = (Z',J', A"), where
IT'CZT, J CT and A’ :=[a(i',j")] for alli' € T' and j' € J'.

Our goal is to discover groups of edges that closely link groups of source nodes
and destination nodes.

Definition 3 (Subgraph partitioning). Given a graph G = (Z, 7, A), we will
partition it into a set of subgraphs {G1,Ga,...,Gr} such that their union equals
the original graph G.

More specifically, we seek to decompose the original graph into a set of subgraphs,
which should have the following properties:

— Connectedness: Each of the subgraphs should ideally be either fully con-
nected or fully disconnected, i.e., it should be as homogeneous as possible.

— Flexible: The structure of the decomposition into subgraphs should be rich
enough, without imposing too many constraints. On the other hand, it should
lead to tractable and practical algorithms to find the decomposition.

— Progressive: The decomposition should allow users to navigate from global,
coarse structure to more focused and local patterns, in the form of progres-
sively more dense subgraphs.

Furthermore, we seek to automatically find such a decomposition, without requir-
ing any parameters from the user. To that end, we employ MDL on an encoding
of the bipartite adjacency matrix. The encoding we choose is hierarchical, so as
to satisfy the last two properties.

3.2 Hierarchical Encoding

In order to achieve the previously stated goals, we employ a top-down approach.
Consider an m x n adjacency matrix A, which may correspond to any bipartite
subgraph (including the entire graph). We proceed to explain how we can build
a code for a given hierarchical partitioning.
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Base case. Our first and simplest option is that no patterns are present in the
data. In this case, we may safely model the data by simply assuming that each
edge is independently drawn with probability p(A4), where p(A) is the density of
edges (or, of ones in the adjacency matrix A).

Definition 4 (Random graph model). In this case, we may encode the entire
matrix using

Co(A) := [log(|Al + )] + [|A[H (p(A))] bits. (1)

More specifically, we use [log(]A| 4+ 1)] bits to transmit p(A4) and finally [|A|
H(p(A))] bits to transmit the individual edges. This assumes that we already
know the graph size (i.e., m and n). For the initial graph G, we may safely
assume this. For its subgraphs, this information is provided by our model, as
will be explained shortly.

Recursive case. The second option is to try to find joint groups of nodes and
edges, as described before, which partition the original graph into subgraphs.
Note that the partitioning (see Definition 3) is equivalent to a tiling of the
adjacency matrix with T tiles, allowing for row and column reordering and, in the
most general case, possibly overlapping tiles. Although we can allow arbitrary
tilings, this leads to significant penalty in terms of complexity. Therefore, we
impose certain constraints on the structure of the partitioning, so as to make
the problem more tractable, while still allowing enough flexibility in the model
to capture interesting patterns.

First, we require that the tiling is exclusive (i.e., no two tiles overlap) and
complete (i.e., the tiles completely cover the entire adjacency matrix, with-
out “gaps”). Next, we proceed to construct the tiling in a hierarchical fash-
ion. We constrain the tiling to follow a checkerboard structure only within a
single level of the hierarchy. The first-level decomposition of Figures 2a and 3
follows such a structure, consisting of G = (Z1,J1,41.1), Go = (1, T2, A1,2),
gg = (1-2“71,14271)7 and 94 = (IQ’j27A272), where Il is the set of “computer
science researchers” and Z, the set of “medical researchers” and similarly for
the conference sets [J; and Jo. Formally, the checkerboard structure means that
set of source-destination group pairs, {(Z1, 1), (Z1, J2), (Z2, J1), (Z2,J2)}, can
be written as a Cartesian product of individual sets of source and destination
groups, {Il,IQ} X {jhjz}.

In general, we can define a checkerboard decomposition into T' = k- £ subgraph
tiles, using k source groups Z,, for 1 < p < k, and ¢ destination groups J;, for
1 < g < L. We denote the sizes of Z, and J; by m, = |Z,| and ng = |74,
respectively, and the corresponding adjacency submatrices by 4, , := [a(Z,, Jy)],
forl<p<kand1l<gq</.

Definition 5 (Partitioned graph model). The cost of encoding the parti-
tioned graph is

C1(A) == [logm] + [logn] + [log (,,, ™, )]+
+ 108, 7, )T+ Zpt g Cldp)- - (2)
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We need [logm] bits to transmit k& and [logn] bits to transmit ¢. Furthermore,
if we assume each mapping of m source nodes into k source groups equally
likely, then we need [log(,, ™, )] bits to transmit the source partitioning
{Z4,...,Z}}, and similarly for the destination partitioning. Note that this parti-
tioning implicitly determines the size m, x n, of each subgraph (which is assumed
known by the random graph model). Finally, we need to recursively encode each
of the k - ¢ adjacency submatrices, one for each subgraph, which is represented
by the last term in Equation (2).

Using Stirling’s approximation Inn! ~ nInn—n and the fact that >, m; = m,
we can easily derive that

1og (,,, ™ ) RMH (YL ),

g m ’m

where H (-) denotes the Shannon entropy. Now we are ready to define the overall
codelength cost C'(A).

Definition 6 (Total hierarchical codelength). Given a hierarchical decom-
position, the total codelength cost for transmitting the graph (Z,J,A) is

C(A) := 1+ min{Cy(A), Cy (A)}. (3)

We choose the best of the two options, (i) pure random graph, or (ii) partitioned
graph. Additionally, we need one bit to transmit which of these two options was
the best. Ties are broken in favor of the simpler, random graph model. Note that
the definition of the total cost is recursive, since C'(4,, 4) appears in Equation (2).

Final result. To summarize, we have recursively built a hierarchical encoding
based on a tiling of the adjacency matrix, each tile uniquely corresponding to a
subgraph of the original bipartite graph. At each level of the hierarchy, we use
checkerboard tiles. Each of those may be further subdivided in the same manner
(such as all three tiles except the bottom left one from Figure 2a).

Definition 7 (Context-specific Cluster Tree). The set of all subgraphs in
the progressive, hierarchical decomposition consists the context-specific cluster
tree (CCT). The leaf nodes correspond to subgraphs for which the best choice is
the random graph model. These subgraphs comprise the leaf-level partitioning.
The code for the data given the model consists of the information for individual
edges within subgraphs only at the leaf level.

For example, in Figure 3, the root node would encode the partitioning {Z1,Z>}
and {J1, J2}; this is part of the model. The node corresponding to Gz = (Z2, J1,
Ay 1) would encode the density p(As 1)—which is also part of the model—and
subsequently, the individual edges of G3 using entropy coding—which is part of
the code given the model. In addition to the root G, the CCT consists of all
16 nodes corresponding to subgraphs G; through Gis. The leaf-level partition
consists of 13 graphs {Gs, G5, Gs, . . ., G16 }, which are represented by filled nodes.

It is clear from the construction that the leaf-level partitioning is also an
exclusive and complete tiling, but with a richer structure than the per-level
checkerboard tiles.

Finally, we can define the contezt for a set of nodes.
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Definition 8 (Context). Given as input a pair of source and destination node
sets (Z;, J;) of interest, a context of (Z;, J;) is any pair (Z., J.) such that Z; C T,
and J; C J..

In other words, a context for (Z;,Z;) is any subgraph of the original graph that
fully includes Z; and J;. We will typically constrain (Z., J.) to be only those
pairs that appear in some node of our hierarchical decomposition. Given that
constraint, we can give the next definition.

Definition 9 (Minimal hierarchical context). The minimal hierarchical
context among a set of contexts is the context (Zyc, Jme) such that no other
context (Z.,J.) exists with Z,,. CZ. and Tme C T

Intuitively, the minimal hierarchical context is the deepest-level tree node in
CCT that fully contains the input context. Note that, if Z; # () # J;, then the
minimal hierarchical context of (Z;, J;) is unique. If one of Z; or J; is empty,
then there may be multiple overlapping minimal contexts and, if both are empty,
then all leaf nodes are trivially minimal contexts.

4 Finding the CCT

In the previous section we described the cost objective function that determines
how “good” a given CCT partitioning is. However, if we don’t know the parti-
tioning we need a way to find it. The total codelength provides a yardstick to
compare different hierarchical encodings with different number of partitions at
each level of the hierarchy, but we need a practical search strategy to find such
an encoding given only the initial graph.

In order to build a scalable and practical algorithm, we choose to employ a
top-down strategy for building the hierarchy, rather than a bottom-up approach.
Starting with the original graph, we try to find a good “checkerboard” tiling for
the first level of the decomposition. Then, we fix this tiling and we recursively
attempt the same procedure on each of the tiles.

However, there are two problems that need to be addressed. First, the re-
cursive definition of Equation (2) is too expensive to evaluate for each possible
assignment of nodes into partitions, so we use the following equation instead,

C1(A) == Nogm] + [logn] + [log (,, ™. )]+
+log (" )]+ Yoy ColApg),  (4)

where we have substituted Cj for C' in the summation at the end. This surrogate
cost heuristic is fairly effective in practice, as we shall also see in the experiments.
Even with this simplification, finding the optimal checkerboard tiling (i.e.,
assignment of nodes into partitions) is NP-hard [4], even if the number of tiles
(or, equivalently, source and destination node partitions) is known. Addition-
ally, we also seek the number of tiles. Therefore, we will employ an alternating
minimization [4] scheme that converges towards a local minimum.
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Algorithm SHUFFLE:
Start with an arbitrary partitioning of the matrix A into k source partitions II(,O) and ¢
column partitions Jq(o). Subsequently, at each iteration ¢ perform the following steps:

1. For this step, we will hold destination partitions, i.e., jq(t), for all 1 < g </, fixed.
We start with I;(,H'l) = I;(,t) for all 1 < p < k. Then, we consider each source
node 7,1 < i < n and move it into the p*-th partition I}(ffl) so that the choice
maximizes the “surrogate cost gain” C7(A) of Equation (4).

2. Similar to step 1, but swapping destination nodes instead to find new partitions
Jq(H'Q) for 1 <q </

3. If there is no decrease in surrogate cost C1(A), stop. Otherwise, set t « t + 2, go
to step 1, and iterate.

Fig. 4. Source and destination node partitioning, given the number of partitions

Algorithm SPLIT:
Start with k° = ¢© = 1 and at each iteration 7:
1. Try to increase the number of source partitions, holding the number of destination
partitions fixed. We choose to split the source partition p* with maximum per-node
entropy, i.e.,

*

p = argmax; < <k Z1gqg4 |Ap.q|H(p(Ap,q))/mp.
Increase the number of row partitions, k" ™" = k™ + 1 and construct a partitioning
{IYH), ... ,II(;TTB} by moving each node i of the partition II()? that will be split
into the new source partition II(;TTB, if and only if this decreases the per-node
entropy of the p*-th partition.
2. Apply algorithm SHUFFLE with initial state {ZJ' ™" |1 < p < k™t'} and {77 |
1 <p < {7}, to find better assignments of nodes into partitions.
3. If there is no decrease in total cost, stop and return (k,¢) = (k7,¢7) with corre-
sponding partitions. Otherwise, set 7 < 7+ 1 and continue.
4-6. Similar to steps 1-3, but trying to increase destination partitions instead.

Fig. 5. Algorithm to find number of source and destination partitions

We recursively search for the best checkerboard partitions and stop when
partitioned graph model is worse than the random graph model, which indicates
the subgraph is sufficiently homogeneous. The search algorithm then proceeds in
two steps: (i) an outer step, SPLIT, that attempts to progressively increase the
number of source and destination partitions; and (ii) an inner step, SHUFFLE,
that, given a fixed number of partitions, tries to find the best assignment of
nodes into partitions. The pseudocode in Figures 4, 5, and 6 shows the steps of
the overall process in detail.

Complexity. Algorithm SHUFFLE is linear with respect to the number of edges
and the number of iterations. Algorithm SPLIT invokes SHUFFLE for each split,
for a worst-case total of 2(k + ¢ 4 1) splits. For each level of the recursion in
HIERARCHICAL, the total number of edges among all partitions of one level is at
most equal to the number of edges in the original graph. Thus, the total time
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Algorithm HIERARCHICAL:

1. Try SPLIT to find the best partitioned graph model.

2. Compare its codelength C7(A) with that of the random graph model, Cy(A).

3. If the partitioned graph model is better then, for each subgraph (Z,, 7,4, Ap,q), for
all1<p<kand1<gqg</{ apply HIERARCHICAL recursively.

Fig. 6. Algorithm to find the cluster tree

is proportional to the total number of edges, as well as the average leaf depth
and number of partitions. Section 5 presents wall-clock time comparisons of the
single-level and hierarchical algorithms.

5 Experimental Evaluation

In this section we demonstrate our method on a number of real datasets. We
compare against previous non-hierarchical/flat node partitioning schemes [4] and
demonstrate that our proposed hierarchical graph decomposition provides sig-
nificant benefits—in terms of revealing meaningful, interesting contexts and fa-
cilitating data exploration, summarization and compression—while still being
scalable to large graphs and suitable for interactive visualization.

We implemented our algorithms in Matlab 7, with certain crucial parts (in
particular, the main loop of SHUFFLE which iterates over all nodes) written
in C as Matlab extensions (MEX). We have also developed a Matlab GUI? to
facilitate navigation of the results and allow easy exploration of the clustering
results.

The goal of the experiments is to show that CCT discovers intuitively mean-
ingful subgraphs of various degrees of coarseness. We provide the evaluation from
three aspects: navigation case-study, cluster quality, and method scalability. In
particular we show that

— The hierarchical decomposition improves subgraph uniformity, with a rea-
sonable number of subgraphs and an easy-to-navigate structure.

— The hierarchical decomposition achieves significantly lower total codelengths.

— Our approach is scalable to large datasets, with results progressively reported
within very reasonable time.

5.1 Datasets

The first dataset, DBLP, consists of 8,539 source nodes representing authors that
have published at least 20 papers and 3,092 destination nodes representing con-
ferences. An edge represents that an author has published in the corresponding
conference. The graph has 157,262 edges, or 0.60% non-zero entries in the ad-
jacency matrix. The second dataset, CLASSIC, is from an information retrieval

2 http://www.cs.cmu.edu/~spapadim/dist/hcc/
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Table 2. All authors in the most dense “theory” context (see text). The conferences
of this context are SODA, STOC, FOCS, and ICALP.

Theory authors
Dhalia Malkhi Nancy M. Amato Yossi Matias Monika R. Henzinger Ronald L. Rivest
Joan Feigenbaum Robert Endre Tarjan Moni Naor Michael T. Goodrich David P. Dobkin
Thomas L engauer Frank T. Leighton Jon M. Kleinberg Ravi Kumar Madhu Sudan
Nikhil Bansal Eli Upfal LarsArge Edith Cohen NogaAlon
Richard Cole Yishay Mansour Randeep Bhatia ~ Sanjeev Khanna Rajeev Motwani
Yonatan Aumann Amit Kumar Avi Widgerson ~ Arne Andersson Vijaya Ramachandran
Micah Adler Stefano Leonardi Arnold Rosenberg Gianfranco Bilardi  van Hal Sudborough
Haim Kaplan Jeffrey Scott Vitter CynthiaDwork ~ Bhaskar Dasgupta  Avrim Blum
Michael Mitzenmacher Mihalis Yannakakis ~ Anne Condon David R. Karger Vwani P. Roychowdhuri
Richard E. Ladner Wojiciech Szpankowski Amihood Amir  Sampath Kannan Tandy Warnow

setting, with 3,893 source nodes representing documents and 4,303 destination
nodes representing terms. The collection consists of papers from three different
disciplines, medicine (MEDLINE), information retrieval (CISI) and aerodynam-
ics (CRANFIELD), and has 176,347 edges, or 1.05% non-zero entries. The last
dataset, ENRON, is from a social network setting, with 37,335 email addresses.
Source nodes correspond to senders and destination nodes to recipients, with an
edge representing the fact that the corresponding parties exchanged an email at
some point in time. The graph has 367,660 edges, or 0.03% non-zero entries.

5.2 Navigating the Results—Case Study

We focus our intuitive explanation of results on the DBLP dataset, due to space
constraints and also better familiarity with the domain. The dataset consists of
author-conference associations from DBLP. We have kept authors with at least
20 publications. In this setting, homogeneous subgraphs consist of authors that
publish in similar venues. One should also keep in mind that most researchers
have worked in more than one areas over the years and thus the venues they
publish in differ over time.

We start our navigation by seeking the most specific theory context. For this
purpose, we choose SODA, STOC and FOCS as representative of “theory” and
we seek the densest leaf subgraph that contains at least these three conferences.
This leaf is three levels deep in our decomposition. Table 2 shows the complete list
of 50 authors in that subgraph, which indeed consists mostly of well-known the-
ory researchers. Additionally, our method automatically included ICALP (Intl.
Colloqg. on Automata, Lang. and Programming) in the set of conferences for that
subgraph. The density of this cluster is approximately 90%.

Table 3. Theory authors in most specific context w.r.t. RECOMB. Authors common
with Table 2 are highlighted in bold.

Theory/bioinformatics authors
Robert Endre Tarjan XinHe FrancisY.L. Chin Frank T.Leighton Haim Kaplan
Frank Hoffmann Bhaskar Dasgupta Tandy Warnow Mihalis Yannakakis Anne Condon
Tao Jiang Christos H. Papadimitriou Michael Mitzenmacher Richard M. Karp Piotr Berman
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Table 4. Pair contexts

(Rakesh Agrawal, SIGMOD) — 3rd level, 100%

Authors (35) Conf. (3)
Rakesh Agrawal Joseph M. Hellerstein Bruce G. Lindsay Daniel M. Dias SIGMOD
Peter J. Haas Soumen Chakrabarti  Kenneth C. Sevcik Luis Gravano VLDB
Johannes Gehrke  Jim Gray S. Muthukrishnan  Bettina Kemme ICDE

Anastassia Ailamaki Samuel Madden S. Sheshadri
(Hari Balakrishnan, SIGCOMM) — 4th level, 58%

Authors (17) Conf. (3)
Hari Balakrishnan  lon Stoica Srinivasan Sheshan Leonard Kleinrock SIGCOMM
M. Frans Kaashoek Ramesh Govindan ~ Mario Gerla J.J. Garcia-Luna-Aceves MOBICOM
Christophe Diot ... ICNP

Next, we navigate up to the top-level subgraph that contains the same the-
ory authors and seek the most specific context with respect to bioinformatics
conferences. First, we chose RECOMB, which is more theory-oriented. Table 3
shows those 15 authors from that subgraph, which is also at the third level and
has a density of about 40%. This leaf subgraph also includes the IEEE Conf. on
Comp. Complexity, the Structure in Compl. Th. Conf. and CPM, as well as an
additional 18 authors that have published in these conferences only. In general,
the subgraph of theory people publishing in bioinformatics is far less dense than
those subgraphs in their core areas, but still exhibits structure. Note that, since
the (“theory”, RECOMB) node is a sibling of the SODA-STOC-FOCS node, the
list of authors in Table 3 is not a subset of the list in Table 2; authors common
in both are highlighted in bold. Certain authors who have recently focused on
bioinformatics are now included.

We also chose ISMB, another bioinformatics conference with less theoretical
focus—hence it is in a different top-level partition than RECOMB. By navigating
to the most dense leaf subgraph for the same set of theory authors, we quickly
find that its density is merely 5%, with almost no theory people publishing
there.

Finally, in Table 4 we show the most specific contexts for two author-conference
pairs from different disciplines. We show a partial list of authors in the most spe-
cific context, due to space. The headings list the total number of author and con-
ference nodes, as well as the level and density of the most specific subgraph.

First, from data management and mining we chose (Rakesh Agrawal, SIG-
MOD). Note that the the conference list automatically includes VLDB and
ICDE, which are the other two main database conferences. The author list in-
cludes many previous collaborators or coworkers of Rakesh Agrawal, mostly se-
nior, who have (co-)published in similar venues over time. Some junior people
with similar publishing records are also included.

Next, from networking we chose (Hari Balakrishnan, SIGCOMM). The con-
ference list automatically includes MOBICOM and ICNP (Intl. Conf. on Net.
Protocols), as well as well-known networking researchers that have published in
similar venues. Interestingly, INFOCOM is placed in a different subgraph from
the highest level of the decomposition, since it has a much broader set of authors,
who have also published in other areas.
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Fig. 7. Subgraph density distribution: CCT gives more high-density clusters close to 1

5.3 Quantitative Evaluation

In this section we compare “Flat,” which is the non-hierarchical, context-free
approach in [4], and “Hier,” which is our proposed CCT method, in terms of (i)
subgraph uniformity, (ii) compression ratios, and (iii) computation time.

Subgraph uniformity. Figures 7(al—cl) shows the distribution of subgraph edge
densities p of the non-hierarchical approach, whereas Figures 7(a2-¢2) show the
same for the leaf-level subgraphs of our CCT decomposition. As expected, the
leaf-level decomposition consists of more homogeneous subgraphs. The distribu-
tion of densities is clearly more concentrated towards either zero or one. The flat
decomposition occasionally fails to produce any fully connected (or even close
to fully connected) subgraphs. At the same time, the number of subgraphs in
CCT is still fairly reasonable, typically at most 6-7% of the number of individ-
ual edges. The increased homogeneity of the subgraphs in conjunction with the
appropriate complexity of the overall decomposition also leads to good compres-
sion, as we shall see later. Finally, as the level of the decomposition increases,
subgraph sizes become small in comparison to the size of the original graph, at
a rate that is roughly exponential with respect to the depth. In almost all cases,
the average depth is close to three, with the maximum ranging from eight to
nine. As we shall see later, this is significant to allow progressive reporting of
results in interactive graph exploration.

Compression. Figure 8a shows the compression achieved by the non-hierarchical
approach and by CCT. We estimate the number of bits needed to store the
original, “raw” matrix as [mnH (p(A))], i.e., we use the random graph model
for the entire matrix. One can get very close to this estimate in practice by
using techniques such as arithmetic coding [22]. Similarly, for the hierarchical
decomposition we use the cost C(A), from Equation (3). For the non-hierarchical
approach, we use the cost formula from [4]. The figure shows the compression
ratios for each method. It is clear from Figure 8a that CCT achieves significantly
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Fig. 8. (a) Compression ratios. CCT is significantly better, due to better balance be-
tween number of clusters and their homogeneity. (b,c) Wall-clock times. In (b) we see
that, if users can tolerate a 1 sec navigation delay, the precomputation cost for our
hierarchical approach (CCT) is almost as cheap as the context-free approach.

better compression, since it produces much more homogeneous subgraphs (see
also Figure 7), while maintaining an appropriate number of partitions.

Scalability and progressive result reporting. Figures 8(b,c) shows measurements
of wall-clock time for our prototype implementation in Matlab 7. The experi-
ments were measured on a Pentium 4 running at 3GHz, with 2GB of memory.
Figure 8b shows the total wall-clock time divided by the number of subgraphs
produced by each method (previous non-hierarchical approach and CCT). As
discussed before, subgraph sizes decrease quickly with respect to node depth.
Thus, the processing time required to further decompose them decreases dra-
matically. Figure 8c shows the total wall-clock time if we were to compute: (i)
just the first level of the decomposition, (ii) all nodes in the decomposition that
require at least 5, 2, or 1 seconds, and (iii) all nodes at all levels of the de-
composition. In an interactive graph exploration scheme, this effectively means
that if we are willing to tolerate a delay of at most 5, 2 or 1 seconds when we
wish to drill down a subgraph context, then the time required to pre-compute
all other results would be equal to the corresponding y-axis value in Figure 8c.
For example, if we are willing to tolerate at most 2 seconds “click lag,” then
DBLP requires 221 seconds (3.5 minutes) of pre-computation, ENRON 717 seconds
(or, 12 minutes), versus 1609 seconds (27 minutes) and 3996 seconds (1 hour 7
minutes), respectively, for pre-computing everything.

6 Related Work

We now survey related work beyond graph mining mentioned in Section 1 [9,
16, 21, 25, 26, 27, 28].

Biclustering. Biclustering/co-clustering [19] simultaneously clusters both rows
and columns into coherent submatrices (biclusters). Cheng and Church [5]
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proposed a biclustering algorithm for gene expression data analysis, using a
greedy algorithm that identifies one bicluster at a time by minimizing the sum
squared residue. Cho et al. [6] use a similar measure of coherence but find all
the biclusters simultaneously by alternating K-means. Information-theoretic Co-
clustering [8] uses an alternating minimization algorithm for KL-divergence be-
tween the biclusters and the original matrix. The work in [4] formulates the
biclustering problem as a binary matrix compression problem and also employs
a local search scheme based on alternating minimization. However, it does not
study hierarchical decomposition schemes or context-specific graph analysis and
exploration. More recently, streaming extensions of biclustering has been pro-
posed in [1, 25].

There are two main distinctions between our proposed method and existing
work: 1) Most existing methods require a number of parameters to be set, such as
number of biclusters or minimum support. 2) Existing methods are context-free
approaches, which find biclusters global to the entire dataset, while our approach
is context-specific and finds communities at multiple levels. Liu et al. [18] have
leveraged the existing ontology for biclustering, which assumes the hierarchy is
given, while our method automatically learns hierarchy from the data.

Hierarchical clustering. Hierarchical clustering builds a cluster hierarchy over
the data points. The basic methods are agglomerative (bottom-up) or divisive
(top-down) approaches through linkage metrics [12]. Following that spirit, a
number of more sophisticated methods are developed, such as CURE that takes
special care of outliers [11], CHAMELEON that relies on partitioning the k-
NN graph of the data [15], and BIRCH that constructs a Cluster-Feature (CF)
tree to achieve good scalability [30]. All these methods are one-dimensional, in
the sense that all records (rows) are clustered based on all features (columns),
while our proposed method clusters both records (rows) and features (columns)
into coherent and context-specific groups. Another difference is that all these
methods require a number of ad-hoc parameters, while our method is completely
parameter-free.

Multilevel or multigrid methods for graph clustering [2, 16] and, more re-
motely related, local mesh refinement techniques pioneered in [3] also employ
hierarchical schemes, but still require a few parameters (e.g., density thresholds).
Finally, Yang et al develop techniques for 2D image compression via hierarchical,
quadtree-like partitionings, which employ heuristics that are more powerful but
still require a few parameters (e.g., for deciding when to stop recursion) and,
more importantly, are less scalable [29].

Parameter-free mining. Recently, “parameter-free” as a desirable property has
received more and more attention in many places. Keogh et al. [17] developed
a simple and effective scheme for mining time-series data through compression.
Actually, compression or Minimum Description Language (MDL) have become
the workhorse of many parameter-free algorithms: frequent itemsets [24], biclus-
tering [4, 23], time-evolving graph clustering [25], and spatial-clustering [20].
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7 Conclusion

In this paper we develop the Context-specific Cluster Tree (CCT) for community
exploration on large bipartite graphs. CCT has the following desirable proper-
ties: (1) Parameter-free: CCT is automatically constructed without any user
intervention, using the MDL principle. (2) Context-Specific: Communities
are detected at multiple levels and presented depending upon what contexts are
being examined. (3) Efficiency: CCT construction is scalable to large graphs,
and the resulting CCT can provide a compressed representation of the graph
and facilitate visualization. Experiments showed that both space and computa-
tional efficiency are achieved in several large real graphs. Additionally, interesting
context-specific clusters are identified in the DBLP graph. Future work could fo-
cus on parallelizing the CCT computation in order to speed up the construction.
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Abstract. This paper presents a Genetic Algorithm, called Olex-GA,
for the induction of rule-based text classifiers of the form “classify doc-
ument d under category c if t1 € d or ... or t, € d and not (tn+1 € d
or ... Or tptm € d) holds”, where each t; is a term. Olex-GA relies on
an efficient several-rules-per-individual binary representation and uses
the F-measure as the fitness function. The proposed approach is tested
over the standard test sets REUTERS-21578 and OHSUMED and compared
against several classification algorithms (namely, Naive Bayes, Ripper,
C4.5, SVM). Experimental results demonstrate that it achieves very good
performance on both data collections, showing to be competitive with
(and indeed outperforming in some cases) the evaluated classifiers.

1 Introduction

Text Classification is the task of assigning natural language texts to one or more
thematic categories on the basis of their contents.

A number of machine learning methods have been proposed in the last few
years, including k-nearest neighbors (k-NN), probabilistic Bayesian, neural net-
works and SVMs. Overviews of these techniques can be found in [13, 20].

In a different line, rule learning algorithms, such as [2, 3, 18], have become
a successful strategy for classifier induction. Rule-based classifiers provide the
desirable property of being readable and, thus, easy for people to understand
(and, possibly, modify).

Genetic Algorithms (GA’s) are stochastic search methods inspired to the bi-
ological evolution [7, 14]. Their capability to provide good solutions for classical
optimization tasks has been demonstrated by various applications, including
TSP [9, 17] and Knapsack [10]. Rule induction is also one of the application
fields of GA’s [1, 5, 15, 16]. The basic idea is that each individual encodes a
candidate solution (i.e., a classification rule or a classifier), and that its fitness
is evaluated in terms of predictive accuracy.
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In this paper we address the problem of inducing propositional text classifiers
of the form

c—(tr€dV Vi, €d)N=(tny1 €AV - Vipim €d)

where ¢ is a category, d a document and each t; a term (n-gram) taken from a
given vocabulary. We denote a classifier for ¢ as above by H.(Pos, Neg), where
Pos = {t1,--,tp} and Neg = {t; 1" - tntm }. Positive terms in Pos are used to
cover the training set of ¢, while negative terms in Neg are used to take precision
under control.

The problem of learning H.(Pos, Neg) is formulated as an optimization task
(hereafter referred to as MAX-F) aimed at finding the sets Pos and Neg which
maximize the F-measure when H.(Pos, Neg) is applied to the training set.
MAX-F can be represented as a 0-1 combinatorial problem and, thus, the GA ap-
proach turns out to be a natural candidate resolution method. We call Olex-GA
the genetic algorithm designed for the task of solving problem MAX-F.

Thanks to the simplicity of the hypothesis language, in Olex-GA an individ-
ual represents a candidate classifier (instead of a single rule). The fitness of an
individual is expressed in terms of the F-measure attained by the correspond-
ing classifier when applied to the training set. This several-rules-per-individual
approach (as opposed to the single-rule-per-individual approach) provides the
advantage that the fitness of an individual reliably indicates its quality, as it is
a measure of the predictive accuracy of the encoded classifier rather than of a
single rule.

Once the population of individuals has been suitably initialized, evolution
takes place by iterating elitism, selection, crossover and mutation, until a pre-
defined number of generations is created.

Unlike other rule-based systems (such as Ripper) or decision tree systems
(like C4.5) the proposed method is a one-step learning algorithm which does
not need any post-induction optimization to refine the induced rule set. This is
clearly a notable advantage, as rule set-refinement algorithms are rather complex
and time-consuming tasks.

The experimentation over the standard test sets REUTERS-21578 and OHSU-
MED confirms the goodness of the proposed approach: on both data collections,
Olex-GA showed to be highly competitive with some of the top-performing
learning algorithms for text categorization, notably, Naive Bayes, C4.5, Ripper
and SVM (both polynomial and rbf). Furthermore, it consistently defeated the
greedy approach to problem MAX-F we reported in [19]. In addition, Olex-GA
turned out to be an efficient rule induction method (e.g., faster than both C4.5
and Ripper).

In the rest of the paper, after providing a formulation of the learning op-
timization problem (Section 2) and proving its NP-hardness, we describe the
GA approach proposed to solve it (Section 3). Then, we present the experi-
mental results (Section 5) and provide a performance comparison with some of
the top-performing learning approaches (Section 6). Finally, we briefly discuss
the relation to other rule induction systems (Sections 7 and 8) and give the
conclusions.
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2 Basic Definitions and Problem Statement

In the following we assume the existence of:

1. a finite set C of categories, called classification scheme;

2. a finite set D of documents, called corpus; D is partitioned into a training set
TS, a validation set and a test set; the training set, along with the validation
set, represents the so-called seen data, used to induce the model, while the
test set represents the unseen data, used to asses performance of the induced
model;

3. a binary relationship which assigns each document d € D to a number of
categories in C (ideal classification). We denote by T'S. the subset of T'S
whose documents belong to category ¢ (the training set of c);

4. aset ¢ = {f1,---, fr} of scoring functions (or feature selection functions),
such as Information Gain, Chi Square, etc. [4, 22], used for vocabulary re-
duction (we will hereafter often refer to them simply as “functions”).

A wocabulary V (k, f) over the training set T'S is a set of terms (n-grams)
defined as follows: let V.(k, f) be the set of the k terms occurring in the docu-
ments of T'S. that score highest according to the scoring function f € @; then,
V(k, ) = UeecVe(k, f), that is, V(k, f) is the union of the k best terms, accord-
ing to f, of each category of the classification scheme.

We consider a hypothesis language of the form

c—(t1€dV---Vit, €d)N(tpt1 €AV - Viprm €d) (1)

where each t; is a term taken from a given vocabulary. In particular, each term in
Pos = {t1,---,t,} is a positive term, while each term in Neg = {tp41- " tnim}
is a negative term. A classifier as above, denoted H.(Pos, Neg), states the
condition “if any of the terms tq,---,t, occurs in d and none of the terms
tui1, s tnim occurs in d then classify d under category ¢”!. That is, the oc-
currence of a positive term in a document d requires the contextual absence of
the (possibly empty) set of negative terms in order for d be classified under c2.

To assess the accuracy of a classifier for ¢, we use the classical notions of
Precision Pr., Recall Re. and F-measure F¢ ,, defined as follows:

a a Pr. - Re.

Pc: 5 Rc: 5 Fca:
" a-+b € a+e ’ (1 —a)Pr.+ aRe.

(2)

Here a is the number of true positive documents w.r.t. ¢ (i.e., the number of
documents of the test set that have correctly been classified under c¢), b the
number of false positive documents w.r.t. ¢ and e the number of false negative
documents w.r.t. ¢. Further, in the definition of F. o, the parameter a € [0--- 1]

! It is immediate to recognize that ¢ «— (t1 €dV---Vitn € A)A=(tnt1 €AV Vilpim €
d) is equivalent to the following set of classification rules: {¢ « t1 € d A =(tn41 €
AN AN=(tngm €d),--, c—tp €AN(tngr €A)AN - AN =(tntm € d)}.

2 d may “satisfy” more then one; thus, it may be assigned to multiple categories.
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is the relative degree of importance given to Precision and Recall; notably, if
o =1 then F., coincides with Pr., and if @ = 0 then F, , coincides with Re.
(a value of a = 0.5 attributes the same importance to Pr. and Re.)?.

Now we are in a position to state the following optimization problem:

PROBLEM MAX-F. Let a category ¢ € C and a vocabulary V(k, f) over
the training set T'S be given. Then, find two subsets of V(k, f), namely, Pos =
{t1,--+,tn}and Neg = {ty+1, "+, tntm }, with Pos # 0, such that H.(Pos, Neg)
applied to T'S yields a maximum value of F, o (over T'S), for a given a.

Proposition 1. Problem MAX-F is NP-hard.

Proof. We next show that the decision version of problem MAX-F is NP-
complete (i.e., it requires time exponential in the size of the vocabulary, unless
P = NP). To this end, we restrict our attention to the subset of the hypothesis
language where each rule consists of only positive terms, i.e, ¢ < t; € dV---Vt,, €
d (that is, classifiers are of the form H.(Pos, ?)). Let us call MAX-F+ this special
case of problem MAX-F.

Given a generic set Pos C V(k, f), we denote by S C {1,---,p} the set of
indices of the elements of V(k, f) = {t1,---,t,} that are in Pos, and by A(t;)
the set of documents of the training set TS where ¢; occurs. Thus, the set of
documents classifiable under ¢ by H.(Pos,0) is D(Pos) = U;esA(t;). The F-
measure of this classification is

|D(Pos) NTS,|

FealPos) = (| _ 0)\75.| + a|D(Pos)

: 3)

Now, problem MAX-F+, in its decision version, can be formulated as follows:
“3 Pos C V(k, f) such that F o(Pos) > K?”, where K is a constant (let us call
it MAX-F+(D)).

Membership. Since Pos C V (k, f), we can clearly verify a YES answer of MAX-
F+(D), using equation 3, in time polynomial in the size |V (k, f)| of the vocab-
ulary.

Hardness. We define a partition of D(Pos) into the following subsets: (1) ¥ (Pos)
= D(Pos)NTS,, i.e., the set of documents classifiable under ¢ by H.(Pos, () that
belong to the training set T'S. (true classifiable); (2) 2(Pos) = D(Pos) \ TS,
i.e., the set of documents classifiable under ¢ by H.(Pos, ) that do not belong
to T'S. (false classifiable).

Now, it is straightforward to see that the F-measure, given by equation 3, is
proportional to the size 1(Pos) of ¥(Pos) and inversely proportional to the size
w(Pos) of 2(Pos) (just replace in equation 3 the quantities |D(Pos) N TS| by
(Pos) and |D(Pos)| by 1(Pos) + w(Pos)). Therefore, problem MAX-F+(D)
can equivalently be stated as follows: “3 Pos C V(k, f) such that ¢(Pos) >V
and w(Pos) < C?”, where V and C are constants.

3 Since a € [0---1] is a parameter of our model, we find convenient using F,  rather

_ (B%241)Pr¢-Re.

than the equivalent Fz = 52 Prod Row where 3 € [0--- oo] has no upper bound.
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Now, let us restrict MAX-F+(D) to the simpler case in which terms in Pos
are pairwise disjoint, i.e., A(t;) N A(t;) = 0 for all ¢;,t; € V(k, f) (let us call
DS T this assumption). Next we show that, under DSJ, MAX-F+ (D) coincides
with the Knapsack problem. To this end, we associate with each ¢; € V(k, f)
two constants, v; (the value of t;) and a ¢; (the cost of t;) as follows:

v = |At;) NTSe|, ¢ =|A(t;) \ TS|

That is, the value v; (resp. cost ¢;) of a term ¢; is the number of documents
containing ¢; that are true classifiable (resp., false classifiable).

Now we prove that, under DSJ, the equality X;csv; = ¥(Pos) holds, for any
Pos CV(k, f). Indeed:

Yiesv; = Eies‘A(ti)ﬂTSC‘ = |(Uiesﬂ(ti))ﬂTSC‘ = |(D(POS)QTSC‘ = ’(/)(POS)

To get the first equality above we apply the definition of v;; for the second, we
exploit assumption DS J; for the third and the fourth we apply the definitions
of D(Pos) and ¥(Pos), respectively.

In the same way as for v;, the equality X;csc; = w(Pos) can be easily drawn.

Therefore, by replacing ¢(Pos) and w(Pos) in our decision problem, we get
the following new formulation, valid under DSJ: “3 Pos C V(k, f) such that
Yicsv; >V and Xiege; < C77. That is, under DSJ, MAX-F+(D) is the Knap-
sack problem — a well known NP-complete problem. Therefore, MAX-F+(D)
under DSJ is NP-complete. It turns out that (the general case of) MAX-F+(D)
(which is at least as complex as MAX-F+(D) under DSJ) is NP-hard and, thus,
the decision version of problem MAX-F+ is NP-hard as well. It turns out that
the decision version of problem MAX-F' is NP-hard.

Having proved both membership (in NP) and hardness, we conclude that the
decision version of problem MAX-F is NP-complete.

A solution of problem MAX-F is a best classifier for ¢ over the training set T'S,
for a given vocabulary V(f, k). We assume that categories in C are mutually
independent, i.e., the classification results of a given category are not affected
by the results of any other. It turns out that we can solve problem MAX-F for
that category independently on the others. For this reason, in the following, we
will concentrate on a single category ¢ € C.

3 Olex-GA: A Genetic Algorithm to Solve MAX-F

Problem MAX-F is a combinatorial optimization problem aimed at finding a
best combination of terms taken from a given vocabulary. That is, MAX-F is
a typical problem for which GA’s are known to be a good candidate resolution
method.

A GA can be regarded as composed of three basic elements: (1) A population,
i.e., a set of candidate solutions, called individuals or chromosomes, that will
evolve during a number of iterations (generations); (2) a fitness function used to
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assign a score to each individual of the population; (3) an evolution mechanism
based on operators such as selection, crossover and mutation. A comprehensive
description of GA can be found in [7].

Next we describe our choices concerning the above points.

3.1 Population Encoding

In the various GA-based approaches to rule induction used in the literature (e.g.,
[5, 15, 16]), an individual of the population may either represent a single rule or
a rule set. The former approach (single-rule-per-individual) makes the individual
encoding simpler, but the fitness of an individual may not be a meaningful indica-
tor of the quality of the rule. On the other hand, the several-rules-per-individual
approach, where an individual may represent an entire classifier, requires a more
sophisticated encoding of individuals, but the fitness provides a reliable indi-
cator. So, in general, there is a trade-off between simplicity of encoding and
effectiveness of the fitness function.

Thanks to the structural simplicity of the hypothesis language, in our model
an individual encodes a classifier in a very natural way, thus combining the
advantages of the two aforementioned approaches. In fact, an individual is simply
a binary representation of the sets Pos and Neg of a classifier H.(Pos, Neg).

Our initial approach was that of representing H.(Pos, Neg) through an indi-
vidual consisting of 2 - |V (k, f)| bits, half for the terms in Pos, and half for the
terms in Neg (recall that both Pos and Neg are subsets of V(k, f)). This how-
ever proved to be very ineffective (and inefficient), as local solutions representing
classifiers with hundreds of terms were generated.

More effective classifiers were obtained by restricting the search of both posi-
tive and negative terms, based on the following simple observations: (1) scoring
functions are used to assess goodness of terms w.r.t. a given category; hence,
it is quite reasonable searching positive terms for ¢ within V.(k, f), i.e., among
the terms that score highest for ¢ according to a given function f; (2) the role
played by negative terms in the training phase is that of avoiding classification
of documents (of the training set) containing some positive term, but falling
outside the training set TS, of c.

Based on the above remarks, we define the following subsets Pos* and Negx
of V(k, f):

— Posx = V(k, f), i.e., Posx is the subset of V(k, f) consisting of the k terms
occurring in the documents of the training set T'S. of ¢ that score highest
according to scoring function f; we say that ¢; € Posx is a candidate positive
term of ¢ over V(k, f);

— Negx ={t € V(k, f) | (Ut;ePos<A(tj) \T'Se) NA(t) # 0}, where A(t;) C TS
(resp. A(t) € T'S) is the set of documents of T'S containing term t; (resp.
t); we say that t; € Negx* is a candidate negative term of ¢ over V(k, f).
Intuitively, a candidate negative term is one which occurs in a document
containing some candidate positive term and not belonging to the training
set T'S.. of c.
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Now, we represent a classifier H.(Pos, Neg) over V(k, f) as a chromosome K
made of [Pos x | + |[Neg * | bits. The first |Pos x | bits of K, denoted K, are
used to represent the terms in Pos, and the remaining |Neg * |, denoted K~ to
represent the terms in Neg. We denote the bit in K+ (resp. K~ ) representing
the candidate positive (resp. negative) term ¢; as KT [t;] (resp. K~ [t;]). Thus, the
value 0-1 of KT [t;] (resp. K~ [t;]) denotes whether ¢; € Pos* (resp. t; € Negx)
is included in Pos (resp. Neg) or not.

A chromosome K is legal if there is no term ¢; € Pos x NNeg* such that
KT[t;] = K~[t;] = 1 (that is, ¢; cannot be at the same time a positive and a
negative term)?.

3.2 Fitness Function

The fitness of a chromosome K, representing H.(Pos, Neg), is the value of the
F-measure resulting from applying H.(Pos, Neg) to the training set 7'S. This
choice naturally follows from the formulation of problem MAX-F. Now, if we
denote by D(K) C T'S the set of all documents containing any positive term in
Pos and no negative term in Neg, i.e.,

D(K) - UtEPosA(t) \ UtENegA(t)v

starting from the definition of F¢ ., after some algebra, we obtain the following
formula for F, :
[D(K)N TS|

Feo(K) = (1 —a)|TS.| + a|D(K)|

3.3 Evolutionary Operators

We perform selection via the roulette-wheel method, and crossover by the uni-
form crossover scheme. Mutation consists in the flipping of each single bit with a
given (low) probability. In order not to lose good chromosomes, we apply elitism,
thus ensuring that the best individuals of the current generation are passed to
the next one without being altered by a genetic operator. All the above operators
are described in [7].

3.4 The Genetic Algorithm

A description of Olex-GA is sketched in Figure 1. First, the sets Pos* and Negx
of candidate positive and negative terms, respectively, are computed from the
input vocabulary V(k, f). After population has been initialized, evolution takes
place by iterating elitism, selection, crossover and mutation, until a pre-defined
number n of generations is created. At each step, a repair operator p, aimed
at correcting possible illegal individuals generated by crossover/mutation, is
applied. In particular, if K is an illegal individual with K*[t] = K~ [t] = 1,

4 Note that the classifier encoded by an illegal individual is simply redundant, as it
contains a “dummy” rule of the form c«—t e€d,---=(t €d),---.
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Algorithm Olez-GA

Input: vocabulary V(f, k) over the training set 7'S; number n of generations;
Output: “best” classifier H.(Pos, Neg) of ¢ over T'S;

- begin

- Evaluate the sets of candidate positive and negative terms from V(f, k);

- Create the population oldPop and initialize each chromosome;

-  Repeat n times

- Evaluate the fitness of each chromosome in old Pop;

- newPop = ();

- Copy in NewPop the best r chromosomes of oldPop (elitism - r is
determined on the basis of the elitism percentage)

- While size(newPop) < size(oldPop)

- select parentl and parent?2 in oldPop via roulette wheel

- generate kidl, kid2 through crossover(parentl, parent2)

- apply mutation, i.e., kidl = mut(kidl) and kid2 = mut(kid2)

- apply the repair operator p to both kidl and kid2;

- add kid1 and kid2 to newPop;

- end-while

- oldPop = newPop;

- end-repeat;

- Select the best chromosome K in oldPop;

- Eliminate redundancies from K;

- return the classifier H.(Pos, Neg) associated with K.

Fig. 1. Evolutionary Process for category ¢

the application of p to K simply set KT[t] = 0 (thus, the redundant rule
¢c—ted- -t ed), - is removed from the encoded classifier). After it-
eration completes, the elimination of redundant bits/terms from the best chro-
mosome/classifier K is performed. A bit K[t] =1 is redundant in a chromosome
K, representing H.(Pos, Neg), if the chromosome K’ obtained from K by setting
K[t] = 0 is such that F. ,(K) = F.(K'). This may happen if either ¢t € Pos
and A(t) C Upe(pos—iA(t) (ie., t does not provide any contribution to the
classification of new documents) or t € Neg and A(t) NUpepos A(t') =0 (i.e., t
does not contribute to remove any misclassified document).

4 Learning Process

While Olex-GA is the search of a “best” classifier for category ¢ over the training
set, for a given input vocabulary, the learning process is the search of a “best”
classifier for ¢ over the validation set, for all input vocabularies. More precisely,
the learning process proceeds as follows:
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— Learning: for each input vocabulary
e Fvolutionary Process: execute a predefined number of runs of Olex-GA
over the training set, according to Figure 1;
o Validation: run over the wvalidation set the best chromosome/classifier
generated by Olex-GA;
— Testing: After all runs have been executed, pick up the best classifier (over
the validation set), and assess its accuracy over the test set (unseen data).

The output of the learning process is assumed to be the “best classifier” of c.

5 Experimentation

5.1 Benchmark Corpora

We have experimentally evaluated our method using both the REUTERS-21578
[12] and and the OHSUMED [8] test collections.

The REUTERS-21578 consists of 12,902 documents. We have used the Mod-
Apté split, in which 9,603 documents are selected for training (seen data) and
the other 3,299 form the test set (unseen data). Of the 135 categories of the
TOPICS group, we have considered the 10 with the highest number of positive
training examples (in the following, we will refer to this subset as R10). We
remark that we used all 9603 documents of the training corpus for the learning
phase, and performed the test using all 3299 documents of the test set (including
those not belonging to any category in R10).

The second data set we considered is OHSUMED, in particular, the collection
consisting of the first 20,000 documents from the 50,216 medical abstracts of
the year 1991. Of the 20,000 documents of the corpus, the first 10,000 were used
as seen data and the second 10,000 as unseen data. The classification scheme
consisted of the 23 MeSH diseases.

5.2 Document Pre-processing

Preliminarily, documents were subjected to the following pre-processing steps:
(1) First, we removed all words occurring in a list of common stopwords, as well
as punctuation marks and numbers; (2) then, we extracted all n-grams, defined
as sequences of maximum three words consecutively occurring within a document
(after stopword removal)®; (3) at this point we have randomly split the set of
seen data into a training set (70%), on which to run the GA, and a validation set
(30%), on which tuning the model parameters. We performed the split in such
a way that each category was proportionally represented in both sets (stratified
holdout); (4) finally, for each category ¢ € C, we scored all n-grams occurring in
the documents of the training set 7S, by each scoring function f € {CHI,IG},
where IG stands for Information Gain and CHI for Chi Square [4, 22].

5 Preliminary experiments showed that n-grams of length ranging between 1 and 3
perform slightly better than single words.
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Table 1. Best classifiers for categories in R10 and micro-averaged performance

Cat. Input  Training Test Classifier
(a=0.5) (GA)
f k F-meas F-meas BEP #pos #neg

earn CHI 80 93.91  95.34 95.34 36 9
acq CHI 60 83.44  87.15 87.49 22 35
mon-fx CHI 150 79.62  66.47 66.66 33 26
grain  IG 60 91.05  91.61 91.75 9 8
crude CHI 70 85.08  77.01 77.18 26 14
trade IG 80 76.77  61.80 61.81 20 11
interest CHI 150 73.77  64.20 64.59 44 23
wheat IG 50 92.46  89.47 89.86 8 6
ship CHI 30 87.88  74.07 74.81 17 33
corn 1G 30 93.94  90.76 91.07 4 12

nw-BEP 86.35 86.40

5.3 Experimental Setting

We conducted a number of experiments for inducing the best classifiers for both
REUTERS-21578 and OHSUMED according to the learning process described in
Section 4. To this end, we used different input vocabularies V (k, f), with k €
{10, 20, - --,90, 100,150,200} and f € {CHI,IG}. For each input vocabulary,
we ran Olex-GA three times. The parameter « of the fitness function F, , was
set to 0.5 for all the experiments (thus attributing equal importance to Precision
and Recall).

In all cases, the population size has been held at 500 individuals, the number
of generations at 200, the crossover rate at 1.0, the mutation rate at 0.001 and
the elitism probability at 0.2.

For each chromosome K in the population, we initialized KT at random,
while we set K~ [t] = 0, for each t € Negx (thus, K initially encodes a classifier
H.(Pos, D) with no negative terms).

Initialization, as well as all the above mentioned GA parameters, have been
empirically set based on a preliminary experimentation.

5.4 Experimental Results

The first data set we considered is REUTERS-21578 . Table 1 shows the perfor-
mance of the best classifiers for the categories of R10. Here, for each classifier,
we report: (1) the values of f and k of the input vocabulary V(f,k); (2) the
F-measure over the training set (i.e., the fitness of the best individual); (3) F-
measure and Break Even Point (BEP) over the test set (“Test”); (4) the number
of positive and negative terms occurring in the classifier (“Classifier”).

From results of Table 1 it clearly appears that the evolutionary model is sensi-
tive to the input parameters, as each category achieves its maximum performance
with different values of k& and f. For an instance, the best classifier of category
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“earn” is learned from a vocabulary V(k, f) where k = 80 and f = CHI; the
respective F-measure and breakeven point are both 95.34. Looking at the last
row, we see that the micro-averaged values of F-measure and BEP over the
test set are equal to 86.35 and 86.40, respectively. Finally, looking at the last
two columns labelled “classifier”, we see that the induced classifiers are rather
compact: the maximum number of positive terms is 44 (“interest”), and the
minimum is 4 (“corn”); likewise, the maximum number of negative terms is 35
(“acq”) and the minimum is 6 (“wheat”).
As an example, the classifier H.(Pos, Neg) for “corn” has

Pos = {“corn”, “maize”, “tonnes maize”, “tonnes corn” }

Neg = {“jan”, “qtr”, “central bank”, “profit”, “A4th”, “bonds”, “pact”,

“of fering”, “monetary”, “international”, “money”, “petroleum” }.

Thus, H.(Pos, Neg) is of the following form:

¢« “corn” \V ---V “tonnes corn” A= (“jan” V ---V “petroleum”).

To show the sensitivity of the model to parameter settings, in Table 2 we
report the F-measure values (on the validation set) for category “corn” obtained
by using different values for ¢ and v. As we can see, the performance of the
induced classifiers varies from a minimum of 84.91 to a maximum of 93.58 (note
that, for both functions, the F-measure starts decreasing for v > 50, i.e., a
reduction of the vocabulary size provides a benefit in terms of performance [22]).

Table 2. Effect of varying ¢ and v on the F-measure for category “corn”

v
0] 10 50 100 150 200
CHI 90.74 91.00 88.7 88.68 84.91
IG 92.04 93.58 91.59 91.59 89.09

The second data set we considered is OHSUMED . In Table 3 we provide the
best performance for the ten most frequent Mesh categories and micro-averaged
performance over all 23. In particular, micro-averaged F-measure and BEP (over
the test set) are both equal to 62.30. Also in this case, with a few exceptions,
classifiers are rather compact.

5.5 Time Efficiency

Experiments have been run on a 2.33 GHz Xeon 4 Gb RAM. The average ex-
ecution time of the evolutionary process of Figure 1 is around 10 seconds per
category for both data sets (recall that in both cases the population is made of
500 individuals which evolve for 200 generations).
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Table 3. Best classifiers for the ten most frequent MeSH “diseases” categories of
Ohsumed and micro-averaged performance over all 23

Cat. Input  Training Test Classifier
(a=0.5) (GA)

name f k F-meas I'-meas BEP #pos #neg
C23 CHI 100 54.93 50.67 51.39 25 13
Cl14 CHI 70 79.67  75.46 75.61 32 7
C04 CHI 100 80.79 80.18 80.36 33 7
C10 CHI 70 61.63 54.60 54.65 24 25
CO06 IG 100 73.51  68.69 68.80 95 3
C21 CHI 200 79.17 6211 62.22 113 6
C20 1G 80 75.64  70.98 71.12 35 4
C12 CHI 100 81.59  73.60 74.28 55 7
C08 1G 30 69.63 63.99 64.07 18 24
Co1 CHI 100 76.14  64.32 64.46 93 3
avg-BEP (top 10) 66.46 66.96

u-BEP (all 23) 62.30 62.30

6 Performance Comparisons

In this section we compare Olex-GA with four classical learning algorithms: SVM
(both, polynomial and radial basis function - rbf), Ripper (with two optimization
steps), C4.5 and Naive Bayes (NB). Further, we make a comparison with the
greedy approach to problem MAX-F we presented in our previous work [19]
(hereafter called Olex-Greedy).

To determine the performance of the above algorithms (apart from Olex-
Greedy) we utilized the Weka library of machine learning algorithms, version
3.5.6 [21].

In order to make results really comparable, documents of both corpora were
preliminarily pre-processed exactly as described in Subsection 5.2. Then, for each
of the above learners, we carried out a number of experiments over the training
set, using the validation set for tuning the model parameters. In particular, we
ran all methods with vocabularies consisting of 500, 1000, 2000, 5000 terms. For
each vocabulary, polynomial SVM was run with degree d ranging from 1 to 5,
while rbf SVM was executed with variance v € {0.2,0.4,0.6,0.8,1.0,1.2}. Once
completed all experiments, we selected the best classifier (over the validation
set) of each category, i.e., the one with the maximum value of the F-measure.
Finally, we used the test set to evaluate the performance of the best classifiers
and the micro-averaged accuracy measures®.

REUTERS-21578 . The performance results of the tested algorithms are re-
ported in Table 4. In particular, for each algorithm, we provide the BEP over

5 To attain more reliable estimations of the differences in predictive accuracy of differ-
ent methods, n-fold cross-validation along with statistical significance tests should
be performed. We envision this task as part of our future work.
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Table 4. Recall/Precision breakeven points on R10

Category NB C4.5 Ripper SVM Olex

poly rbf Greedy GA
earn 96.61 95.77 95.31 97.32 96.57  93.13 95.34
acq 90.29 85.59 86.63 90.37 90.83  84.32 87.49
money 56.67 63.08 62.94 72.89 68.22 68.01 66.66
grain 77.82 89.69 89.93 92.47 88.94  91.28 91.75
crude 78.84 82.43 81.07 87.82 86.17 80.84 77.18
trade 57.90 70.04 75.82 77.77 74.14  64.28 61.81
interest 61.71 52.93 63.15 68.16 58.71  55.96 64.59
wheat 71.77 91.46 90.66 86.13 89.25  91.46 89.86
ship 68.65 71.92 75.91 82.66 80.40 78.49 74.81
corn 59.41 86.73 91.79 87.16 84.74  89.38 91.07
u-BEP 82.52 85.82 86.71 89.91 88.80  84.80 86.40

learning times (min) 0.02 425 800 46 696 230 116

the test set of each category in R10, the micro-avg BEP and the overall learning
time. Concerning predictive accuracy, with a u-BEP of 86.40, our method sur-
passes Naive Bayes (82.52), which shows the worst behavior, and Olex-Greedy
(84.80); is competitive with C4.5 (85.82) and Ripper (86.71), while performs
worse than both SVM’s (poly = 89.91, rbf = 88.80). Concerning efficiency, NB
(0.02 min) and Olex-Greedy (2.30 min) are by far the fastest methods. Then
poly SVM (46 min) and Olex-GA (116 min), followed at some distance by C4.5
(425 min), rbf SVM (696 min) and Ripper (800).

OHSUMED . As we can see from Table 5, with a u-BEP = 62.30, the proposed
method is the top-performer. On the other side, C4.5 shows to be the worst

Table 5. Recall/Precision breakeven points on the ten most frequent MeSH diseases
categories of OHSUMED and micro-averaged performance over all 23

Category NB C4.5 Ripper SVM Olex

poly rbf Greedy GA
C23 47.59 41.93 35.01 45.00 44.21 47.32 51.39
Cl14 77.15 73.79 74.16 73.81 75.34  74.52 75.61
C04 75.71 76.22 80.05 78.18 76.65 77.78 80.36
C10 45.96 44.88 49.73 52.22 51.54  54.72 54.65
C06 65.19 57.47 64.99 63.18 65.10 63.25 68.80
C21 54.92 61.68 61.42 64.95 62.59 61.62 62.22
C20 68.09 64.72 71.99 70.23 66.39 67.81 71.12
C12 63.04 65.42 70.06 72.29 64.78 67.82 74.28
08 57.70 54.29 63.86 60.40 55.33 61.57 64.07
Co1 58.36 48.89 56.05 43.05 52.09 55.59 64.46
aveg-BEP (top 10)  61.37 58.92 62.73 62.33 61.40 62.08 66.69
u-BEP (all 23) 57.75 55.14 59.65 60.24 59.57 59.38 62.30

learning times (min) 0.04 805 1615 89 1100 6 249
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performer (55.14) (so confirming the findings of [11]). Then, in the order, Naive
Bayes (57.75), rbf SVM (59.57), Ripper (59.65), polynomial SVM (60.24) and
Olex-Greedy (61.57). As for time efficiency, the OHSUMED results essentially
confirm the hierarchy coming out from the REUTERS-21578 .

7 Olex-GA vs. Olex-Greedy

One point that is noteworthy is the relationship between Olex-Greedy and Olex-
GA, in terms of both predictive accuracy and time efficiency.

Concerning the former, we have seen that Olex-GA consistently beats Olex-
Greedy on both data sets. This confirms Freitas’ findings [6], according to
which effectiveness of GA’s in rule induction is a consequence of their inher-
ent ability to cope with attribute interaction as, thanks to their global search
approach, more attributes at a time are modified and evaluated as a whole.
This in contrast with the local, one-condition-at-a-time greedy rule generation
approach.

On the other hand, concerning time efficiency, Olex-Greedy showed to be much
faster than Olex-GA. This should not be surprising, as the greedy approach,
unlike GA’s, provides a search strategy which straight leads to a suboptimal
solution.

8 Relation to Other Inductive Rule Learners

Because of the computational complexity of the learning problem, all real sys-
tems employ heuristic search strategies which prunes vast parts of the hypothe-
sis space. Conventional inductive rule learners (e.g, RIPPER [3]) usually adopt,
as their general search method, a covering approach based on a separate-and-
conquer strategy. Starting from an empty rule set, they learn a set of rules, one
by one. Different learners essentially differ in how they find a single rule. In RIP-
PER, the construction of a single rule is a two-stage process: a greedy heuristics
constructs an initial rule set (IREP*) and, then, one or more optimization phases
improve compactness and accuracy of the rule set.

Also decision tree techniques, e.g., C4.5 [18], rely on a two-stage process. After
the decision tree has been transformed into a rule set, C4.5 implements a pruning
stage which requires more steps to produce the final rule set - a rather complex
and time consuming task.

In contrast, Olex-GA, like Olex-Greedy and other GA-based approaches (e.g.,
[5]), relies on a single-step process whereby an “optimal” classifier, i.e., one
consisting of few high-quality rules, is learned. Thus, no pruning strategy is
needed, with a great advantage in terms of efficiency. This may actually account
for the time results of Tables 4 and 5, which show the superiority of Olex-GA
w.r.t. both C4.5 and Ripper.
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9 Conclusions

We have presented a Genetic Algorithm, Olex-GA, for inducing rule-based text
classifiers of the form ”if a document d includes either term ¢; or ... or term ¢,
but not term ¢,,41 and ... and not term ¢, ,,, then classify d under category ¢”.

Olex-GA relies on a simple binary representation of classifiers (several-rules-
per-individual approach) and uses the F-measure as the fitness function. One
design aspect related to the encoding of a classifier H.(Pos, Neg) was concerned
with the choice of the length of individuals (i.e., the size of the search space).
Based on preliminary experiments, we have restricted the search of Pos and Neg
to suitable subsets of the vocabulary (instead of taking it entirely), thus getting
more effective and compact classifiers.

The experimental results obtained on the standard data collections REUTERS-
21578 and OHSUMED show that Olex-GA quickly converges to very accurate
classifiers. In particular, in the case of OHSUMED , it defeats all the other eval-
uated algorithms. Further, on both data sets, Olex-GA consistently beats Olex-
Greedy. As for time efficiency, Olex-GA is slower than Olex-Greedy but faster
than the other rule learning methods (i.e., Ripper and C4.5).

We conclude by remarking that we consider the experiments reported in this
paper somewhat preliminary, and feel that performance can further be improved
through a fine-tuning of the GA parameters.

References

1. Alvarez, J.L., Mata, J., Riquelme, J.C.: Cg03: An oblique classification system
using an evolutionary algorithm and c4.5. International Journal of Computer, Sys-
tems and Signals 2(1), 1-15 (2001)

2. Apté, C., Damerau, F.J., Weiss, S.M.: Automated learning of decision rules for text
categorization. ACM Transactions on Information Systems 12(3), 233-251 (1994)

3. Cohen, W.W., Singer, Y.: Context-sensitive learning methods for text categoriza-
tion. ACM Transactions on Information Systems 17(2), 141-173 (1999)

4. Forman, G.: An extensive empirical study of feature selection metrics for text
classification. Journal of Machine Learning Research 3, 1289-1305 (2003)

5. Freitas, A.A.: A genetic algorithm for generalized rule induction. In: Advances in
Soft Computing-Engineering Design and Manufacturing, pp. 340-353. Springer,
Heidelberg (1999)

6. Freitas, A.A.: In: Klosgen, W., Zytkow, J. (eds.) Handbook of Data Mining and
Knowledge Discovery, ch. 32, pp. 698-706. Oxford University Press, Oxford (2002)

7. Goldberg, D.E.: Genetic Algorithms in Search, Optimization and Machine Learn-
ing. Addison-Wesley, Reading (1989)

8. Hersh, W., Buckley, C., Leone, T., Hickman, D.: Ohsumed: an interactive retrieval
evaluation and new large text collection for research. In: Croft, W.B., van Rijsber-
gen, C.J. (eds.) Proceedings of SIGIR-1994, 17th ACM International Conference
on Research and Development in Information Retrieval, Dublin, IE, pp. 192-201.
Springer, Heidelberg (1994)

9. Homaifar, A., Guan, S., Liepins, G.E.: Schema analysis of the traveling salesman
problem using genetic algorithms. Complex Systems 6(2), 183-217 (1992)



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

A Genetic Algorithm for Text Classification Rule Induction 203

Hristakeva, M., Shrestha, D.: Solving the 0/1 Knapsack Problem with Genetic
Algorithms. In: Midwest Instruction and Computing Symposium 2004 Proceedings
(2004)

Joachims, T.: Text categorization with support vector machines: learning with
many relevant features. In: Nédellec, C., Rouveirol, C. (eds.) ECML 1998. LNCS,
vol. 1398, pp. 137-142. Springer, Heidelberg (1998)

Lewis, D.D.: Reuters-21578 text categorization test collection. Distribution 1.0
(1997)

Lewis, D.D., Hayes, P.J.: Guest editors’ introduction to the special issue on text
categorization. ACM Transactions on Information Systems 12(3), 231 (1994)
Michalewicz, Z.: Genetic Algorithms+Data Structures=Evolution Programs, 3rd
edn. Springer, Heidelberg (1999)

Noda, E., Freitas, A.A., Lopes, H.S.: Discovering interesting prediction rules with a
genetic algorithm. In: Proc. Congress on Evolutionary Computation (CEC-1999),
July 1999. IEEE, Washington (1999)

Pei, M., Goodman, E.D.,; Punch, W.F.: Pattern discovery from data using genetic
algorithms. In: Proc. 1st Pacific-Asia Conf. Knowledge Discovery and Data Mining
(PAKDD-1997), Febuary 1997. World Scientific, Singapore (1997)

Jung, Y., Jog, S.P., van Gucht, D.: Parallel genetic algorithms applied to the
traveling salesman problem. STAM Journal of Optimization 1(4), 515-529 (1991)
Quinlan, J.R.: Generating production rules from decision trees. In: Proc. of IJCAI-
1987, pp. 304-307 (1987)

Rullo, P.;, Cumbo, C., Policicchio, V.L.: Learning rules with negation for text cat-
egorization. In: Proc. of SAC - Symposium on Applied Computing, Seoul, Korea,
March 11-15 2007, pp. 409-416. ACM, New York (2007)

Sebastiani, F.: Machine learning in automated text categorization. ACM Comput-
ing Surveys 34(1), 1-47 (2002)

Witten, I.H., Frank, E.: Data Mining: Practical machine learning tools and tech-
niques, 2nd edn. Morgan Kaufmann, San Francisco (2005)

Yang, Y., Pedersen, J.O.: A comparative study on feature selection in text cat-
egorization. In: Fisher, D.H. (ed.) Proceedings of ICML-97, 14th International
Conference on Machine Learning, Nashville, US, pp. 412-420. Morgan Kaufmann
Publishers, San Francisco (1997)



Nonstationary Gaussian Process Regression
Using Point Estimates of Local Smoothness

Christian Plagemann!, Kristian Kersting?, and Wolfram Burgard®

! University of Freiburg, Georges-Koehler-Allee 79, 79110 Freiburg, Germany
{plagem,burgard}@informatik.uni-freiburg.de
2 Fraunhofer Institute TAIS, Sankt Augustin, Germany
kristian.kersting@iais.fraunhofer.de

Abstract. Gaussian processes using nonstationary covariance functions
are a powerful tool for Bayesian regression with input-dependent smooth-
ness. A common approach is to model the local smoothness by a la-
tent process that is integrated over using Markov chain Monte Carlo
approaches. In this paper, we demonstrate that an approximation that
uses the estimated mean of the local smoothness yields good results and
allows one to employ efficient gradient-based optimization techniques for
jointly learning the parameters of the latent and the observed processes.
Extensive experiments on both synthetic and real-world data, including
challenging problems in robotics, show the relevance and feasibility of
our approach.

1 Introduction

Gaussian processes (GPs) have emerged as a powerful yet practical tool for solv-
ing various machine learning problems such as nonlinear regression or multi-class
classification [16]. As opposed to making parametric assumptions about the un-
derlying functions, GP models are directly expressed in terms of the training
data and thus belong to the so called nonparametric methods. Their increasing
popularity is due to the fact that nonlinear problems can be solved in a princi-
pled Bayesian framework for learning, model selection, and density estimation
while the basic model just requires relatively simple linear algebra. A common
assumption when specifying a GP prior is stationarity, i.e., that the covariance
between function values f(x) and f(x’) only depends on the distance ||x — x/||
between the indexes and not on their locations directly. Consequently, standard
GPs lack the ability to adapt to variable smoothness in the function of interest.

Modeling input-dependent smoothness, however, is essential in many funda-
mental problems in the geo-sciences, mobility mining, activity recognition, and
robotics, among other areas. Consider, for example, the problem of modeling ter-
rain surfaces given sets of noisy elevation measurements. Accurately modeling
such data requires the ability to deal with a varying data density and to bal-
ance smoothing against the preservation of discontinuities. Discontinuities arise
for instance at steps, stairs, curbs, or at walls. These features are important
for planning paths of mobile robots, for estimating traversability, and in terrain
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segmentation tasks. Accordingly, the ability to flexibly adapt a regression model
to the local properties of the data may greatly enhance the applicability of such
techniques.

In the past, several approaches for specifying nonstationary GP models haven
been proposed in the literature [12,13]. A particularly promising approach is due
to Paciorek and Schervish [8] who proposed to explicitly model input-depending
smoothness using additional, latent GPs. This approach (a) provides the user
with a continuous latent space of local kernels, (b) allows the user to analyze
the estimated covariance function yielding important insights into the problem
domain, and (c) fully stays in the GP framework so that computational methods
for speeding up GP inference and fitting can be adapted.

Paciorek and Schervish provide a flexible and general framework based on
MCMC integration, which unfortunately — as also noted by the authors — is com-
putationally demanding for large data sets and which is thus not feasible in the
real world situations that are typically encountered in robotics and engineering
tasks. In this paper, we present a simple approximation that does not integrate
over all latent values but uses the predicted mean values only. Specifically, we
parameterize the nonstationary covariances using a second GP with m latent
length-scales. Assuming m < n, where n is the number of training points, this
results in a nonstationary GP regression method with practically no overhead
compared to standard GPs. More importantly, using point estimates naturally
leads to gradient-based techniques for efficiently learning the parameters of both
processes jointly, which is t